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1. EFtT B IEFHLE
Model

Non-equilibrium thermo-dynamics

) ¢ R? bounded domain, 9 smooth

1. Smoluchowski Part

ug =V - (Vu—uVo)

thermally closed system (canonical ensemble)

d

1. total mass conservation _
— t =0

u=u(x,t) >0 density
7 =—Vu-+uVv flux

diffusion mass velocity

u +V-73=0 conservation law

— (— potential
2. Poisson Part v ( A) U

—Av = u, v ’ 90 — 0 attractive (chemotaxis, gravitation)
action at a distance (long range potential)
Green'’s function symmetry (action-reaction)

G(z,z') = G2, x)

scaling

uu(2,t) = Wrulpz, (?t), p >0

2. free energy decreasing A=U—-TS
Fu) = [ u@ -1/ Geue S = kil 0
u) = u(logu — 1) — = T, T )U XU _ — - L
JQ -(entropy) irﬁe{r/ene{r{g)g)xQ ||u||1 Hu#Hl — A = 2 Frieel dmensier
d 1 1 1
—F(u) = — V(logu —v)|? <0 _ _1)—= — — log —
i () /QU’ (logu —v)[” < F(u) = /R2 u(logu — 1) Q(F*u,u), ['(z) = o log =
Ae? A2
stationary state Yy —= —mm .F('U/M) =2\ — — lOg v + .F(’LL) critical mass )\ = &7
Jo €% 4m

Boltzmann equation



Boltzmann Poisson equation ~ stationary state RS Cl(ﬁ)a Plgg=0 — wQw= w(z, t)w(',t)

o
il d

V=(8§1) —/cpwszvw-w
D dt Jo Q

Euler’s equation of motion

v+ (v-V)o==Vp, V.u =0, v-v[go=0 = // ViG(z,2")\Vo(z) w(z, t)wx',t) deds’
QxQ
_ 1 / /

m w=Vr-v = w+V-(ow)=0, V-v=0 _5//QXQP¢(37733)W®W drdx

_ 9
= VJ‘¢ stream function VJ‘ — ( EQ ) ,Ogo(x CC/) ( ) VJ_G(CU ZU)

81‘1

+Vo(2') - VEG(x,z') € L% (Q x Q)
Wt + V (vaw) A¢ = W vorticity equation 14
boundary condition =~ == w|89 = 0 w(dx’ t) B Zl a’b(sxz (t) (dCU) point vortex system
Green function local second moment P.V. ===  Kirchhoff equation d(Zz — Vi_z Hg

—A,G(z,2") = 0y (dx), G(z,2")|,co0=0 =

point vortex Hamiltonian

2
kT @) =0, 6t = [ Gl e Helnm) =305 Rw) 43 e Glene)

1 1<J

1
G(:E, .’L',) — G(ﬂjl, x) action reaction law Robin function R(CB) — [G(CU, .flfl) e 2_ log ‘ZL’ . CU,|]
T

x'=x



Thermal equilibrium

Gibbs theory of statistical mechanics

micro-canonical statistics

total energy
dt  Op;,” dt  Og;’

1< </

R%/{H = E} o
d>(F)
= de = dF -
€ <Q17 »4e, P1, 7p€)7 € !VH!

dS(E) < {z € RY | H(z)=E}

micro-canonical measure weight factor

EN _ 1 d¥(E) B dX(E)
W= WEm) vH] W<E)‘/{H:E} N

canonical statistics

Boltzmann constant

R6N/{T}, 5 — 1/(kT) inverse temperature

, Z(B,N):/ e PH dy

R6N

d,U/B’N _ e PH g
Z(B,N)

. weight factor
canonical measure

thermo-dynamical relation

0

= o8

log W(FE)

order structure in negative temperature

P = fQ e_ﬁw vorticity

w:/ G(-)x/)p(gj/)dx/ stream function
Q2

duality

| Boltzmann-Poisson equation |

2
o4
Hg(.ﬁljl, .. ,ZCg) p— Z j’R(x]) —|— ZOQOKJG(«I'Q,CU]) principle of equal probability <) —A’U = u, U|8Q — O

1 1<J

o =d, al=1, H =H, 6*(3=2 £ 1 400

Ae?
== A —
U= gy A= luls



Hamiltonian is recursive

e
U = ———- _ J— P
[ eda Av=1u, v|yq=0
Boltzmann Poisson
e
— —Av=

Tov Vg =10
Q

Nonlinear eigenvalue problem

point vortices ~ negative inverse temperature L. Onsager 49
/ /
G(zx,2') =Gz, x)

_ N L
R(x) = [G(az,x )+ o log |[x — 2’|

' =x

Theorem A (Nagasaki-S. 90)

{()\k,vk)}, Ak — Ag € (0,00), H’UkHoo — 00

— )\() — 87T€, E & N, E'S C Q, ﬁS = E stationary quantization

subseauence) 13, — v loc. unif. in 1\ S

vo(z) = 87 Z Gz, @)y S = 4875558 )

o €S singular limit blowup set

) =(xt,

He(ay,..om) = 3 3 R@i) + Y Glai,ay)

1<
bifurcation of the singular limit symmetry breaking - imperfect bifurcation

=

—

“\L b | L ’r —~— .]

i !
A [: &)
— —s 0
)] 0]
— Aol
- = i = Mizoguchi-S. 1997




Geometric background

F= V8o F :Q — S? conformal

_Av=ce’, o= - )\vd x| 51/2 (82,dX) round sphere
Jo€’dx ds | 5q 152 = &
- ElF = F(Z), z € Q C R2 & C meromorphic function
1/2 E’ )
p(F) = (E) Cv/2 = |—|2 spherical derivative / d—ds = |8Q| 0'1/2
8 1+ [F| oq ds
T A e immersed length of F(99)
—aAaAv —0o0c U|8Q—U <7 /)\[’}|aQ— \g}

Proof of Theorem A

. Liouville integral
boundary reflection
elliptic regularity

el i

4. complex function theory
4-1. maximum principle
4-2. Montel’s theorem

4-3. theorem of coincidence
4-4. residue analysis

/Q (%)Qdi’? = S/QP(F)zdx _ /Qo.e'v

immersed area of F()

Az/a@”—)&rﬁ
Q

< total mass quantization

due to ¢-covering

v



Blowup analysis

Q C R*: open set, V € C(Q)

—Av=V(x)e’, 0<V(zx)<b in

e’ < (C
0
Theorem a (Li-Shafrir 94) .. ®
{(Vj,vx)} solution sequence 1

Vi — V loc. unif. in Q)
= 7 sub-sequence with the alternatives;
1. {vr}: loc. unif. bdd in

2. 35 C Q, 1S < 4+

v — —oo loc. unif. in Q\ S

S ={xo € Q| Iz — x0, Vi(xK) = +00

Vi (x)e’ dx — Z m(x0)dz, (dzr) in M(Q)
ToES

m(xzg) € 8mN

3. vy — —oo loc. unif. in

Comments

1. mass quantization for variable
coefficients without boundary condition
2. possible collapse collision

3. many applications together with the proof

prescaled analysis ...Brezis-Merle 91

linear theory =
1, 2 with m(xg) > 47 (rough estimate), 3

2... localized to B = B(0, R)

—Av, = Vi (x)e’, Vi(z) > 0in B
Vi — V unif. in B, max vy — —+00

B
max v — —00, Vr € (0, R)
B\B,
lim/ Ve’ = a, / e’ < C
k JB B
= a € 8N



Scaling

vi(2k) = || Vk|lco, TH — 0

’ﬁk(.’t) = U.lc(5k33 -+ a:k) + 2log 0p, O = e~ vk(@k)/2 0

—)

—AD, = Vie(Spx + 23)e”, T < 0k(0) = 0 in B(0, R/26)

/ e’ < C
B(0,R/26y)

Liouville property

Theorem b (Chen'Li 1991) Liouville property

—Av =€ in R?, / e’ < 400
R2
—_—

_1 8#2 RZ
v(x) = log At -z |’ o€ R, >0

/ e’ =8
R2

Tail control in the scaled variable

—Av =V(x)e’

Theorem ¢ (Shafrir 91)

, 0<a<V(x)<bin (
KCQ compact —

supv + ¢ igffu < deg, deg > 1

K
— residual vanishing
Simplicity

Theorem d (Y.Y. Li 99)

max vy —minvg < C, ||[VVi|leo < C
0B oB

—_ o= 8T
e’Uk (0)

() — log
(1+ Vie(0) v, (0) mz)

5| <C, reB




1. non-radial bifurcation on annulus del Pino-Kowarzyk-Musso 05) v

(S.S. Lin 89 Nagasaki-S. 90b) 11. blowup analysis (Li-Shafrir 94) {2 disc
2. effective bound of blowup points for 12, Chern-Simons theory (Tarantello 96) L
' _ ; _ 4log —
simply-connected domain (S. . _ . z] @
Nagasaki 89 Grossi-F.Takahashi 10) 13. global bifurcation (S.—Nagas.akl 89
Mizoguchi-S. 97 Chang-Chen-Lin 03)
3. classification of singular limits . . . . 8|
(Nagasaki-S. 90a) 14. min-max solution (Ding-Jost-Li
Wang 99)
4. spherical mean value theorem , , :
S. 90) 15. local uniform esitmate (Y.Y. Li 99) eV )
(S. —Av = i inQCR
. . . eU
. localization (Brezis-Merle 91) 16. variable coefficient (Ma-Wei 01) S Q
o0 =

. entire solution (W. Chen-C. Li 91) 17. refined asymptotics (Chen-Lin 02)

18. topological degree (Li 99 C.C. Chen-

C.S. Lin 03 Malchiodi 08)

. uniqueness (S. 92
4 ( ) 19. asymptotic non-degeneracy (Gladiali-

. field-particle duality (S. 92 Grossi 04 Grossi-Ohtsuka-S. 11)
olansky 92)

o
6
7. sup + inf inequality (Shafrir 92)
8
9

20. isoperimetric profile (Lin-Lucia 06)
10. singular perturbation (Weston 78

Moseley 83 S. 93 Baraket-Pacard 98 21. deformation lemma (Lucia 07)
Esposito-Grossi-Pistoia 05 22. Morse index (Gladiali-Grossi 09)



2. BHIREREOER

Hamilton system of many particles with inner interaction of long range

From quasi-equilibrium to equilibrium
Staniscia-Chavanis-Ninno-Fanelli 09

L R ;- .
state of the system o / equilibrium

0.3 ; - ,-’: / Poisson
0.25 + :

0.2
0.15 - S - o
iy y ; ] ( kinetic

01 f \ |

0.05 F W ki .
v \\2/ v \MV\“\/‘%WVWNww’\;

time

0 L L Ll L L il L L L L
10° 10! 102 10°  10* 105 1
initial t

<> quasi-equilibrium R
relaxation )
static

—Av=u, v|zgq=0

relaxation

Chavanis 08 relaxation to the equilibrium in the point vortices, kinetic equation + maximum entropy production

Sire-Chavanis 02 motion of the mean field of many self-gravitating Brownian particles, BBGKY hierarchy + factorization
au 8’U Smoluchowski )\G”U

uy = Au—V -uVo, — —u— —0 —_— u:—v,/\
aV al/ Boltzmann fQ (& d.fU

= llullx




Results

Q) c R? bounded domain, 9Q smooth

1. Smoluchowski Part

us =V - (Vu —uVo)

2. Poisson Part

—Av=u, v|yq=0

TheoremB | T' < 400 —

u(x, t)de — Z m(zo)dz, (dx) + f(x)dx
ToES
m(xo) - 87‘(‘N collapse mass quantization possibly with sub-collapse collision

blowup set exclusion of boundary blowup

S={xo € Q| Iz — z0, tx 1T, ws,tr) — +o0} CQ
ljS < +OO finiteness of blowup points

O < f . f(l') E L1<Q) ﬂ C(ﬁ \ 8) measure theoretic regular part

Theorem C

T = +o0, limsup ||u(-,t)||ec = +00
tT+o0

— )\ = H’I,L()Hl = 8’/T€’ EIE E N initial mass quantization
EIZU* -~ Qe \ _D7 VHﬁ(:E*) = O recursive hierarchy

point vortex Hamiltonian Robin function Green function

Hy(xq, -, @) = % Z R(z;)+ > G(wi,x;)

1<J

Corollary 1 | T < +00 if A stationary solution

or I(U(}) < —1
and A& 8TN or

A€ 8nl, ¢ € N, A critical point of Hy

Corollary 2 () convex A\ # 8w

= T < 4o or T = —+ 0O  pre-compact orbit

cf. Grossi-F. Takahashi (2010) 3 stationary solution



Preliminary ~ Green’s function and the weak form

_ 0 d 1
pec@, 3| =0 — 2ot =[ sty [ [ pmauen
OV | 5, dt Jo Q 2J Jaxa
po(x,2") =Vp(z) V.G(x,2") + Vo(z') - Vo G(z,2") € L=(Q x Q)
method of symmetrization
action reaction law
1 1
[(a) = e log —
Gla,2') = T(z—12')+ K(z,2), K = K(z,2') € C*9(Q x 0) N O (@ x Q) S

z9 € 00 — G(z,2') = B(X, X)+K(z,2'"), K = K(z,2') € (C**?°nC?*9)(Q N B(zo, R)xQ N B(xo, R))
conformal diffeomorphism

X :QNB(z0,2R) » Ry = {(X1,X2) | X2 >0} X(3QnN B(x0,2R)) C IR

) -1 -xy-tx-xy % (D) e x5



Proof of Theorem B

€ regularit 1 d p+1 _ 4p ptl, 9 p p+3 ]
e s gl = G Ve B S s 2T < Collall =l
n=2 Gagliardo-Nirenberg inequality
Jeg > 0, |luolls <o = T = +o0, [[u(,t)]|ec <C o
Moser's iteration scheme
maximal regularity
localization %i% hntlé}lp Hu(°7t)HL1(QﬂB(xo,R)) <3Jdso= w0 ¢S
nice cut-off function 20 €N, 0< R 1] = PR €V
-1 3
Gcwel oo b z€B@, ) V| <CR™ @ 9,
Y= Y710, 2eR\B(zo,R) [V <CR 25 V={peC*Q)] 5| =0}

ov 50



Formation of collapses

symmetry of the Green function E—
— 0
2lS 02(9)7 _80 =0
o | 5q

A= Jlu(, 1)l

monotonicity formula

d/u
at 1,7

& -regularity

< CA+ M)Vl

lim lim sup ||u
lim mpH ()

— 11§ < 400

Ol nBae.r) <Fo =20 gES =— €S = hmhmsup |w(-,

p(dx,T)

weak form (symmetrization)

d
pr gou( t) = /QAgo u( //stz (z, 2 )u ®@u
P¢($7$)=V90() Vo G(,2) + V(') - Vo G, 27)

< boundary behavior of the Green function
Hpcp HOO — CfHVQOHC1 singularity cancellation by the symmetry

weak continuation

0 < Ju(dx,t) € C.(]0,
u(z, t)dr =

T], M(Q))
p(de,t), 0<t<T

Ol 21 @nB(zo,R) = €0
RO ¢

=== monotonicity formula

lim lim inf ||u(-,

RIO0 1T )”Ll(QﬂB(mo,R) > €0

formation of collapse

Z m(x9)0z, + f(x)dz, m(zg) >¢co, 0 < f = f(x) € L'(Q)

o ES singular part regular part



Generation of the weak solution

separable

0 < p=p(dr,t) € Ci([0,T], M(Q)) weak solution Y ={pec () 2_90 — 0} & = [A,]LTO@x)
Vleq
— O < EI E— -t LOO O T X/ multiplicated operator — =
_N N(,)E *([7 ]7 ) tip| d X():{,O<p+w|§0€y,¢€C(QXQ)}

1. t€[0,T] — {(p,u(dx,t)), p €)Y a.c. B
T o) =p(Q,0)0 =2 0<t<T

u =u(z,t) classical solution
— N(1) = ule,t) © u(a', 1) drde’

Theorem1  pi(dz,t) € C.([0,T], M(9)) 5
INC D) lar = A%, A = [luollx

Ny € L°([0,T],X’) weak solutions

0 < pup(,t) <C
[N )|l < C

sub-sequence

pr(de,t) — p(dz,t)  in C,([0,T], M(Q))
Ni(-,t) = N(-,t) in LL([0,T],X’) weal solution



Backward self-similar transformation

To €S

First parabolic envelope

yz(:c—a:o)/(T—t)l/Q,s:—log(T—t) ‘d |/ﬂ P—2 n
z(y, S) — (T - t)u(il?,t) ‘di a:o,b:| > Ui U

P

- < 1
~N 44U R L

{Pao,r, u(, 1)dT) — (PR, p(d, T))| < CA(T — t)/ R?

weak limit Sk T —+0OQ  subsequence Sk +s=— IOg(T - t), R = b(T — t)1/2
2(y, s + si)dy — 3((dy, s) in C.(—00, +00; M(R?))
Put Z(y S) — 0 where it is not defined. ‘<S00,b7 Z(', S —|_ Sk)dy> o <90x07be—(s+sk)/2, /,L(diE,T)H
| < C\/b°
M(R?) = Co (R’ pde, T) = Y m(0)6x,(dz) + f(2)dz
O (R2) = {2 € C(R2 U {o0}), 2(c0) = 0} w0€S

k— o0, bt 4+oo — |m(zg) = C((R*s)

w(x,t)de — 2; m(zo)dy, (dz) + f(z)da Second parabolic envelope | | {|y/?, ¢(dy,s)) < C
TrpES




Limit equation

o €S Proof p € C2(R?), s> 1
y = (x —x0)/(T — )2, s = —log(T —t) d
Z(y, 3) — (T — t)U(.CU,t) % o. 2P = /OS (8390 + 9y -V + AQO)Z
]' S /
y € (T —1)""2(Q—{xo}) = Qs +5 /OSX(DS po(y,y)2 ® 2
—logT < s < 400, ||z(+,9)][1 = A
, Oy = Qs x {s}
ZS Y -évz ~ AVt W) po(y,y') = Vo(y) - Vy,Gs(y,y')
< 2 / /
g 9 4 —0 +Vo(y') - VyGs(y,y
o zay(w+]y|/)ms (y) - Vy Gs(y,y)
o / G(z,2")=T(x — ') + K(z,z")
w(,S):L Gs(ay)z(yas)dy (:c,x’) c QXQ)U(QXQ)
1 1
Gs(y,y') = G(z,2") I'(z) = — log
27 ||
Theorem 2 o € ) — Sk T +00  subsequence .
1 __ YA N
2(y. s+ sk)dy — 3¢(dy, s) in Cs(—oc0, +00; M(R?)) Gslyy) =Ty —y) = 7

(s =V - (VC=C¢V(T*C+|y[?/4)) in R* x (—00,400) +K (e "y + xo,e Yy 4 x0)




Exclusion of boundary blowup

0 < ((dy,s), C(R?,s) <= ||luolly, supp ((dy,s) C R

(s =V (VC—CV(E*C+ |y[*/4)) in RZ x

To € 0

(_007 +OO)

= |y|*Yr, Yr(y) = ¥(y/R)
P = 900,2(‘y|)

2
Mo =g+ 4L Tu(L) M Ay(L

_ 2 Y Yy
y- Vo =2ydr+ Iyl 5 w<R>
(1+1y*,¢(dy,s)) < C

= (dominated convergence theorem)
52

. Y
] Ao+ 2. d
am . ( o+ 3 Ve, ((dy,s))

= 4(s9 — s1)m(xg) + /82 I(s)ds

S1

I(s) = {|y|*, ¢(dy, 5))

g5 = dm(ao) +1(s) ae. s = lim I(s)

7

:+OO

contradiction




u(x,t)de — 2: m(xg)dz, (dx) + f(x)dx

TzpES

Proof of Theorem B (continued) To €S

backward self-similar transformation
parabolic envelope

y=(x—w0)/(T=1)"?, 5= —log(T —1) , ;
2(y,s) = (T — t)u(x,t) m(zo) = ((R”, 5) (ly?¢(dy,s)) < C

weak limit s T 4+o00  subsequence

scaling back

2(y, s + sp)dy — 3¢ (dy, ) in C,(—o00, +00; M(R?
( k) ( ) ( (R%) ((dy,s) = e *A(dy,s), v = ey, s’ = —e”

limit equation  exclusion of boundary blowup xg € () A, =V - (VA — AVT % A) in R? x (—oo O)

G =V (VC— (V% C+ [yf?/4)) in B2 x (o0, +00) A= Aldy:5) 20, AR, ) =m(zo)

singular part m(s

singular part m(s) sub-collapse As d S m !/
€ — regularity — (%(dy, s) Z ()8, () (dy) (dy, Z §(8)dy () (dy’)

m(s) S m(ﬂfg)/go, ‘yj (S)' S 07 mj( ) 2 €0 second parabolic envelope



Ay =V -(VA—AVI x A) in R? x (—0o0,0)
A= A(dy,s) >0, A(R? s) = m(x)

singular part m(s')
A%(dy',s") =

i

i (s')0y: (s)(dy’)
1

scaling limit 36 <0,1<5< m(sf)) fix

Ag(dy',s') = B> A(dy, 5)
y =By +y;(sh), s =B+ s

subsequence

Br 10
ﬁgk(dy’,s') — A(dy',s") € Cy(—00, sh; M(R?))

~

A(dy', s") = m’;(sy)d0(dy")

weak solution

translation limit
Sflc T +OO) Ak(dyiv S,) — A(dylv 8/ + S{k;) subsequence
Ap(dy',s") — A(dy',s") € Cy(—00, +00; M(R?))

A(dy',s") = m/;(s})d0(dy’)

weak Liouville property
as =V -(Va—aVI*a)in R? x (—00, +00)
= a(R? s)=0or 87

weak solution (measure valued)

Kurokiba-Ogawa03

— 1,(sh) = A(R?,0) = 87

residual vanishing
A%(dy’, sy =0|— A(dy',s") =8n

absolutely continuous part

14 sub-collapse

Z 5y; (s) (dy/)

=1

—_— m(gjo) — &7 collapse mass quantization



Improved regularity

EI(SO7 R) > ()

Lemma u:=Au—V - (uVI xu) in R? x (0,7)
ul,_o = uo(x) >0

deg, R, to >0, Vg ||u0||L1(B(;c0,8R)) < €0/2

— VT e (O,to)

sup H'U;(',t)”Loo(B(xo,R)) < 40
r<t<tp

Proof Jt1 € (0,T), ||uollL1(B(zo,8R)) < €0/2

— sup ||lu(, )| (B(o,aR)) < €0

te(0,t1)
d 1 —1 2

_— — u(logu — 1)p dx + = u” " |Vul“p dz
dt R2 8 R2

choa O§t<t17 ¥ = Pzq,R

||'U;(, t) H L log L(B(SI:Q,QR)) Involved by the initial value!

Gagliardo-Nirenberg

dJ

— Y3532 < oy, J_/u(logu—l)—l—ldm
dt 0

d
L2 4 g(472)3/2 — 43
ot +3)

J(t) <t72, 0 <t <min{t;,t0}, t5° =Cr [
parabolic regularity

scaling

Theorem 3 deg, 09, C

uy = Au—V - (uVI xu) in R? x (=T,T)

uy = ul,_g

weak solution generated by classical solutions
HUOHLl(B(mO,QR)) < €0, U = U‘t:o =

sup [, )] Lo (B(zo.R) < CR™?

te[—00R2,00R2]ﬂ(—T,T)

scaling invariant regularity (inverse scaling back)

C(B(yo,2r),s) <eo = |IC(s8)|lLe(B(yo,r) < Cr—2



residual vanishing A% (dy’, s') = () = ¢““(dy,s) =0

1st envelope 2nd envelope
m(zo) = ((R?, s) (lyl?,¢(dy,s)) < C
o= V- (VC = (VT + [yf2/1) A
scaling invariant regularity  attractive potential toward infinity a
s’ <0
C(dy* 8)
outer second moment uniform estimate of self-interaction part
d 1

£<907<> > <A90 - CQOT + §T(707“7<>7 Y = SO(T)
p(r) =&(r/R), &(r)=r* =1
R>1 = A<,0+%7‘g07420g0,«, r>R

d , yl?

d8<(ﬁ o )+7<(dy73)> >0 — C(dyv 8) — Cs(dyas)

Ay =V - (V'A— AV'T % A)

A

l

Collision of sub-collapses

improved regularity

¢(B(yo,2r),s) < eo

— NI¢Cs 8) [ Lo (Byo,ry) < Cr2



Sub-collapse dynamics

¢*(dy, s) = Z 8md,. (s)(dy) ~—  scaling back
j=1
¢
A(dy/, 8/) = Z 87T5y;_(8/) (dy/)

g=1

Ay =V - (VA—AV'Tx A) in R? x (—00,0)

é\ s =0
A(dy', s") So \J

s’ <0

Collision of sub-collapses

Tracing by the local second moment

simple blowup point
¢t=1 = ((dy,s) = 8mdy(dy)

in dynamics

recursive hierarchy ¢ > 9

dy’
= 8TV, HY (Y1, yp)
Hg(yllaayﬁ Z ij_yll{j)
11<g<k<e
I'(y)=— log
Y|
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weak formulation
monotonicity formula

weak solution

scaling invariance

backward self-similar transformation

scaling limit

parabolic envelope (1)

scaling invariance of the scaling limit

a local second moment

defect moment (1)

parabolic envelope (2)

scaling back

translation limit

limit equation classification

improved regularity
concentration compactness

tightness
defect moment (2)

outer second moment

formation of collapse

weak solution generation
instant blowup for over mass
concentrated initial data

non-existence of over mass
entire solution without
concentration

sub-collapse quantization

collapse mass quantization
radially symmetric dynamics
type Il blowup rate

limit equation simplification

concentration-cancelation
simplification

boundary blowup exclusion

cloud formation
collision of sub-collapses

residual vanishing
quantization of BUIT

residual vanishing in finite time



