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TR

W F(@), g =2 05 e o .
—— _n = X0 autonomous — = €T T, A= inear system
dt ’ =0 dt ? t=0 0
dx N 1
dt T
Fund tal th (Lipschitz continuity)
de \/— >0 | 0 (t) 0, 0 S 1 S T -ulgcgrqugllzose%onrsg
— =\, T = Lli_n — nd — 1 2 unigueness - extension of the solution
dt ’ =0 s¢-T), t=>T
dx _ dx - dx dv B
normalization —— — ]{;(E2’ = k‘t’ —_— = 5[]2 integration dt — f(x)a ﬁ - dt =1 +c
dt d Z
R,
< S x i B
exponential function € = H) d.’IJe =c Euler relation 67’9 = COS 9 -+ 7 S1n 9’ 9 & R theory of linearized stability
n=0



| absolute dating | L= 0 starting of the resolution of C14

30D HA
resolution of isotope
| | R — de resolution rate of the plant R — )\
dZC physical constant (known) 0O — — E known 0 = ATQ
— = —Az, z(0) = xo t=0
dt ’
z(t) == =t dx A
= - 06 R — _d_ Resolution rate of the buried material R f— Axoe_ t
t measurable
t=t
— At
1 — z(t2) _ Zo¢€ § — o Mta—t1)
2 Qf(tl) 5606_’\t1 RO )\LL‘O 2\ . 1 Ry
R Azge= ™M A R
log 2= )\(tQ - t]_) computable
log 2
At =ty —t; = & half-life
v
dz
E — ;C(]_ — ZU), $|t:() = X - (O, ]_) logistic equation
&
.’L'(t) — D sigmoid function O

zo+ (1 — xzo)e? | |
0 0 unstable stationary solution stable stationary solution
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flx) >0, 0<z<1
flx) <0, z<0,z>1
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stationary state perturbation

2RITTIFH &= f(r,y), y=9@y) f(zo,9) = 9g(x0,y0) =0 X =x—z0, Y =y —wo

f(z,y) = f(z0.y0) + fu(@o,y0)(x — 20) + fy (20, ¥0) (Y — yo) + o(/ (@ — 20)% + (y — yo)?)
9(z,y) = go(w0,%0) + 9o (20, y0)(x — 20) + gy(z0, 50) (¥ — v0) + o(v/ (z — 0)? + (¥ — 10)?)

nodes (stable, unstable) sub-critical Hopf bifurcation
i ( X ) — ( fCC (:UO? yO) f'y ('CUO? yo) ) ( X ) forcus (stable, unstable) super-critical Hopf bifurcation
cebter
dt Y gw ($07 yO) gy (3507 yO) Y linearized equation saddle caos
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b>0
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a <0

b<0
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dx
=5
dt
dx B
dt

ax

Prey-predator model

dx

— =(a—By)z, g =30>0

dy growth rate

E — (_,Y_I_ 533)3/; y|t:0 — yO > O predator
Yy

phase plane




R = N SIR model X uninfected ()
Ei'ﬁ;ﬁﬁ Ojlfli — y ected .
dSU dy o dZ excluded

- = — - — - = Z
z+y—y(B), y—=z(y) ar — P gy TP g =
Y

r>1

r=x/p

effective reproduction number

d
E(x—l—y—l—z)z() r+y+z=N

dy _dy/dt _ Bry—~y
dr  dx/dt —Bxy x

basic reproduction number
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A+ B — AB (k)
AB — A+ B ({) #mar @&sz7n)

d
dt
d
dt
d

S [AB] = K[A|[B] - ([AB]

(Al = —k[A][B] + ([AB]

[B] = —k[A]|B] + ([AB]

A+ BB — ABB (2k)

ABB — A+ BB ({) %1

4] = ~2K[A|[BB) + ([ABB
©1BB) = ~2k[A|[BB] + ([ABB]
|ABB) = 24[A|[BB) ~ ([ABB]

1. DFOERICE > TEXRTUERISHHET S

BEFRDOERA

A+ AB — ABA (k)
ABA — A+ AB (20)

T2

A+ AB — AAB (k)
(

AAB — A+ AB (1)
(4] = —k[AJ[AB) + 2 ABA LNaa -1~
%{AB] — _k[A|[AB] + 2¢[ABA]
C1ABA] = k{A][BB] - 2[ABA

A+ A— AA (k/2)
AA = A+ A (0)



RIiexy b7 — 27 OREE

b+ c— bc (kg), bc — b+ c (62)

X2 b
c+c—ce (k3), cc—>c+c (£3)

bc \
b - @ (L E 7L
Yo
X10 bccb
BEAODMRA]

dX + A

dt_2 =|Dhey X5 X5 + £ Xs| [BRKo|X 5 X6 + €2 X[} ko X0 X + 20,1, X710 b o Bl
dX
2 =[Pha Xa X5 + X5\ Pha X3 + 25X6 1R X5 X5 + (X
dX
e o Xo X5 — Lo X5\l kX5 X + 63X ks X2 + 20510 ©
dXe [k 7 ONRRY

cﬁ6 ::75)(§§2€3)Q3-'2k2)Q§Xé-F€2§% Py G
dX ®
d—tS = 2kolX o Xg — 62)(@5?—# k3 X3 X5 —@3X8 H ko X2 Xg +[202X 10 /Jf—&;\z}—(;ﬁ/x%AEW?—)
dX ® k ®

dtlo = ]{72X2X8 — 2€2X10 + 73X52 - £3X10
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iE b DERE

m > n BRRER #osk

RIN2FIRE

J

re€R"— ¢p(xr) € R™ kss
» c R ®Hr-x
e(r) =2z, € R" xn=
1
J(&) = lp(a) - of? us

m<n FerEs Bo—Bl

<“\\
M

77a—-Fv5

"‘\\\\\\N4,;4V¢
(BRI AHR)

J=0

FATREL DER

VA P A

\ ¢ (@) Ame| = T (a) 2

dimM=n—-m

Axy = Tpp1 — x¢

BROZHKE CGERL0Be)

M={zeR"|p(z) =z}

RiE3

2J($g)

AJy = J(xe1) — (@) = (@' (20) Az, o(20) — 2) +0 (|Azy])
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t: 1, X1:107{-12}, X2:10"{-12}

c, d attachment-detachment

k1+:10M12} (X1), k1-:1 (X3)
X3:107-12} (X3), k-:1 (X4)
X4:107M-12} (X1)

k+:107{12} (X2)

k2-: 1 (X5), X5: 10M{-12} (X2)
K2+: 10712} (X5)

event on plasma membrane

event time scale and mean number of
molecules determine the chemical rate

unit system

attachment: / Ds

detachment: /s

molecular concentration: D (mol/dm”2)
Time (second): s

Experimental data

equilibrium: k1+/k1-=5.3X107{11} [/D]
detachment k1-=0.724 [/s]
attachment: k1+=3.8X10"{11} [/Ds]

attachment-detachment time scale= 1s
— 2kl x (X1)"2=2x10"{-12}
(3.8 x107M11}) x (2.64 x 107{-12})"2

=2.65x10"{-12}

RITERT

% = 2k X7 +2ki X3 — kX1 X0+ k_Xy
% — kX0 Xo + Xy — 2k X2 4 2k X
T oMX-EX ey

% =k X0 Xo — kX4 EEEE}]}

% = ki X3 — k3 X5

Volume of one cell : V=10"15 [m"3] = 1012 [L]
cell radius: 5x107{-5} [m]
surface area 4¥pi (5 x107{-5})"2 x 10"2= 3.14 x 10"{-8} [dm"2]
50,000 molecules
5x10"/6x10" = 8.3x10"20 [mol]
molecular concentration on plasma membrane
—— 2.64x10"12} [D (mol/dm”2)] 2.64=8.3/3.14 no raft

k+
c+e ki cc* c+td —— c*d
'T ~N
kl- k-
k2\+
d+d- > dd
k2-

MET amplification

4~20%
MET

i

A/

¥

Survival
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Osteopetrosis
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pre-osteoblast osteoblast

X1
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DAF

differentiation
RANKL annihilation
factor

hematopoiesis O O O
Il

stem ce ‘ ) a a O

- —’ U

PN osteoclast

pre-osteoclast MN osteoclast

Osteoporosis




The Model

X1 pre-osteoblast /4
X2 osteoblast X1 / X2
cell
X3 pre-osteoclast 1f
X4 osteoclast m 0 C X5
X5 DAF molecule f
~
m?2
X X4

bottom up model — molecular level /
2

top down model — tissue level

Mo = Mo (Xl) —aX1+b 'IC':islfue
e
C Molecule dX
b =0(X5) = 55— ikl R
X5) = 0% v e 7~ aXitm
f dXo
lo =0ls(X5) = ——— multiscale model — = =X
gXs5+h dt
dX3
—— = X3+ my
dt s
dXs _,
The simplest response function which can be d— — 2X3
gene_ralized in I_ater ma_thematical analysis. Lack of the dynamical equilibrium t
precise data evidence is compensated by the standard . d)_(5
recipe in biology. X1, X3, Xb--- stationary o _ 'YXB . 5X5

dt



Dynamical Equilibrium ~ dX1 _ dXs3  dX5; tissue level
dt dt dt
, , dX
d—l = —6 X1 +my
01 X1 =mq, laXz=ma, X3=0X5 ;
dXo X
/ - =4
— dXs
X —— = —lp X3+ mgy
X, =™ X3_m2( 1)’ X3=éX5 / dt
(1(X5) l2(X5) ol _dXy
A///,// d / — '62 X 3
—_— dX
5 A/l d—lf5 = ’}/X3 = 5X5
mi
5 = ¢(X5), L= LX) 3 = o(X5)
molecular level
mo =aX1+b
mi 1 C
plXs) ’ <€1(X5)) l2(X5) YT dXs+e
1 ramy f
= = dX b) Xs+h b
f( . (dXs5+e)+0b) (gXs+h) s

ma = ma(X1), {1 =01(X5), la = l2(X5)



Existence of Dynamical Equilibrium

am

€ [0, +00) s o(z) € (0, 4+00) o(z) = % ( (dz +e) + b) (g7 + h)

strictly convex

y = o(x)
— X5 = o(X5)
v
A= 9 mq /
X1 = (1(X
\ ! LT (X)) (Xs) = o3 1
adebg,h X3 = ¢(X5)
‘. f\\% X1 b xo
Xz f q
ml [ 6 (3[xs
Examples of controllable parameters RANKL 2 //y g
o m?2
DAF(X5) activation__ breaking down of dynamical equilibrium X X3 X4

RANKL injection 82



Breaking Down of Dynamical Equilibrium

y = p(x)

2>

A=

a? d? 67 b? g7h

!
¢, f\\% / x
NS

where unstable dynamical equilibrium takes a role.

dXs

— = X3 —0X
dt YA3 5

Y(X5) — 0 X5

Q

around linearly non-degenerate dynamical equilibrium

[

osteoporosis?

osteopetrosis?

It occurs with the change of environment (parameters)

X5

gh rate

o =

critical level

X5 (V)

fincre/ase / unstable ingex-1

l dynamical equilibrium

Catastrophe

break
down
malignant stable indexo
A
<> _
A X5 (N

Dynamical
Equilibrium



X4(0) = 7(1-+0.01), X(0) =4(140.01),

around the unstable dynamical equilibrium
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X5(0) = 4(1 +0.01), X5(0) =0, X,4(0) =0

X

n

800}

600¢

400} d (dX, dXs
s ) 2 222 4
o) di (ng) ai =

G.. r . n ..
0 20 40 60 80 100
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keep to stay in near from dynamical equilibrium

OO O
o O
osteoporosis

catastrophe around the unstable dynamical equilibrium



Dynamics Near from Dynamical Equilibrium  dynamics around the unstable dynamical equilibrium

non-compact orbit unstable manifold

. stable manifold

ﬁA\
X1 X3

Near from dynamical
near from equilibrium equilibrium contains
l unstable manifold
miy
X1~ — ; ; ——
el (X5) ‘ quasi-dynamical equilibrium
a cube containing the quasi-dynamical - Morse index 1 mq
Xa & SO(X ) equilibrium curve independent of Nnecting orbit X1 = ———
3 5 T (X5)
S P .~ Morse index 0 1\A5
: ’ X3 = p(X5)
d X5
2 X5) — 0X5
X5 unstable dynamical equilibrium dt ’}/QO( )
+ + + dynamical component of near from dynamical equilibrium
(X7 (A), X57(A), X57(N)) s

LD (oo, x5 0. x5 () al x

0

>

T e )

o _ ( 1(X5)

0
l5(X5)

m;&l) >

X1
X3
stable components




X5 complicated transient dynamics

break
down \

spatially inhomogeneous bifurcation for diffusion of X5

unstable

l dynamical equilibrium

stable

Dynamical
Equilibrium
Catastrophe

A

d (dX4

a\ax, ) Y

X2 saturate at the breaking down of dynamical equilibrium

relatively long in time stay near
from dynamical equilibrium /

— N

osteoporosis

X1

X3



8. RISILBCR

T; 08 —d;Au; = f;(u) in Qr € CR" bounded domain, 02 smooth v outer unit normal

S Qr=0x(0,T) 1<j<N T= (1) >0, d=(d;) >0

a—yj =0, Uj’tzo — UjO(fJU) Uy = (Ujo) > 0 smooth

_ , : i [mass dissipation]

[local. Lipschitz cont.] [quasi-positive]

.. N ] f’(U1,"',U'_1,0,U' 1,° ", Un 207 vj

loc. Lipschitz cont. 0 <wuo = (ujo) €R — j=1

- w=(,0) 20 — )~ AW <0
d1 classical solution local-in-time 8875

T € (0, +o00] maximal existence time =0

oV | 5q

[quadratic] Theorem (Fellner-Morgan-Tang 20, 21)

| I - w(®)][e < [I7 - uollx
IV fi(u)| < O+ ul), VJ T = 400 [u(-?)]loc <C



Examples
chemical reaction A; +---+ A,, = A1+ -+ AN
au’ auj micro-canonical
Ti &, ot —d; Auj = Xj f( )7 E . =0 engeomctieo -
i ~1, 1<j<m
U):H“J— Huj»XjZ{l, m+1<j<N
j=1 j=m+1 - =

spatially homogeneous stationary state w = @/ w
Q
0<3z=(z)ecR"Y, f(2)=0
—  z=(z;)>0

Theorem m =2, N =4 (quadratic)

— T=40  u(,t) = 2lls < Ce™

Devillettes-Fellner 08, Pierre-S.-Zou 17, Pierre-S.-Umakoshi 18

d(s)

relative entropy (diversity)

E(w|v)= /Qv o (
ZiTjE(uj)

—  E(ul?)

[logarithmic Sobolev]

[Csiz’ar-Kullback]

= s(logs—1)4+1>0

E) , E(we)mfy/Q d(w)

(%

ZTJ (uj | 25)

E(ul|z)=

= FE(u) — E(z)

N
u) =4 d;| Va3
j=1

D(u) > 20FE (ulz)

lv =]} < 4WE(v[v)



AL - FILFF7F

ou;
7%@%:%A%+%%+§:%Ww%
k
ou;
a—yj o =0, uj|,_y = ujo(x) >0

(Au,u) <0, Vu >0 A= (ajr)
e=(6)<0 — Ju(,t)e <C
Masuda-Takahashi 94 (n=1) S.-Yamada 15 (n=2)
scaling invariance (e=0)

ulf (1) = pPuy (pa, 41*t), p>0

rigidness (n=2, quadratic growth by L*1 control)

|luoll1 € 1 = T =400, sup||u(-,t)]|ec < +00
t>0

entropy == asymptotic spatially homogenization
(S.-Yamada 15)

E=LnN Ri\_[, 4], affine space of co-dimension 2

Any non-stationary solution is periodic-in-time with the orbit O = Sl
contractible to a stationary solution in Ri\_” \ F

Any distinct two orbits 017 02 - Sl do not link in Rf

spatially homogeneous part @

v

free

2N-3 dimension

A1ka2; — a1142k

akl =
a2

3<k<ILN
a127é0, €=(€j):0

Kobayashi-S.-Yamada 19




Smoluchowski-Poisson equation — a model in statistical mechanics

Q) ¢ R? bounded domain, 89 smooth

1. Smoluchowski Part

ur =V - (Vu —uVo)

2. Poisson Part

—Av =u, v|gn =0

ou ov
- — U—— =0 canonical ensemble
ov oV | 50
_ d
1. total mass conservation pr |lu(t)]|[1 =0

2. free energy decreasing

]—"(u):/g)u(logu—l)—%/ G

d
—F(u) = —/ u|V(logu — v)|* <0
dt .

Green’s function

G(zx,2") =Gz, )

2D is critical for blowup of the solution to quadratic
nonlinearity under the total mass control

self-similar transformation due to the quadratic growth

uu(2,t) = prulpz, p?t), p >0

||u||1 = ||U’MH1 =\ & n =2 citical dimension
1 1 1
F(u) = / u(logu — 1)—=(T" x u,u), I'(x) = — log —
)\2
F(u,u) — (2)\ _ 4_) log,u + F(’U,) critical mass A = &7
T

guantized blowup mechanism with Hamiltonian control
1. stationary 2. finite time 3. infinite time



Former results (1) any space dimension

N
entropy dissipation Z fi (u) log u; <0
j=1

Capto-Goudon-Vasseur09 ) = R"

loc. Lipschitz cont. quasi-positive
mass dissipation, entropy dissipation
quadratic growth

Souplet18 Q2 =R" or Q C R"

N N
> fiw) (1 +1logu;) < C Y ujlog(l+ uy)
j=1

=1

loc. Lipschitz cont. quasi-positive, quadratic growth

Fellner-Tang

1. Sobolev inequality in space-time

2. Parabolic Giorgi-Nash-Moser regularity
3. Regularity interpolation

4. Souplet’s trick by semigroup estimate

Former results (2) without entropy dissipation

Pierre-Rolland 15
0 < 3u = (u;(-,t)) € C([0, +00), L' (2)N)

global-in-time weak solution

Pierre-S.-Yamada 19
O = {u(-,t)} c LYY pre-compact

1. Mechanism to protect the solution from the measure?
2. Why 2D is thought to be critical?



L1825 %

Pierre-Rolland 15 0<du= (uj(-, t)) = C’([O, +OO)7 Ll(Q)N) global-in-time weak solution

Pierre-S.-Yamada 19 O = {u(,t)} c LY QY pre-compact

weak solutionto 0 < u = (u;(-,t)) € L. [OaT)aLl(Q)N)

8’&3’ 8’(1,
ot —diduy = fi(w), =2 =0, wl,_y=up(e) >0
J ot J J J v . J1t=0 J
fi(w) € L (2 x (0,T)) N
as distributions
— [ ujo—dj | ujAp= [ fi(u)p, Vo € W=(Q), = =0
dt Jq Q Q o |90

Ujl,_o = Ujo() in the sense of measures



L2-L1 estimate
ou;

Tj—F= (9 —d;jAu; = f(u)
ou;
a—yj . =0, ujl,_g = ujo(z) 20

t)—T-uog/OtA(d-u(-,s)) ds

(T ) u(')

/OT(T-U(-,t),d-u(-,t)) Qi <

IN

t),d-u(-t)) —

T=(7;), d=(d;) >0

z::lfj(u)éo gt(T u) —A(d-u) <0, u=(u;) >0
0
d-u
8V( )89

— 1

d
—/T-USO —
dt Jqo

(T-ug,d-u(-,t) < —(Vd-u(

T
7 - woll - / Id- - 0)l|s di
0

T
CTH|Ir - wollz - { / [d-ul- )2 di}* —
0

S O, u|t:0 = Uy — (Ujo)

sup |lu(t)lh <C

0<t<T

V/du

dSH2

1
|ullz2 (@) < CT=||uoll2




L1 pre-compactness

1. semi-group reduction Baras-Pierre 84

%,

8—1; — Aw=H € L*(Qr)

ow B B 1

5 o =0, wl,_, =wo(x) € L (Q)

w=w(-,t) € L%(0,T; L' (Q)) [ | Lie(0,T5; W1 ()

weak solution
as distributions

/wg0+/Vw V= /Hgo, Vo € Wh™(Q)

w‘t:o = Wo in the sense of measures

¢

—  w(-,t) = e wyg —I—/ e=)AH (., 5) ds
0

w e C([0,T], L'(2))

in particular

F:(wo, H) € L'(Q) x LYQr) — w € C([0,T],L*(Q))

continuous

2. compactness c.f. Baras 78

F i (wo, H) € L'(Q) x LY (Qr) — w € L' (Qr)

compact

Proof | F*: L%®(Qr) — L=(Q) x L=(Qr)

F(h) = (0l,—,0)
00 00
—_— A p—  — pr— pr—
o TAO=h, — N 0, 0,_p =0

compact from the parabolic regularity

pre-compactness of the orbit in L1

up (-, t) = u(-, t + tg)
Jwy(-,t) € L*(Q x (—1,1))

— A A

comparison H _
theorem compact dominated convergence theorem



alternative argument applicable to other systems (S.-Yamada)

L2 estimate in space and time

quasi-positive N (. <
mass dissipation =~ = Z fi(u)logu; < C(1+ |ul?) — OEI;ET/Q ®(u;(-,t)) < COr
quadratic growth j=1 -

singularity relaxation P(s) =s(logs—1)+12>0, s>0

global GN inequality

=  T=+jf n=1, 2

1

d
monotonicity formula / —/ ui(-,t+ tk)go‘ dt < Cy,
Lt Jq
— Oy
2
Vel (Q)v 5 =0 by L2 control in space-time
of2

evokes the measure-valued continuation (very weak solution) Smoluchowski-Poisson equation



2D case — time control

semi-group theory

Gagliardo-Nirenberg

Corollary | n=2 = T =400, ||u(-,t)]ec < C loc. Lipschitz cont.
quasi-positive
mass dissipation

T € (0, +0o0], 1imT?up [u(®)]]2 < +oo = limTS%UP [u(t)]|oo < 400 quadratic growth
{ '

d
Zlulls + 0l Vull3 < Cllul;

1 1
S—n n ) fi—_n_%n T -+ — = 1
Cllullz < C'lull® Nlullzn < Fllullzn +Cllully® no Ion

n <6 n<3

|ul|s < C Poincare-Wirtinger —

d 6-n _ 2
%HUHEEC(HUH%U“—" — ——(ul5+1)"FTF <C



LTI AT
te 1T € (0, +00], u®(t) = u(t + tx) —(wflle+1)7Fr <O

(e (=013 + 1) "7 < (Ju* ()3 +1)" 7= +Ct, 0<t<T

Pierre-S.-Yamada

assume lim [|u®(0)]|2 = +o0 —_— subsequence
k—oo

u® — Fu™ in Cloe((—00,0], LY(Q)), L2 (2 x (—00,0])

(lu(=t)||2 + 1)~ 7= < Ct n=2
: e WE@IE 41208, —T<t<0

lu(=t)|2+1>6t 2, 0<t<T

u>® ¢ L? (2 x (—T,0]) contradiction

loc



RISHER (Bt &)

Tj% —d;jAuj = fj(u) in Qr £ CR" bounded domain, 92 smooth v outer unit normal
S Qr=0x(0,T) 1<j<N T=(1;)>0, d=(dj) >0
8—; - =0, ujl,_y = ujo(x) uo = (uj0) > 0 smooth
_ _ . ” [mass dissipation]
[local. Lipschitz cont.] [quasi-positive]
. N
. RN ) ' sty U1, 0, Ujpr, e Un Zoav
firRY SR LSGEN Sl Ot i) 20087 ) <0, = () 2 0
loc. Lipschitz cont. 0 <up=(ujo) e R" — j=1
—_— u=(u;(-,t)) >0 . 2(7‘-u)—A(d-u)<O
d1 classical solution local-in-time aat
T € (0,+00| maximal existence time da )
oV | 50
[quadratic] Theorem (Fellner-Morgan-Tang 20, 21)

| I7 - w(®)[[x < |7 - uolls
IVfi(w)] < CQA+ul), Vj T = +o0 [u(-)]loo < C



Pierre-Rolland 15 0 < Ju = (u;(+t)) € C([0, +00), L1 (Q)N) global-in-time weak solution

Pierre-S.-Yamada 19 O = {u(-,t)} c L*( Q)N pre-compact
. 100

alternative proof of T = +o0 |u(-,t)]|oo < C  forn=2 via space control (Ly;)

53 /. Sy do+ SVl < OO+l
Gagliardo-Nirenberg  ||ul|3 < C|lu||1||u]%: (n=2) semigroup estimate

— |luolh 1 = T =+o0, ||[u(t)|]e £C (epsilon regularity)

Localization — limlimsup ||u(t)||L1@nBzo,R) <o = X0 &S blowup set

R\LO tTT 05
while gﬁ% hf?T?Up [u()l| L1 (@B (x,R)) = €0 impossible

because pre-compactness of O = {u(, t)} C Ll(Q)N c.f. Smoluchowski-Poisson equation



ZIETVE R D — ik

- % —d;Au; = f;(u) in Qp ) C R" bounded domain, 02 srflooth v outer unit normal
i QT:QX(O,T) L <3 &N T:(Tj)>0,d:(dj)>0
a—,/j o =0, uj’t:o = Ujo(@") ug = (ujo) > 0 smooth
[local. Lipschitz cont.] [quasi-positive] [mass dissipation]
. N
DN . : ce - 0.us cee L Uy) >0, Y
i RT =R, 1<j<N EICEES ’“jV“’ ) 20, V) > fi(u) <0, u=(u;) >0
loc. Lipschitz cont. 0 <up=(ujo) e R" — j=1
— (u;(- > 0
— u=(u(,1) 20 — Y u)— A(d-u) <0
d1 classical solution local-in-time aat
T € (0, 4+00] maximal existence time kIR
oV | 50

I7 - u@®)lly < I7 - ollx

Theorem 1 (S. 20) | Vn, Vg > 1

[polynomial growth rate]

d-u —
_ . im (| —— ) (-.¢) i Q) = T =400 <
V)] < CA+[ulTh), 1< <N El%flTT (Tu) () in C(0)  Ne®lleo < ©



Remark 1 Pierre-Schmitt 97 N=2

3 nonlinearity (fifth-order polynomials) inhomogeneous boundary conditions < 400, n =10
2
d-u _ di + dav V= U ug = ¢+ dlz]”/(T — 1) — the other example even for n=1
T-u  T1+ToU’ a+blz|2/(T —t)

Problem 1 classification of self-similar blowup to v

cf.N=2 T <+oo = limsup||u;(t)|e =400, j=1,2
4T

d-u dyuy b + doui

—_— - I)
. 1 1 6 C(Q X [O’ T])? obstruction - collision of blowup points blOWUp prOf”e'
T U T1lUy ~ + ToUy

ou Ay — 2 . , » v=u"2>0 viscosity solution?

315 % =u, u|t:0 =T a 3 a

du _ D Av= 2ol w2 — 2012 LY
e —0 Y U(t) — (T . t) 1 a1 Av 2’0 ‘V’U| 2v - o 0
oV |5

locally uniformly in backward parabolic region

n<2 = u(z,t)=(T—1t)""+0(1) — u(, 7)™t = v(-,T)"? € [0, +0)

blowup pattern



IR AR Proof of Theorem 1 uniqueness of the classical solution ... OK

sup ||u(t)‘|oo < (' — existence of global in time uniformly bounded classical solution

0<t<T
assume the contrary (subsequence) Jxp — 29 € Q, It 1T, |u(xg, tr)] — +00
2
0<r<l, @z, t) =r®ulre + o5, r’t + tg), a = ——
q—
5“ ~k _ 7 ~ky ~k ~ k : 1 72 0&;‘-’ _
—_ Tjﬁ—deuj: j(@*), u* = (aj) > 0in Q x (T}, T), By =0
0
fi(w) = 0 f(rm %), Qe =r~H Q= {aw}), Tp = —tp/r?, T = (T —ty)/7?
drop k, large J4v Cc R" hyper-plane, Bo N~y # 0 or = () 0 € By = one-side of By cut by ~
au] ~ o~ ~ ~ . ~ aﬂj ~ ~ ~ ~
Tig —d;Au; = fj(a), u=(a;) >0 in Qs £y =0 Q2 = By x (—4,0), Q1 = By x (-1,0)
YN B2

— derive uniform estimate in < r<l



Lemma 1 (c.f. Capto-Vasseur) Moser’s iteration scheme

Vp > (g +1)(g—1), Fgo > 0 lallp@a,) <€ = 0<4;(0,0) <1, 1<j<N
mass conservation by a suspend unknown Z ;W) =0; @ = [(uz) =0
J
~ ~ o0 8(70 oo
M=r71-4, v=MC( ((z,t) = p(z)n(t) cut-off ¢ € C5°(Ba), awl = 0, n € C5°(—4,0]
i
Ov ~ ~ d -~ e
- — —A(dv) = fin Qz #-(dv)] =0 d=="
at (31/ Banxy T U
f=MG—2V-(dMVE) + dMAC
0<dy =G ooy = L o gD o
max; 7; T U min; 7; a = ()

Apply parabolic L*p maximal regularity uniform on compact set of coefficients in VMO to the dual system

uniform estimate for coefficients in a compact set in VMO



Remark5  f € VMO, € >0, g € Q2 = dg € BMO, Jr >0 VMO:BMO ~ continuous: bounded
9l BrroB) < €, f =g in B(wo,7) BMO

local smallness of the BMO norm

boundeq
Lemma 2 (maximal regularity, Weidemaier 05)
9 VMO
~ w
wy +dAw=—-0>0inw x (—4,0), —| =0, w|,_y=0 —
o | g,
0 _ ~
/_4 Hw(t)H%/Q’p(Q ) CHQHL (5] Cl<p<oo, p#3 B, Csupp ¢ C w C By, dw smooth
duality argument between v=M¢ M=1-u
Lemma 3 1Ml Lo,y <C sup M)z, 1<g<n
—16<t<0
~ 1 1 1 n 3
—_— M <C’ S M(t 2, —==——,p > ,pl £ =
M|l (& S M 125, 7 s P aT? 7 5



Dual Alexandroff — Bakelman - Pucci estimate (Caputo-Goudon-Vasseiur)

y . < M(t -
Lemma 4 (FMT)  [IMI[ i1 5, < G s M)l L2 s, ABP... [0 _ [+l

Lemma 3+ Lemma4 —

Vp>1, dp > 4, HM”LP(Ql) <C sup ||M(t)”Ll(Bp)

—p2<t<0
pre-scaled analysis ~——  duality argument (CGV) Lemma 5 Szulz ; HM(t)HLl(ép) < Crf
—pe<t<
~ d-u P
M=71-u, d=— ¢, -~ A =M, —| =0
T U 81/ 39
0P 5 0P
— = dAD, =0 — (Krylov-Safonov) Lemma 5+ Lemma1 —
ot oV |50
0 <wuj(xg,ty) <Cr * 1<j<N, 0<r«l1
[(I)}CB(QX(tO,to—I—l)) < C||(I)||L°O(ﬂx(to—1,to—|—1))

contradiction



consequences derived from this argument

Theorem 2

W=3
1<¢<9/5 = T=+o0, [[ult)|ew<C
q=o0 |I
. . 2
Th 3 t lit &
eorem [entropy inequality] ij(u) logu; <C(1+|ul?), 1<o <1+ -
]

2 2
n=23, 1<qg<24+—, o=14—
n

n n=2, critical dimension in this context
1 1
or n>4, 1<qg<24+—,0=14+— = T =400, [[u(t)]e <C
n n
(especially, n=2, g=2) S.-Yamada 15
1. n>3 dual ABP
n=3 [,2 duality argument is efficient

2. entropy inequality — local epsilon regularity in space-time



