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1. FEFEERAOFZOHEIEET L
Results

Q)  R? bounded domain, 9Q smooth

1. Smoluchowski Part

uy = V- (Vu — uVv)

=0, ul;_g =uo(z) >0

2. Poisson Part

—Av=u, v|yq=0

TheoremB | T'< 400 —

u(x, t)de — Z m(zo)dz, (dx) + f(x)dx
ToES
m(xo) - 87‘(‘N collapse mass quantization possibly with sub-collapse collision

blowup set exclusion of boundary blowup

S={xo € Q| Iz — z0, tx 1T, ws,tr) — +o0} CQ
ljS < +OO finiteness of blowup points

O < f . f(l') E L1<Q) ﬂ C(ﬁ \ 8) measure theoretic regular part

Theorem C

T = +o0, limsup ||u(-,t)||ec = +00
tT+o0

— )\ = H’I,L()Hl = 8’/T€’ EIE E N initial mass quantization
EIZU* -~ Qe \ _D7 VHﬁ(:E*) = O recursive hierarchy

point vortex Hamiltonian 1 Robin function Green function

Hy(w1,--w0) = 5 Z R(z;) + Y  Glai, ;)

1<J

Corollary 1 | T < +00 if A stationary solution

or Fug) < —1
and A& 8TN or
A€ 8nl, ¢ € N, A critical point of Hy

Corollary 2 () convex A\ # 8w

= T < 4o or T = —+ 0O  pre-compact orbit

c.f. Grossi-F. Takahashi (2010) 3 stationary soluton



Bounded free energy and simplicity Flu) = / u(logu — 1)dz — 1 / G(x,2')u ®u devdzs’
2 QxQ ’

free energy of Helmholtz Q2
dF _ - (entropy) temperature inner energy (self-attractive)
— = — [ u|V(logu —v)|* <0, v=(-A)"tu
dt .
Simplicity of the blowup points Emergence

T < +o0, %I%-F(u(t)) > =00 — Vrged§ simpe = ?,gﬁlfmo,b(T—t)l/Q (u(-,t)) = +o0, Vb >0

Blowup rate l Foo.r(u) = / u(logu — 1)dx
QﬂB(xo,R)
Hm (7T — t)||u(-, t)|| oo (Bl _n1/2y = oo, Vb >0 1
ot Lo (B(z0,b(T—t)1/2) __f/ G(z.2')u® u drda’
2 J JanB(zo,R)x (QNB(z0,R))

Remark

Rate of blowup is always type Il b > 07V$0 = S? %#I%(T _ t)Hu('7t)”LOO(B(;UO,b(T—t)l/?) = +00



Supplements

1 1

Systems on the whole space | I'(z) = o log H
™ 05

uy = Au—V - (uVI x ) in R? x (0,7)
ul,_, = ug(x) € L N L'(R?)

/ |$[2u0 dx < +OO — E dichotomy
R2

concentrated compactness

0<A<8r — T =+00, [|u(-t)]le <C

A>8m — T < 400

A=8r — T =4

vanishing compact (concentration)

‘ : — lim ||u(-,t)||oc = +00
Jim u(, )]l =0 Jim [Ju-, )]

Chemotaxis system in biology

ur =V - (Vu —uVo), —Av:u—L u
€2 Ja

ou Ov Ov

(E—’LLE,%)ag—O,/S;’U—O

n=2,T="Thax < +00
u(x, t)de — Z m(x)0z, (dx) + f(x)dx

Lo €S existence of the boundary blowup

8w, x9 €
m(zo) € my(xo)N, m.(zo) = { 4rr xg c 00

0< f=f(x)e LH(QNC(AQ\S)
quantized blowup mechanism

also in infinite time




Keller-Segel system

up =V - (dy(u,v)Vu) — V- (da(u, v) Vo)

vy = dpAv — kyvw + k_1p + f(v)u

wy = dypAw — kyvw + (k—1 + ko)p + g(v,w)u
pe = dpAp + kyvw — (k—1 + k2)p

u=u(x,t) cellular slime molds
v =v(z,1) attractant moving clustered cells aggregating cells
w=w(T,t)  enzyme
p = p(x,t) complex 3. chemical reaction v, w, p
vaew K= op k) gy
1. transport, gradient 2. production u — (v, w) < (k-1) —

(a) diffusion u, v, w,p
vy = —kivw + k_1p

wy = —kivw + (k_l + kg)p
pr = kivw — (k_1 + ko2)p

(b) chemotaxis v — u



Reductions

vy = —kivw + k_1p
wy = —kivw + (k_1 + ko)p
pr = kivw — (k—1 + k2)p

k:lvw — (]{_1 + kQ)p =0 quasi-static

w + p=c total mass conservation

uy = V- (dy(u,v)Vu) — V- (da(u,v) Vo)
v = dpyAv — k(v)v + f(v)u

Cklkg

kv) = (k_1+ ko) + kv

Nanjundiah 73

Smoluchowski

Poisson

dl(u,v), ]{(U% f(’U) constant

da(u,v) = ux'(v)

sensitivity

U = dyAu —V -

mass X velocity =flux (momentum)

(uVx(v))

vy = dpy AV — b1V + bou

Childress-Percus 81, Jager-Luckhaus 92

uy =V - (Vu—uVv), — —u—

—Av—u——

]

ou ov _ 0
ov oV |50 a

Ov |

/ /U_7_‘Q:O




Spectral mechanics

ut:Au—V-(quu),—AfU:u—i u
2 Jo

ou_ v _ o

v o v

d
> (). — -t —( mass conservation
w0, L ut ),

free energy decreasing

\Y
—F(u) = —[ u|V(logu — v)[*dx
dt 0

Potentials of self-organization

stationary state = ===

log u — v = constant, ||ull; = A

e’

N erv

—) u

Jager-Luckhaus model

in Q x (0,7)

c.f. —Av = u, U‘E?Q =0

A'U
—_ —szi, V|gq =0

fQ e’

Boltzmann-Poisson equation

on 092 x (0,7)

| simplified system of chemotaxis |

e’ 1
—Av =\ — ,/v:O
Toe 10

@
v

=0
o

Senba-S. 00

A= 8m, 4w

interior boundary

Biler-Hilhorst-Nadieja 94, Nagai 95, Nagai-Senba-Yoshida 97, Gajewski-Zacharius 98, Biler 98



n

Higher-dimensional quantization |[n > 2, m =

Toward the theory of elliptic uniformization

n—2
— 1 weak solution —A'U) — wT in Q’ w=c¢€ R on aQ
Uy = —Aum — v : (UVF X ’U,) n Rn X (0, T) solution sequence
m / ’U)f = X (wk,ck, )\k) AL — Ao
ul,_y = uo(z) >0¢€ L>®nNLYR") 2| updz < 400 /0
Rn
|ZB l 2—n — Subsequence alternatives
_ _ _ d
t Jgn
d _
moq (c) do=myt, LN
u
f — - T = F sallis entro
(u) - 2( * U, U) Tsallis entropy S— (a5t e

Ve, He(x)|_ =0,1<j<¢
TheoremD T <+oc — SCR" #1877 < 400 r=ay

L= (L1~ L) By = .CU*,"”:E*
S:{CﬁoERnU{OO}‘HQZ‘k%LU(), tr T, (11 E) (1 2)
Jim u(zy, tg) = +oo} He(@1,---2e) = 5 ZR(%‘) + ;G(l’z‘:?«“j)

J 1]

Sir={xp0 eS| }EITI%!}(T — t)”u(‘;t)”LOO(B(xo,ro) = 400, Vrg >0 S.-R. Takahashi 09a, 09b, 20, 12



Systems with relaxation time

eus = V- (Vu — uVo)
Ty = Av +uin Q x (0,7)

full system of chemotaxis

ou ov
14 I/ o9
T = O Smoluchowski-Poisson quantized blowup mechanism

e
e=0 v=Av+

T toa =0
Q

non-local parabolic equation

Q= B(0,1) c R?, v=uv(|z|,t), A > 8«

Wolansky 97

v
— e

fQ e’

Kavallaris-S. 07

A>8T = T =Thax < +00

dis-quantized blowup mechanism

dr — Mg, t 1T = Thax € (0, +00]

Duality between field and particles

Lagrangian in Toland duality

1
L(u,v) = / u(logu — 1) + §|Vfu|2 — vu dx
)

===  unfolding-minimality

inf{L(u,v) | u >0, |lull; =87, v & Hy(Q)} > —oc0

Model C equation

euy = V- (uV Ly (u,v)), 7vs = —Ly(u,v)

Models in non-equilibrium thermo-dynamics

semi-unfolding-minimality

infinitesimal stability === dynamical stabilitiy

local minimum of the analytic field functional === infinitesimal stable

phase transition, phase separation, shape memory alloys

S.-Tasaki 10



Summary

1. Thermal equilibrium of the point vortex mean field is described by the Boltzmann Poisson
equation.

2. Onsager’s conjecture of the formation of an ordered structure in negative inverse temperature
is realized as the Hamiltonian recurrence with quantized blowup mechanism.

3. Smoluchowski Poisson equation is the fundamental equation for canonical ensembles of
Newtonian particles.

4. Its stationary state is the Boltzmann Poisson equation of which total set of solutions controls
the global-in-time dynamics (potentials of self-organization).

5. As a consequence there is a quantization with Hamiltonian control in blowup in finite and
infinite time.

6. If blowup in finite time occurs there is a formation of sub-collapses of normalized masses
with a possible collision.

7. The residual part other than sub-collapses vanishes in the whole space of rescaled variables,
called the parabolic envelope, while the motion of sub-collapses is controlled by the point vortex
Hamiltonian in the rescaled variables.

8. As a consequence any blowup point is of type Il, and if the free energy is bounded then it is
simple, whereby the local free energy in the parabolic envelope diverges to plus infinity
(emergence).

9. Blowup in infinite time, on the other hand, occurs only when the initial mass is quantized,
whereby there is a formation of collapses with a normalized mass of which kinetics is subject to
the anti-gradient system of Hamiltonian to create a clinic orbit of its critical points.

10. A relative of the Smoluchowski-Poisson equation is the simplified system of chemotaxis,
where the Poisson part is modified.

11. The total set of stationary solutions, however, is quite different according to the form of the
Poisson part.

12. There is a dis-quantized blowup mechanism if the model is provided with the relaxation time,
which is nothing but the model B — model A equation derived from the Lagrangian associated
with the Toland duality.

13. Several models in non-equilibrium thermo-dynamics are provided with the structure of semi-
unfolding-minimality between the Lagrangian and the field functional, which induces a general
criterion of the dynamical stability of the critical point if it is analytic.

14. Higher dimensional analogous of the 2D Smoluchowski Poisson equation is a degenerate
parabolic equation associated with the Tsallis entropy, where the finiteness of type Il blowup
points is known.

15. It stationary state is realized as an elliptic free boundary problem provided with the quantized
blowup mechanism controlled by the Hamiltonian.

Open questions

—_

Real rate of blowup (for the case of sub-collapse collision) partial answer

Any blowup point is of type Il in the higher dimensional degenerate parabolic equation.
3. Hausdorff dimension of the blowup set of the higher dimensional Smoluchowski
Poisson equation | less then or equal to (n-2). partial answer

Hamiltonian control of the blowup set is efficient to many elliptic problems.

There is a general view of dynamics in the models associated with the Kuhn Tucker
duality.
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Methods of Geometry

Methods of Geometry
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8
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4. BNEDRE

)Ln-]-/i . L ;lIE:'szJ ,fg,j:,? S. Mean Field Theories and Dual Variation, 2" edition, Atlantis Press, 2015
system consistency dynamics ensemble
isolated energy entropy micro-canonical
closed temperature Helmholtz free energy canonical
open pressure Gibbs free energy grand-canonical
particle density duality field potential v=(— Lu = / G(- (z")dx'
Smoluchowski Poisson symmetry
up =V - (Vu — uVo)
o O —Av=1u v|yq=0
— —u—| =0
ov oV | 50
Model (B) equation
0
Helmholtz fee energy . wy = Vu - VOF(u), 8_5'F(u) — 0
-1 v
F(U) — /Qu(logu _ 1) _ 5 <(_A) u, ’U,> total mass conservation, free energy decreaseing os2
6F (u) =logu — (—A) tu — 4 d]:

2
<
u—O — fu|V5.7—( )] 0



ﬂﬂjﬁgﬁj\ﬁfi X/R ENF oy NZER F : X — (—OO,—l—OO], prop_ C7X, 1.S.C. By, h, THER

WOoXUENER F*(p) = sup {(z,p) — F(z)}  Fenchel-Moreau ®xt F** = F, F**(x) = sup {(z,p) — F*(p)}

reX peX*
Toland Wxf  F G : X — (—o0,+00], prop. ¢’x Ls.c. L(z,p) = F*(p) + G(z) — (z,p) 777vv=ma
J(z) =G(z) — F(z), J*(p) = F*(p) — G*(p) — inf L =infJ = inf J* =%9%«
- N XXX* X X *
A - HIEER
d N (BIALERTE & VBV EERIEHTRE L = J(z)
D L), p() <0 — FENEESEE veocs) = I
L‘xE@F*(p) = " () TPYTA—NTFAVY
FEFEANFETNDELNFES - Ty 74— TAaVvT - 2w YF4%5HD def
TS - AE4 B - UBFIR Nonlinearity 2010 p E aG(Qf) = G(y) o G(:E) 2 <y _ m7p>7 vy
inf{F(u) | u>0, ||uli =87} > — n=2 inf { Js-(v) | v € Hy(Q)} > —o0
REILTTRE— HBHIRILEY— <« al > EORER 7Y
1 1
Flu) = f u(logu — 1) — 5 <(—A)_1u,u> Jxa(v) = §HV’U”§ — )\log/ e’ + Alogh —1)
Q 0

u 2 0, ”qu = A mrEE v E H& (Q) KT v T



JA—JFETI

YT YA T4y o 1EEE (NITi2E)

S5

Utt + Ugppr = (fl (ua:')9 + f2(u$))$ (um:ua:xwa 933)'33:0,1 =0 or (u7 Uz, 955)':13:0,1 =0
Qt — 9:1:3: - fl(ua:)eua:t mif <o < 19 t>0 (’LL, Ut,9)|t:0 == (uo(az),ul(:n),ﬂg(a:))

Bo
g

FRIURE

fi=F,i=1,2 F(e) = ie”, Fy(e) = aszeb — aset — aq0,.62 WHEL L = SHE

TYXRRY #h
SIES | (0, +102)(0, —192) =02+ 0 . 9, — 02
2 b Uy h— S BAERIE
2
et g < Cllgll2
L4(0,T);L%) Oy — 0.0 = f(z,1), 933’9::0’1 =0, 0,_,=0
t

3

6:|:z(t—1)8§ f(’ S)ds

/0 E0 T B2
J

T a’
t : ] 164112 + 162212 dt < C(p, T) / 1Ol de
e " mI% f( 5)ds < Cfllarsco, ;L3 0 g g 0 g

< CllfllLars(o,r;Lar2)

L>(0,T5L?)

— %Fﬁi@@]’l‘i‘t (\f_ j(iﬁjﬁ??'j? Yoshikawa 05



AN FHIBE | Fak model

Ugs + Uzzez = (S1(Ue)0 + f2(Uz))z, O — Ore = f1(Uz)OUss (U s Upza, 993)‘:;5:0,1 =0 f1(0) = f2(0) =0

IXL¥—REF
1d 1d 1 dE
5l 5l == [ i@t + falwolus do — S =0

1 d 1 d t
_ _ 2| R ) F
]0 0, — 0., dx o /0 o(uy) dx pn 9 + Fo(uy) dx

0o =600>0 — 0(,t)>0 (0t — 022) = J1(uz)uze = F1(uz)s

| =

Ivhpr—iEk

1 9 2
/—d:c—/ (—x) dr <0
0 6

1 1
B = = wall3 + 5

t
+/ Fs(uy) + 0 dx
0

1
W = / Fi(u,) —log6 dx
0



E%ﬂj{ﬁﬁ Ut + Upppr = (fl (uzx:)g . f2(ux))$7 9t - 91‘3{3 — fl (u:c)gu:nt (uwvua:a::r:: 9$)|m:0,1 =0

Ut = Ht — O —_— 9 . ? -2 0 constant associated with U by _E(’U_’,7 O,a) = b — E(“Oj ’U,l, 60)

1 1

. 1
Upprr — (Hfl (ucc) - fZ(Ua:))aza (Ua:au:c:cx)‘a;:(),l =0 E(u,ut,ﬂ) — iHut”% + iHum:”% o / FQ(Ua:) + 60 dx
0

1 1
ZHNEH ] hlw) = [ Filw)ds — G Glunal3+ [ Fau)de =
0 0

Bar) = glusslf+ [ Falus)do

—  0Jp(ug) =0, Jp(uy) = J1(ug) —log(b — Ja(uy))

vV=Uuy; — Jy=J0w),veV,, V,={veH;|J(v)<b}

0Jy(0) =0, vV, mnne



t

/11
/11

—<VUT

1 1
b= E(uautve) — §HutH% + 5

1 1 1
fuselld + [ Faus) +6 do = Glusal3 + | Falus) +6 da
0 0
1 1 1
Wug,0) = /Fl(um)—logH d:z:Z/ Fi(ug)dx — log (/ 9dx>
0 0 0

n1 / 1 h1 N
4 _l. -
0 0

T TYTF=ATAYT | G=b— Jo(uy) >0 =  W(ug,0) = Jy(uy)

— | W(ug,0) > W(ug,0) = Jp(uy) Jp(ug) — Jp(0) < W (uge,00) — Jp (@) = W(uge, 0g) — W (v, 0)

W (uos,00) — W(0,0) <8 = Jy(ug(-,t)) — Jp(0) < 0

EE ERINRE

deg > 0 s.t. Ve € (0, %], 340 > 0 s.t ﬂ)mHQ < €9, Jb(’U) — Jb(ﬁ) <0= H(U —5)$H2 <€

Uy € C([O, _|_OO), H&) —_— (E; 9) Liﬁ?%?iﬁ S.-Yoshikawa 07



AT IE

R - HIEER
—)

fl(v)#ov U#O

F;, ©» = 1,2: real analytic

TARTOBNLER/NEIE

C = {(b,v)}: total set of solutions

1. v = 0...the trivial solution, Vb

2. by =0.— 5 k=1,2,--

...bifurcation points

(for normalized physical constants)

3. Vv # 0, stationary state, generates

a one-dimensional manifold C C

(branch)

b Y Y << ]‘ 3
(). (). I 0> 0
the bifurcated branch

from the trivial solution at b = by

= = hysteresis
. 7'(2
b(0) = —a16. + 5 +

= oscillation of b

3 = hetero-clinic orbits

aq
non-trivial global minimizer

el

1
b < by = v = 0: linearly unstable i/s/
E

BANDSERE

non-trivial global minimum




AN FDENF Flux

Liouville’s Theorem

v = U(x,t) Velocity C?t pdgj — —/ v ] ds €r = .fl?(f,t) <~ I = T(t, S)f
ow .
{T'(t,s)} propagator = vp 7, = det (g?)
J
z(t) =T'(t,s)§ pt +V -vp =0, mass conservation  —
~
do State Equation Ji(€) = 1+ (t =)V (& s) +oft — )
¢ —
dt v(@,t), @li=s =& p=Ap", A>0,1<vy<2
Accelation Momentum Balance Mass Balance
d’z d Dv d d
) = —v(xz(t),1) = T —/ x,t)v(x, t)dr 0= — p(x,t)dr
ar*|,_, ds t—s Dti,_, dt T(t,s)w pla; (e, ) i dt T(t,s)w g
D 0 D d
D = B + v - V, material derivative = /w Ht(p’u) + pvV - v dr = - p(x(f, t), )| J (&) .
density,
p density, p pressure _ /(pv)t V- (@) da / @ oV v de
— w

D — _ _
pFZ = —Vp, equation of motion /w Vp dx = / pt +V -vp d§



e 14 7 —HERK Total Mass Conservation
d

pr +V-vp=0 7 pz—/V-vsz

p(vt%—??-VU)—I—Vp:O >0

p=p’in R" x (0,7T)

v 1 lollr = llpollh = M

Total Energy Conservation - 2

(pv)e+V - (pr®@v)+Vp=0

/[V (pv@v)]-v= - /P’U‘jviaﬂ'“j T(t,s)w

1
== [ oot =5 [ 1PV v @
) t=t
= ——/|’U| Pt

1
/(P’U)t"U = /Pt”U|2 + §Pat|’0‘2

[+ 9 oeu)-v=122 [,

Total Energy Conservation

LT b
(a0 551),

1 YD
. J— 2 —_— :O
+V (2p|v| +7_1)fu

d

2 p
_— d ]
pr ,0|v| + po— r=0

:L p’7_1p :i L
v—1 Pt v—1

d (1

_ — —  dx =

7 | 3Pl T



HhA 2T 4y 7R (RILE L)

(Jo — tv|*p)e + V - |z — tv]?pv

2vt?
=V (thp— 7 ’Up)
v—1

pr+V-vp=0

p(vyi+v-Vou)+Vp=0
p=p7 in R" x (0,T)

1

U-Vv:V§]v]2—v><w

2t2p 2 w=V xuv
— —2(n———)tp
v—1/4 v—1

NIk U

ean Field Theories
and Dual Variation

2 —1
5_E 1| |2 7[’7 !
5p 2 —1
i,
ov P

o0&
pr +V-— =

v

0 OF
Ut V%—Exw/p
=
d oE b
—F = (— e
dt (107U) <5p7pt> +<5'U 7Ut>

OF OF

__/V'(EE)_O

7 LR o7 BREFEDE R



