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Ricci flow approach to the Poincare-Thurston conjecture

bridge initial and expected ultimate metrics

geometric process of surgery at the formation of singularities

2D NRFI-2WT | Hamitton 82

0

—gz(r—R)g on £ x (0,7
ot

Q) compact Riemann surface
g=g(t) metric
R = R(t) scalar curvature

r(t) = fﬂ ) average volume
N
Q) ft

W= [t volume element

Theorem (Hamilton 88)

g(t) = goo iIn C*® as t 1 oo

metric with constant scalar curvature

Remark

1. No singularity in 2D-NRF

%—If:AR+R(R—r), A=A,

Henceforth, assume R>0

N

Gauss-Bonnet RO > () = genus=0

Chow 91 gerus=0 >0 for ¢ > 1
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geometric part

Af=R-—r curvature potential
M,=VVf— %Af-g trace free part
co-variant derivative
Lie derivate
— 2Mg = (r—R)g+ Lvryg
— modified Ricci flow
dg

S —2M;, §=3(t) = T/ g(t), {Ti} + Vf

M, = (VYT - (A

|M,|* = |M;|? invariant under the semigroup

analytic part c.f. Smoluchowski-Poisson equation

d
—/RlogR du <0 = sup |Re, < +oc
dt Q te(0,00)

SN inf min R; > 0 Harnack inequality
0<t<oco of Li-Yau type

0 2 2 2 2
a‘Mﬂ :A|Mg| _2|VM9| _ZR‘M9|
—  comparison theorem

|My|* < Ce ™ ~v>0

conclusion

g(t) =T17g(t) = Goo in C*® ast T o0, Mz _ =0

g(t) = goo in C*° as t T o0, R, = constant
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Summary

1. Increase of the surface entropy provides an a priori

estimate
2. Harnack inequality implies reverse inequality

3. Convergence of the transformed metric to the trivial

state in infinite time
4. Convergence of the original metric
5

Geometric structure guarantees these transformations

and a priori estimates

Achievement in the theory of dynamical systems
1. global in time existence of the solution

2. pre-compactness of the orbit

3. uniqueness of the omega-limit set

4. exponential rate convergence

Analytic proof

1. Trudinger-Moser-Fontana inequality
2. Benilan-Crandall inequality

3. Concentration compactness

4. Gradient inequality

Bartz-Struwe-Ye 94, Struwe 02

1. Modified flow by covariant and Lie derivative
2. Moving spheres based on the symmetry

3. Bochner-Weitzenbock, Harnack

4. Conformal transformation on the sphere

Analytic formulation

Gauss-Bonnet
genus

/ Rydpy = 4mx(2), x() =2 —29(Q)
0
R, >0 = ¢g() =0

standard metric
uniformization theorem Q= SQ, g = e“gq
A=Ay, dv =dp,,, Ro= Ry,

)

R, =e " (-Aw+ Ry), |QRo =8~

R, d
/Rgdug =8, r = fQ 9%hg _ L
Q fQ ditg fQ evdx

dg

a—(T—R)g

Oe% e? 1

- = A — in T
5 w+87r<erwda: |Q|)m x (0,




POESETN- constant compact Riemann surface without boundary
de" e’ 1

—— A \ — —)in Q x (0,7

ot o (fgew |Q|) n & (0,7)

d
——2 w _
dt/Qe

w / —1 A
u=re ,t—t =r "L, r= ”
Jae
1
ur =Alogu+u—— [ u ||lugllt = A
Q2 Ja

u; = Alogu in R? x (0,T) c.f. logarithmic diffusion

Hermholtz free energy

ETFIBAHRER

uy = A(logu —v), v=(-A)"tu
— Ut — A5F(U)

d d
u=0, —F(u

) 2<0
dt Jq dt /W]T u)

lul, )llso + [Ju( ) e < C
Ju, = us(x) >0 e

BRI THNITIEHR=

li lloc =0
Jim fu-,t) =

c.f. Smoluchowski-Poisson
uy = V- (Vu —uVo), Av—u—ﬁ/ /’U_O
— u; =V -uViF(u) in Q x (

possible blowup in infinite time for )\ = &7
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/ u=\=||uglr
Q

1
:Alogu—l—u—@ w, U,y =uo(z) >0
ut:AlogunLu—ﬁ u < Alogu+ u
T < +o00 = limminu(-,t) =0
T Q
oe" e 1
_ L Aw+ A _
w = logu o w + (erw |Q|)

1 —
Bw) = 3IVul3-og [ e
Q
1
— SIVwlB - Aog [ e~
Q
d eV 1
= = [ Vu-Vw, -\ - d

= /ethO
Q

Jensen
w = log / e’ =\
1 / IQI

Trudinger-Moser-Fontana inequality (94)

i%fJ87T>—oo, E:{UEHl(QH/v:O}
9)

NS

N [T o
fie 5

71N =

il

A< 8m ——||[Vuw|2<C, w>

Poincare-Wirtinger

— |wlm <C

TMF inequality

Hogullgia) < C  —

leP e 1, fleTPE s < Cpy p 2 1

lu (s O)llp + [l

—C

)7l < Cp, 1<p< oo
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d +1 +1 e
ur = Alogu+u—a, o= i - @HUHZH + ”U”gﬂ < Cp2 Hu2 1777 +1
| €2
<op (lullyi2, , +1)
1 d +1 4 P +1 op+1l
— Sl + IV + allulp = = uf I,
HUY—F - -=ZLvnN—4
HZHESCQOH | ”ZHla 1 <g<go<x n =2
+ 1
q—2£;—€p4] —

lul, t)lloe + [lu- ) Moo < C

—) YO R AL =T v H—

T — +OO pre-compactness of the orbit

d +1 P P, 2
gl -2Vt 3 <cp (WHIET +1) 23

cf. XE|INOT7RF— - RT7YVVAHRER

2p
+1 p ]
2t < [Vuf |2 + © (uuz 17 1)



— )\ w 3 8 pointwise
fRREE = / e’ =381 — . u - .
0 1 (615_1) <0 limu(z,t) = u(z, T)

1
Jsr(w) = 5 Vw %—87rlog(/ e’ — W)
| Q TMF inequality to ~ w/2
2 _
- - — 87l 1
9 Vw 5 1 Stw — 81 Og(877> 5/ |vw|2 > 4. 87T10g/ 6’w/2 — 1671w — C
Q Q
1 5 _
_ - W < 1
C < ZHVwHQ + 8w < C w<C ccal  —(C < §HV”UJH% p——
T'< +oo0 =— hrtr%r}nf@:—oo @2410g/ew/2—0
Q
- \ 1
NZZVDAFN | up=Alogu+u— — [ u
t i Q2 Ja B liminf/ew/2 = liminf/u(-,t)1/2
Uy t1T QO t1T O
s = AC) | y
U dominated convergence theorem = u(-,T)"/= =0
—aw 2 (0% Q
pt=e "Ap+p—p, p=—
L, ot u(-,T) =0 a.e. in )
Py =P—D,P= 5
— W e’ 8m = %r%l Qu(-,t) = /Qu(-,T) — (0 a contradiction

u et —1



s /8y M A=28r, T =+

w>=C — Ju(,t),u(t) e <C

IvhOoE—

assume liminfw = —o0 H= | e“w
tT+o0 Q

dH

— = —IVw||5 + H — 87w < H + 87w + C

dt 4. T +00, 46 > 0 Benilan-Crandall inequality

87T@(t)—|—0§—k, t, —0 <t<ty

H > —e|Q)|
lim inf H(t) = +o0

k—ootp—0<t<tr—06/2

TMF inequality

S tk—5/2
Z/ dt/ewt_/ /wwf<+oo

|le® thl / /e wt = /e“’w

tk—5/2

~ lim le®ws (-, 8)||? dt = 0
k— o0 tk;—(s

tk—5<3t;€<tk—5/2

-0 lim [ e“w(-,t}) = +oo

k— o0 O

lim || ——(-,
kHEoH (5 t1)



ExAEOESR| Qom0 =0
7 — B G:G(x’x/) D —AD

PQ)={peL'(Q)]p=0, |lpl=1}

1
Klo) = 2 / G(z,z")p ® p drds’ peemns-
QxQ

E(p) = _/Qp(logp— 1) do  =ree-

TMAER

Is=K+E&/8 = 21(15)2877 < +0o0

EE prcP(Q),k=12--- QRN

lim K(px) = oo, lim Zg(px) = Ioo > —00
k— o0 k— o0

lim Tppdt = Too € RY  — oo €0

k— o0 O
pr(x)dr — 0, (dx) in M()

M8 Vd>0,Yme (0,1), 3C > 0,358 > 8«

Ai C Q; ’L p— 17 2 measurable diSt(Al, AQ) 2 d

peP@. [

A;

pdr>m,i=12 = T5(p)<C

fE  dcg >0, Vpe P(Q)

Q(r) = sup

yes2

concentration function

/ pdx260r2,0<7‘§1
QNB(y,r)



lim [ e“w(-,t;) =400 — lim [ wuglogur = +oc
—  lim ((=A) " tug, ug) = +o00
k— o0

F(ug) < F(uop)

subsequence

N i —z., € RY
0O R kingo quk Too €
fad Jukllr = 87

Jim (=) g, g ) = +00

lim [ zup(zx)dr = 2o € RY
k— o0 O

— Too €, up — 8o,

oe" eV 1
AN _
o~ AT AT T )

elliptic estimate (Brezis-Strauss)

lim e(5th) — Lo Fatou
k— oo QO

1 1
G N~ —1
(z,°) om O dist (x,x")

oe¥
1 — (..t
im H By (-, %)

k— o0

=0
1

e th) = g — 8o, in M(Q)

w(-, ;) — 87G (-, To) in WH9(Q), 1 < g < 2

/ e’ = 81 a contradiction
Q



stationary problem —_—
1 0 < A<8m Ey = {0}
—Alogu*:u*——/u*dx, x € (), /u*da::)\
€ Ja Q \
) u(t) = uy = — in C'"*° topology
. Ae? | 1 /1 €|
— Vs = loguy, — — 0g Uy
b fQ eV dx & ’Q| 0 & elliptic theories
(a) A=8m, Q=5 (Hamilton)
eV 1
—Av*:)\( — ),/v*d:v:O~v*€E>\ _ _ T = R2 é>f
er”*d:c Q) o (b) A=8m, Q=T =R"/aZ x bZ, -2
Lin-Lucia 06
1
Ja(v) = §||Vv||§ — Alog/ e’ dx
2 Remark E\ may be a continuum

VO:{UEHl(QH/dex:O}

4 2
Trudinger-Moser-Fontana (NS VO; HVUH2 <1 —= / e dr < C
Q



. 1
elliptic theory Ja(v) = §||VU||§ — )\log/

e’ dx, VQ:{UEHl(Q>|/Ud:U:O}
Q

Q

U % 1
0Ja(ve) =0 & —Auw, :)\(f 2“* - —@), /v*dx:()
Q Q

2 - b
Q=8  (analytic proof) | | O =T2=R2/aZ xbZ, ~ >~ (Lin-Lucia 07)
Chanillo-Kiessling 95, Cheng-Lin 97, Lin 00 a 4
Vv Vv
/ 3'55@% )\
A J
B, T

. 81



TE 3 B~ DU R

TE T =400, [|[ut)]s + [Jult) e < C —  du, € I u(t) = uyx in C* topology
in algebraic order
"3 e Ux  non-degenerate =— in exponential order
i o -
— v, = logu, — ﬁ logu, non-degenerate critical point of Iy = JIn(v), v eV

— € H*(Q), —A@D:u*winﬁ,/wu*da::() = =0
Q

e e 1 .. 9ot
_ LW — =A _ 0 T e’
1 A
5(w):/—|vw|2—e + —w dx, wEHl(Q):V
Q 2 Q]
RS
1 ) . B
wy €V, 55(w*) —0 = 0< 3 < <3 Jeg > 0 us non-degenerate 0 —

Yw €V, ||lw—wlly <eco = [E(w)—Ew)| 0 < C|6Ew)||v

N



HERARER |Eo(z)] = r™|Ep(w)| < Cr™, x =rw, r = ||

(Lojasiewicz 63, Simon 83)

fHeE E:R" — R real analytic at1 x =0 Bl (2)] - {Z(%)Q}lﬂ
E(0)=0, JE(0)=0 — 0<30< 3 i—1 Y
o=, OF
E(2)]'™" < COE(x)], |2] <1 = D (G @)
i=1 ¢
> cr™ ™t Jep >0
AR E(x) =) Cox"
o d .
&:(al,"',an>7 xa:x?l...xgn ZIZ':—(SE(.CU> %E(Qf):—|ﬂf|2§0

sufficestoassume FE 0 = >
ut u 7_é m > 2 assume; global in time solution with pre-compact orbit

Co =0, Va|<m -1
Co #0, |Fa| =m

theory of dynamical systems. LaSalle principle

—  dtp T +oo, z(ty) — Jzy, 6E(x,) =0
E(z) = Eo(z) + Er(2), Eo(z) = )  Coa®

a|=m

Eu(2)] = o(j2™), |4 ()] = ole™ ") Jim H(a(t) =0

H = (E(z) — E(z,))? well-defined



= —0F(x

0<30< E(2)|'*"? < C|l6E(z)], || <1

DO | =

It T +o00, z(ty) = Jx., dE(x,) =0

H = (B(x) - B(x.)) i ) =0

dH

= 0(B() - B(w.) " (~3 - 0E(x)

0(E(x) — E(zx))" |0 E(x)|?
0(E(x) — E(x.))" ' 0E(z)]|d

'V

—_ / || dt < +o0
0

3 1 t) = x4
s 7 =

colz|, dcg >0 —

Haraux-Jendoubi 01

_dai
dt

Vv

H < C®, d(t) :{

0(E(x) — E(z.))" |0 E(x)|?

c3(E(z) — B(z.)) ™"
03H%_1, deg > 0

—dot _ 1
e "0, 0_5750

z(s) — x(t)| < CD(t), s >t

s T 400

)

z(t) — z4| < CO(2)

t‘ﬁ, 0<60<1/2

_ —1
= Cq



application to the NRF .

9o y . Hg:UleﬂXl—)U2:<I—7))U analytic
e e

W:Aw—l_)\(fﬂewdaﬁ_@) g(wy) = w3, w* = wi +w; € Uy ®Us

8€w ” | 2analytic \ S = {wl —I—g(w1) | wy € Ul}

ot (w) 5(w)=/ﬁ§|Vw| —e —I—Ww dx

1
— 39 < =
0<d0 < 5
weV, |lw—w|y <Je =
E(w) — E(w™)['™" < C[|6€(w)]

w € Hl (Q) =V realized as a self-

adjoint operator in

X =L*Q)
V*

wy €V, 6E(wy) =0
L = 525(21)*) — — A\ — e’LU* B VAN vau linearized operator

Xi=Ker L={veDL)|Lv=0}CV=H(Q)

parabolic regularity

P:V* = X, orthogonal projection dim X =n t0§§1<12+T Jw(:, ) = wly
< C(flw(-to) —w™llv +  sup  Jlw(,t) —w'|2)
t0§t<t0+T
fiERE (Chill 03, 06) w, € U C V neighborhood
S = {UJ € U‘(I — 73)(55(10) = O} critical manifold —  convergence in algebraic rate

local analytic manifold around 1, with dimension n



role of non-degeneracy  w™* = logu™

—_— implicit function theorem
—Alog ux = uy — |Q|/U*dx /u* dr = A deg >0, w eV, /ewdx:)\, Jw —w*|lv <eo
Q

non-degenerate = [|lw—w*|ly < ClM(w — w*)||y-

)

1
Q]

Ve = logu, — log u,

non-degenerate critical pointof ~ Jy = Jx(v), v € Vg Lemma 3 u. non-degenerate — 0 = 1

«~=  non-degeneracy of the linearized operator

B¢——A¢—u ¢‘|' (qj)a ) =
¢ € D(B) = H*(2)N VO E(w) — E(w)|'™? < CYISE (w)]lv-

w eV, |lw—w*|ly < Jeg, /ew:)\
Q

— M=-A—u":V=H(Q) =V

¢ev,/u*¢dx=o = |léllv < ClIMd]|y-
Q
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A
Q=5% \=8m, U, = — =2
| Y
ur = Alogu+u— — [ uin Q x (0,4+00)
2 Jao

/Q u(rt) = A, (s t)loo + (o 8) Yoo < C

Z=U— Ux — 0 Tal OOO at least in algebraic order

2z = Ap(z) + 2
v(z) = logu—logu, =log(z+ 2)—log2
z 2
= log (5 +1) =
og 5+ 5 + g(2)

g(z) = 1 (5)2 + R(z) = —%2 + R(z)

E:{UEHl(QH/Qv:O}
HZ{’UELQ(Q)|/QU=O}

2zt + Lz =|Ag(z), z€ FE

1
L=—(A+2)in H
2 "N
~

D(L> = 0’ (Q) Nk E2 Y
/

slow dynamics
Q={zecR’||z| =1}
o(=A)={ue [£=0,1,2,---}, pe =€+ 1)

oL)y={0tu{2—4¢{+1)|£=2,3,---,}

multiplicity 3=2 - 1+1

Eo=Ker L, dim Ey =3
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BOWERETOSBRELAE LS 0nsagerD FRIZEFILT2EHRMEL L TERT S

ZZITREIBIININ N ZT UL EBREERET S

Smoluchowski-Poisson A2 = (ZNewtonf[ F D IEEEMHRE 5 ERHFRRTH S

. EBIREEIXBoltzmann-Poisson FIERXTH V. T DRBEGHERFRABER L ED/LZAF IR

ARET D (BCEBLORT > v L)

6. FERE L CHRERE., EREBEBBREROEFILENIILFNZT VOEEINERT S

7. BERFEEBETIIBBILINI-BEBEEXZH OV 7 AT T RAIEFERT S

8. ARFHBROEBEAOKIDSICEVWTH T AT TALUNIERE LD (FRIEDHER)

9, EEFICH7aAS 7T ADEFHIIEEHD SiEHamiltonianiCE T2 KB RE X T —LEHL1-H

DTH5.

10. fERELTIRTOBERSDOERL — FEIZATINERYFICERTI R F—FROBE L EH

THd

11 IRTOEMBHIOBANDICBE VW TREMEBRI AT — L7 7 XERKE 4D (BIFEMKE)

12. ERFEER IIVPEEHLNEFLINHBEORICKET B,

13. ZDEEAERENDI AT TRIITNTEMTH Y ZDEH L SiEHHamiltonian|CB§ 2 KA R

ICXBEEND, EFRE/EII7) Zy VHEHNHIRT 5

14, BINBEENEBOREIIFR—CH->TEHLRT Y VEDICL > TEFREDEFKRITAE LEL

ERA)

15, EANEEL’H 256 ICITBEREBIETLLAVWHA AR E Toland D 7 77 >~ ¥ 1 %

BWEETAB-ETILAARRE LTERENnD

16. EFERANZDETILDEZ L HEISEEE L H TV 7 Y 1 B EFONERE OB ICsemi-
unfolding-minimality# £ L T\ %

17. HRE L THONBEROERNZEBRR S NFREE CTH 5 — AR AIEFEEOT TIA
TOHONBE OB NS IEBNELE R D

18. 2 D Smoluchowski-Poisson|ZXfitd 2 & RITET L IETsallisT > b OE—ICHHT % ERRIEE
DRIEHDTLFRATH Y TypellERSDBERMEH KLY LD

19. Z O EBREIIFREBFAEFEXOBHRBERMETH Y RTORBNINIZTVIEZIT
HLBEMAARADERRKIEREST 2 (BHE—KRER)

20. 2D-NRFIFSEAN I =T VICBET 2 ETABARA THE2PVBRAREEICEVLWTHBREEITTE
BREICINRT B

21. TEERITZ DL — MIEFEIIERILTHNITEEN TH S0 & O AFHMBETIHELLT
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22. R. Hamilton(Z & 2 AFRFERICE Y T OHZEFOLSEREILER L TUOARIFAIEE S AL

OO W

KRR R FE

Sk whE

ERTERIAEYBEARRICEVTERSITE Ctype ITHB A

=R 7tSmoluchowski-Poisson AR DBREE S L n-2 RITTUT TH 5 h (EHoHIEER)
2D NRFIZEWTHROEZEREIERT 2 DI Eh
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Methods of Geometry
in the Theory of Partial
Differential Equations
Principle of the Cancellation of Singularities

4d and

theiranalysisind fctions flled with unexpected ph

In spite of a huge number of insights derived from a variety of scientific
Folds ir thoce fre bund F o | ions and

i years of the theor
inth I

inciples

. tevelk tred
that ensure these successes are discovered very recently.

This monograph focuses on one of them: cancellation of singularities
derived from interactions of multiple species, which is described by the
language of geometry, in particular, that of global analysis.

Five objects of inguiry, scattered acrossdifferent disciplines, are selected in
hi e evolutian of ic quantities, models of multi-species
in biology, interface vanishing of d - & systems, the fundamental equation
of electro-magnetic theary, and free boundaries arising in engineering.

‘The relaxation of internal tensions in these systems, however, is described
1 by diferential f 1 fer willbe.co dof furih
applications of this principle to other areas.
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