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2D Euler Equation
(simply connected domain)

Hamiltonian 

Kirchhoff  equation

vorticity

vortex equation

point vortices 

Green’s function

Robin function

渦渡場方程式

stream function

gradient

ボルツマン・ポアソン方程式



Hamiltonian

Onsager 49  

Gibbs measure

weight factor

inverse temperature

bounded monotone

ordered structure in negative temperature

micro-canonical 
ensemble

total energy

co-area formula

thermal equilibrium

canonical ensembleオンサーガ―の予言



micro-canonical 
statistics

canonical statistics

inverse temperature

micro-canonical 
measure

canonical measure

weight factor

thermo-dynamical 
relation

weight factor

micro-canonical 
probability measure

one point pdf

equal a priori probability (independent of  )

k-point reduced pdf

stationary point vortices

phase mean

平均場方程式導出の原理

ボルツマン定数



high energy limit  
(single intensity) 

propagation of chaos 
(factorization property) 

(uniqueness theorem)

energy

inverse temperature

weight factor

duality

Boltzmann

Poisson

two point pdf compatibility

mean field limit

Caglioti-Lions-Marchioro-Pulvirenti 92, 95. Kiessling 93

1. Bounded Boltzmann weight factors {z}
2. Uniqueness of the solution to the limit equation

1. convergence to the limit
2. canonical-micro canonical equivalence in the limit
3. propagation of chaos 

OK if 

rigorous derivation

Joyce-Montgomery 73

カオスの伝播と一意性定理



Boltzmann Poisson Equation

mean field equation in stream function 

楕円型理論への衝撃

quantized blowup mechanism

recursive hierarchy

循環するハミルトニアン

定理 A（S. 92）
定理 B（Nagasaki-S. 90)



リュービル積分

リッカチ方程式

fundamental system of solutions

spherical derivative



有理型関数

球面導関数

conformal 球面導関数と被覆の量子化～８πについて

定理 B の証明



爆発解析の導入

定理 C （Li-Shafrir 94)



リュービル性 ～ 再び8πについて

Theorem F (Y.Y. Li 99) 
Theorem D (Chen-Li 1991) リュービル性

Theorem E (Li-Shafrir 94)

コンパクト

residual vanishing

スケール変数における遠方での挙動の制御





Boltzmann-Poisson-Gel’fand equation

定理1 (Gladiali-Grossi-Ohtsuka-S. 14)

Corollary (Gladiali-Grossi 09)

(augmented) 
Morse indices

non-degenerate

non-degenerate

Theorem 2 (Baraket-Pacard 98)

non-degenerate critical point of

sequence of       point blow up solutions 

モース指数の対応



非退化性の証明

non-degenerate critical point of

non-degenerate

locally uniformly

Proof. otherwise 

Green

drop k

sub-sequence ~ locally uniformly in 

scaling

Liouville property – Baraket-Pacard 98 

定理 2 (定理 1 の系）



補題1 (Nagasaki-S.)

補題2 (Gladiali-Grossi 09)

locally uniformly 

locally uniformly 

Step 1

1. removable singularity theory

locally uniformly 

2. Green’s formula

3. localization around

4. Y.Y. Li’s estimate 

5. Taylor’s expansion

Step 2

completion of the proof

non-degeneracy + Green+

a=0, b=0

1. Kelvin transformation
2. Y.Y. Li’s estimate
3. maximum principleexclude by



non-degenerate

Variation functional  

Quadratic form 

Linearized  operator

定理３ (S. 92, Bartoulucci-Lin 15)

non-degenerate

Conjecture

conformal

Gladial-Grossi 04 
Sato-S. 07 
Grossi-Ohtsuka-S. 11 
Ohtsuka-Sato-S. 13 
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1
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Open questions

0

1

0



多強度渦渡場モデル

1. Stochastic  Case (Neri 04)  

1-species 

2. Deterministic Case (Onsager’s note,  Sawada-S. 08)  



Sawada-S. functional

approach by blowup analysis (ORS 10)

approach by duality (RS14) 

Theorem 1 (Ohtsuka-Ricciardi-S. 10)

non-compact sub-sequence

決定論モデルのTM不等式



free energy field functional 
duality

particle distribution potential density

Smoluchowski-Poisson equation point vortex mean field equation (single intensity)

双対変数への変換



定理 3  (Ricciardi-S. 14)   

field functional

Lagrangian

free energy

unfolding-minimality



一般化確率論モデルでの階層循環

1. blowup analysis 
2. asymptotic non-degeneracy, Morse index calculation 
3. deformation theory, topological degree calculation  

single intensity

Ricciardi-Zecca 16a,b 
deMarchis-Ricchiardi 17

non-degenerate case

Ye 97

otherwise 

S. 2022
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