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Methods of Mathematical Modeling 5) chemical reaction

A+ B — C (k)

1. Coarsening key factors
= (mass action)

1) supply - consumption

d|A]
U = @, vp = —3 I —k[A][B]
2) production - annihilation @ = —k[A][B]
dt
Uy = au, vy = — v
Mechanics
3) transport Fluid dynamics
Ut = —V-J
7... flux
4) gradient ur = DAw
j = —d,Vu... diffusion ug =V - (DVu)
uy = A(Du)

7 = d,Vuv... chemotaxis



2. Averaging particle movements Master equation

Spatially-temporally continuous distribution function Q(aj’t + At) . Q(.CU, t) —

Ichikawa-Rouzi-S. 12 At

q = q(x,t) particle density / T, (z +wAz, t)q(x + wAz,t)dw
gN—1

T =T,(x,t) transient probability

T mean waiting time N /SNI To(2,t)dw - q(z, 1)

renormalized barrier

-+ wAx,t
4 ) / To(x,t)dw = 1
SN—l

=
T St

TTw(ZU, t) — (:C _|_CU A )

fSN_l (r 4+ W EE, t)dw’
T="T(z,t)

=> Smoluchowski equation

8 iffusion
L= DV (Vg—qV10gT) iireen

space dimension au |
-

-1 (ALC)Q — 2nD Einstein formula

statistic mechanics <—— thermodynamics



3. Realizing fundamental laws

system consistency dynamics ensemble
Isolated energy entropy micro-canonical
closed temperature Helmholtz free energy canonical
open pressure Gibbs free energy grand-canonical
particle density duality field potential
Smoluchowski <—— Poisson
. 1 ov
ug =V - (Vu—uVo) in Q x (0,7) —Av=u—— [ u, —| =0
Q| Jo v o0
O _ 9% 0 on 09 x (0.7)
— —u— =0 o0n X
Ov Ov ’ f v=1_0
Q
Sv=Gxu= / G(, 2" )u(z")dz’
Legendre transformation Q
Helmholtz fee energy Model (B) equation
1 0
Fu) = [ u(logu—1) — = (G * u,u) ur = Vu - VOF(u), z—0F(u) =0
O 2 v oQ2

0F(u) =logu — G *u

S. Mean Field Theories and Dual Variation, 2" edition, Atlantis Press, 2015



1. Cell Movement

Keller-Segel 70

ug = V- (di(u,v)Vu) — V- (da(u,v) Vo)

vy = dpyAv — kyvw + k_1p+ f(v)u

wy = dypAw — kyvw + (k1 + ko)p
+g(v, w)u

pt = dpAp + kivw — (k—1 + k2)p

moving clustered cells aggregating cells

u = u(x,t) cellular slime molds
v = v(x,t) chemical substances
w = w(x,t) enzymes

p = p(x,t) comlices 3. chemical reaction v, w,p
?

vew B)=op (k) gy
1. transport, gradient < (k-1) —

(a) dlﬁﬂSlon u,v,w,p vy = —kl’U’U) + k_lp

(b) chemotaxis v — u wi = —kyow + (k_y + ko )p
2. production u — (v, w) pt = k1vw — (k_1 + k2)p



2. Kinetic Point Vortex Mean Field

Chavanis 08 Langevin equation BBGKY-like hierarchy to {P;}i—12,... N

dzx; ; ;
;; = aViHy — po®ViHy + V2UR;(t)

1=1,2,---, N, p > 0 mobility

factorization (propagation of chaos)

v > 0 viscosity of the particles P ﬂ i

~ T1,XL2,  *, TN, T;,
Hpy point vortex Hamiltonian N (21,22 N 1(Z;
R;(t) white noise, (R;(t)) =0 High-energy limit

R ()R (1) = 6ij0p0(t — :
< ()j( )) J 6( ) MﬁNoP:]/B’OdN:].,w:Pl

=
Bw 1
e —AY = w, Plyo =0
3§N +aV™ - HNVPN Euler-Smoluchowski-Poisson equation
t

=V - (vVPy+ anPNVﬁN) Fokker-Planck equation



3. Thermodynamics

Q) C R? bounded domain, 99 smooth

1. Smoluchowski Part

u =V - (Vu —uVv)

ou ov
v Yol "
174 174 90
ul;_g = uo(z) >0 transport
closed system
2. Poisson Part
— Ay = u, U|8Q = () potential

Sire-Chavanis 02
motion of the mean field of many self-gravitating
Brownian particles
Kinetic equation + maximum entropy production

Chavanis 08
relaxation to the equilibrium in the point vortices
BBGKY hierarchy + factorization

other Poisson parts

a) Debye system (DD model)

Av=u, v|gn=0

global-in-time existence with compact orbit
Biler-Hebisch-Nadzieja 94

[uVu - Vollz < Cllull2][Vull2[[Volls

b) Childress-Percus-Jager-Luckhaus
model (chemotaxis)

1
—Av=u—+— [ u

Q|
:0,/’020
o Q2

blowup threshold 87

a. Biler 98, Gajewski-Zacharias 98,
Nagai-Senba-Yoshida 97

b. Nagai 01, Senba-S. 01b

@
ov




a mathematical phenomenon ur — Au > 01in Q X (()’T) \ D

blowup of the solution u = u(x,t) Lip. conti. near in 92

du unif. in ¢t € [0, 7]
aqu,u(O):T_l > 0
N Theorem A [F. Takahashi-S. 08]
T

_ —1 L"(Q
u(t) = (T~ 1) | Capa(Dienar < =5
. 0
ltl*]%“‘l U(t) — +OO ~ (n-2) dimensional Hausdorff measure

o _ Temperature infinite region
quantlty dIStI‘Ibu'[Ed IN Space - enclosed in a bounded
time domain in a positive time

interval takes a dimension

(2 ¢ R" bounded open set, T" > 0 lower than 2
u = u(x,t):
Q2 x [0,T] = (—o0, +00] continuous @

D(t) ={z € Q| u(z,t) =400} ® L
D = U D(t) x {t} C Q2 x[0,T] '

0<t<T n=3



SP equation
ur = V- (Vu —uVv), —Av=u

ou_ o
ov “ay”

=0

u=u(x,t) >0
7 =—Vu+uVv

density

flux

u+V-j3=0 conservation law
of2
1. total mass conservation v=(—-A)"tu potential
i |lu(t)]]1 =0 attractive (chemotaxis, gravitation)
dt action at a distance (long range potential)

symmetry (action-reaction)

G(x,z")

2. free energy decreasing

il free =g [ [ oo

u®@u=u(z,t)u(z,

— 0
3.weak form @ € C?(Q), ikl -
o | 54
d A
p gou( t) = 0 - u(
pgo(:v,x) = V() - V,G(z,2") +Vp(a')

= G(2', )

Green’s function

/ u|V(logu —v)]? <0

t) drdz’

/fgzxgz (z,2")u ® u

Vo G(z,2")



Theorem B1 (blowup in infinite time)

T = 400, limsup ||u(-,t)||ec = +0
tT+oo

=
A= ||’Lb0||1 — 87T€, 40 € N
dr, € Qg, VHy(xs) =0

recursive hierarchy

Corollaryl 7T < 400 if
(1) X\ & 8wIN, Astationary solution
or  Flug) < —1

(2) X € 8NN, /H singular limit

Corollary 2 (2 convex A\ #£ 8w

= T < 400 or

T = 400 compact orbit

!

Jstationary solution

c.f. Grossi-F. Takahashi 2010

Theorem B2 (blowup in finite time) 7' < 400

u(z,t)dr — Z m(zg)dz, (dx) + f(x)dx

o ES
m(xp) € 8TN

S={$0€§|H$k—>aﬁ0, e, TT

0< f=f(z) e L"Q)NC(Q\S)

S. Mean Field Theories and Dual Variation, Atlantis Press,
Amsterdam-Paris, second edition, 2015

guantized blowup mechanism in dynamical level

G = G(x,x") Green’s function
R = R(z)

Robin function

point vortex Hamlltonlan

Hy(x1, -,y

ZRSCJ + Z Gacl,:r;j

1<i<y <t



Stationary States
d
w20, —lul, )] =0

d]:( ) = /QU|V(logu—v)|2

dt
—Av =1u, v|yq =0
log u — v = constant, ||ul|; = X\ given
e’

fQ e’

= u=

duality

eV
fQ eV’

Point Vortex Mean Field Equation
(Boltzmann-Poisson)

—Av = Vg0 =0

2D Euler (simply connected)
ve+ (v-V)o=-=Vp, V-v=0
V-vlgq =0

V xv=w(dz,t)

Za5 (1) (dx)

mean field limit aoN =1, N — ¢

ordered structure in negative inverse temperature

point vortices L. Onsager 49

stationary quantization (Nagasaki—S. 90) — dynamical quantization



guantized blowup mechanism — spectral level

Theorem C1 [Nagasaki_s. 9(]] ) c R? bounded domain 9 smooth

A >0 tant
{(Ak,vi)} solution sequence - U constan

e = Ao € (0,00), [[vg]loe — o —Av= f:e £ v =0 on 0

—

Ao =8ml, €N G = G(z,x") Green’s function
dsub-sequence, 3§ C 2, 4S8 =/ R(z) = |G(z,2") + % log |z — 2|

' =x

, = Robin function
v — vo locally uniform in Q\ S

A\ = &7 critical mass

vo(x) = 87 Z G(x,xg) singular limit
ToES

S ={x1,...,x;} blowup set

ViH| g, ... 2w =0, 1<i <

1"2) (1717 Y

Hy(x1,...,xp) = = ZR&:@ —|—ZG Ti, Tj)

1<j
Hamiltonian



Euler v, + (v - V)v

Recursive hierarchy
Nagasaki-Suzuki 1990

I 1
Hamiltonian  Hy(xq,...,2N5) = 5 Z R(x;) +
i

—Vp, Vv =0, v-v|g, =0

—Av =

0.45

0.4 F
0.35
0.3 |
0.25
0.2 |
0.15 |
010

0.05 g

relaxation

VPSR AR oA WS IR A
1 1 /| 1

|
|

|

/

0

10 10! 102 10°

10%

10°  10°

quasi-equilibriutm equilibrium

Kinetic theory

Static theory

Non-equilibrium statistical mechanics
Staniscia-Chavanis-Ninno-Fanelli 2009

fQ e’

Justification of the mean filed limit

Theorem C2 [S. 92]
0 < A < 87 = d1 solution

Z G(QCZ, xj)

1<J \

sym netr preak g - \f pe ect bl urcatio
y
Y

| recursive hierarchy

® ) |

S.S. Lin 1989, Nagasaki-S. 1990. Ding-Jost-
Li-Wang 1999, ..
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