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Methods of Mathematical Modeling 5) chemical reaction

A+ B — C (k)

1. Coarsening key factors
= (mass action)

1) supply - consumption

d[A]
U = @, vp = —3 i —k[A][B]
2) production - annihilation @ = —k[A][B]

dt
Uy = au, vy = — v
Mechanics

3) transport Fluid dynamics
Ut = —V-J
7... flux
4) gradient ur = DAw
j = —d,Vu... diffusion ug =V - (DVu)

7 = d,Vuv... chemotaxis



2. Averaging particle movements Master equation

Spatially-temporally continuous distribution function Q(aj’t + At) . Q(.CU, t) —

Ichikawa-Rouzi-S. 12 At

q = q(x,t) particle density / T, (z +wAz, t)q(x + wAz,t)dw
gN—1

T =T,(x,t) transient probability

T mean waiting time N /SNI To(2,t)dw - q(z, 1)

renormalized barrier

-+ wAx,t
4 ) / To(x,t)dw = 1
SN—l

=
T St

TTw(ZU, t) — (:C _|_CU A )

fSN_l (r 4+ W EE, t)dw’
T="T(z,t)

=> Smoluchowski equation

— =DV - (Vg—qV1ogT) costisen

space dimension ot |

- . ~1 2 o
statistic mechanics <> thermodynamics 7~ (Ax)* =2nD Einstein formula



3. Realizing fundamental laws

system consistency dynamics ensemble
Isolated energy entropy micro-canonical
closed temperature Helmholtz free energy canonical
open pressure Gibbs free energy grand-canonical
particle density duality field potential
Smoluchowski <—— Poisson
ug =V - (Vu —uVo) in Q x (0,7) —Av:u—L u,@ =0
ou ov R Ja Wl
E—uazﬂonaﬂx(O,T) fv:()
) Sv=Gxu= / G(, 2" )u(z")dz’
Legendre transformation Q
Helmholtz fee energy Model (B) equation
Fl(u) = /Qu(logu —1) — % (G * u,u) u = Vu - VOF(u), %5]:(1&) . =0

0F(u) =logu — G *u

S. Mean Field Theories and Dual VariatiodAegition, Atlantis Press, 2015



1. Cell Movement

Keller-Segel 70

ug = V- (di(u,v)Vu) — V- (da(u,v) Vo)

vy = dpyAv — kyvw + k_1p+ f(v)u

wy = dypAw — kyvw + (k1 + ko)p
+g(v, w)u

pt = dpAp + kivw — (k—1 + k2)p

moving clustered cells aggregating cells

u = u(x,t) cellular slime molds
v = v(x,t) chemical substances
w = w(x,t) enzymes

p = p(x,t) comlices 3. chemical reaction v, w,p
?

vew B)=op (k) gy
1. transport, gradient < (k-1) —

(a) dlﬁﬂSlon u,v,w,p vy = —kl’U’U) + k_lp

(b) chemotaxis v — u wi = —kyow + (k_y + ko )p
2. production u — (v, w) pt = k1vw — (k_1 + k2)p



2. KinetidPoint Vortex Mean Field

Chavanis 08 Langevin equation BBGKY-like hierarchy to {P;}i—12,... N

dzx; ; ;
;; = aViHy — po®ViHy + V2UR;(t)

1=1,2,---, N, p > 0 mobility

factorization (propagation of chaos)

v > 0 viscosity of the particles P ﬂ i

~ T1,XL2,  *, TN, T;,
Hpy point vortex Hamiltonian N (21,22 N 1(Z;
R;(t) white noise, (R;(t)) =0 High-energy limit

R ()R (1) = 6ij0p0(t — :
< ()j( )) J 6( ) MﬁNoP:]/B’OdN:].,w:Pl

=
Bw 1
e —AY = w, Plyo =0
3§N +aV™ - HNVPN Euler-Smoluchowski-Poisson equation
t

=V - (vVPy+ anPNVﬁN) Fokker-Planck equation



3. Thermodynamics

1. Smoluchowski Part

transport

closed syste
2. Poisson Part

potential

Sire-Chavanis 02
motion of the mean field of many self-gravitating
Brownian particles
Kinetic equation + maximum entropy production

Chavanis 08
relaxation to the equilibrium in the point vortices
BBGKY hierarchy + factorization

other Poisson parts

a) Debye system (DD model)

global-in-time existence with compact orbit
Biler-Hebisch-Nadzieja 94

b) Childress-Percus-Jager-Luckhaus
model (chemotaxis)

blowup threshold

a. Biler 98, Gajewski-Zacharias 98,
Nagai-Senba-Yoshida 97

b. Nagai 01, Senba-S. 01b



