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Notation

Differential Form

) C Rn, n > 2 bounded domain 0€) smooth 0 < k <n Dé k formson ()  with distributional coefficients
d : D;C — D;€+17 0 S k S n—1 exterior derivative AN D;{: X DZ — D;€+£, ]{7, 14 Z 0, k -+ 14 S n exterior product
5 _ (_1)n(k—|—1)-|—1 % dx D;f N D;g—lj 1 S k S N, co-derivative X : Dgﬂ — D;L—k7 0 S k S 7l Hodge operator

<—>» transpose w.r.t. metric

#(dxgy N--- Ndxg,) =sgn o -dxg,, , N--- Ndxy,

*%k —= (_1>k(n—k) o . (7:1,"' 7ik7ik+17“' 77’n) — (17 7n)

Remark D, ={0}, k<-1, k>n+1 dei, N---Ndz,, =0, k>n+1



Result

HOdge deCOmpOSitiOﬂ Aka O S k S n elements in D;{ of which coefficients are smooth on Q

ﬁ = (]/Z) outer unit normal vector on aQ > UV — 14 dCEZ smooth 1 form on 69
7

Hk — {h - Ak ’ dh — O, 5h — 0, 1% /\ *h‘ag = 0} harmonic forms

Theorem1l 1<k<n—-1 VYu€Ay, Ih,n) € H,x (AxNHF) vA*yq=0, vAxdn|,,=0
u = h 4 odn + don

tangential derivative

Propositionl ne Ay, vA#n|yq=0 = v A*xInyn =0

Corollary1 (Hodge) 1 <k<n -1 Vu € A, I(h,w,p) € Hp X A1 X Ap_1q
dw =0, VA*w|gn =0, dp=0, vA*plygy =0
u=nh++ow+dp

Proof w =dn, p=4dn




Result

Corollaryl = A, =H, oW, ddVi, 1<k<n-1

(H) Hy={h e Ay |dh=0, h=0, vAxh|,, =0}
Wi ={w € Apq1 | dw =0, vAx*w|g, =0}
o  def
Vii={p € Ap_1|dp=0, v Axplyg =0} A, ={0ec A, | vA*0l;o =0} b1 =1
by =0

Theorem 2 Hk = HgR(Q) de Rham cohomology

de Rham singular cohomology . M{! | |
Remark HgR(Q) _— Hk(ﬂ, R) dim H; = by k  th Betti number =2
A =H; @6V, @dW}, 1<k<n-1 H = HF(Q)
Vk — {p = Ak+1 ‘ dp - 0’ v /\p‘(’)Q — O} c.f. Poincare duality
W::{wEAk_1|5w:0,V/\w|8920} by =0

Q closed manifold -Ak; — Hk S, 5Ak_|_1 D dAk_l



Corollary 2 (Helmholtz) vy c A, 1<k<n-—1

(Hd)r 3(v,p) € Ap x A1, v =0, v A*v|yq =0
u=v+dp

(HS)r vAxulyzg=0 —

\

J(z,w) € A X Apy1, dz2 =0, v A*z|yq =0
U= 2+ 0w

Proof u=h-+ 5d77 + d577 Hodge
VA |50 =0, vA*dn|gq =0

App|ication n=3 u= (u2> e X(ﬁ) Result

<« u=utdry +uidry + uidas

u = h +rot w+ grad p
div h=0, rot h=20
V- hlao =0

divw =0, VX w|yy =0

U =7 -+ grad D scalar potential

divo=0, V- v|go=0

<« yu=uldrs Adrs +u?drs A dry + uldry A dxg

u = h + grad w +rot p
div h=0, rot h =0
UV X hlgn =0, wlyy=0
divp=0,7-p|yg =0

u =z -+ rot D vector potential

rot 2 =0, U X 2|z =0

v=h+4+ 0w, w=dn
z=h+dp, p=dn

€N, vA*0|5o =0 = v Ax*0]yq =0

V- hlag =0
v

X 1ot |y =0

u = h 4+ rot rot n — grad div 7

div h=0, rot h =0

U X hl|gq =0

div 0]y =0

U-rot n|,o =0




T theory Result

Hodge P Hy®OW, " @dV,", 1<k<n—1,1<r<o n=3
Kozono-Yanagisawa 09

Hy ={h €A, |dh =0, 6h =0, v Axh|y, =0}
Wgz{wEWklfl|dw:O, VA *w|5q = 0}
Vi={peW, " |6p=0, vAxplyg =0}

Yu € Ly, EI(h,n)EHkX(W,f’rﬂHkL) VAR50 =0, VAxdn|yq =0  u=h+0odn+ don

Helmholtz1l VYu e L, J(v,p) € L}f X Vi, ov=0, vA*v|yq =0 u=uv+dp n=3
Fujiwara-Morimoto 77

Helmholtz2 3(z,w) € L. x W[, dz=0 u=2z+ 0w
uEW,i,’g, VA KU g =0 — zEWkl”g, VA *z|g0 =0

Wes={0€Lj |00y}

) .
weak trace d5 regularity

1,7 1,r r 1,r 2 — O — L7
Wias =10 € Wi [ dO € Ly, v Axb]yq =0} CW, L

strategy



Remark

General reSUIt |n geometry Q compact manifold with boundary

A =H, ®W,®dVy, 1<k<n-1 Yo € (Hj)™, 3n € Ay

Hy, = {h € Ay, | dh =0, 6h = 0} v=70dn+don, tn=0, t0n =0 siers

Wi ={w € Agq1 | dw =0, nw =0}
Ve={p€Ar_1|dp=0, tp =0}

—_— Ak:HZ@évk*@dW,j, 1<k<n-1

Hf ={he A, |dh=0, 6h=0, th =0}

tangentia.l* normal . canonicalm_clusion Vk* — {p c Ak—|—1 | dp — O’ tp — O}
th:]p,nuj:w—tw,].aﬂ—iQ Wi ={we Ay | 6w=0, tw=0}
Hk:{hEHk‘th:o}@{hEHk‘h:(s/y} dual form

H,={hec H,|nh=0®{hec H,|h=de}
. @ =RY ={(2',2,,) | z,, > 0}

u = Z uil"'i"’dxil A--dxg, = tu= Z uil“'i"“da:il A Ndxg,
i1 < <ip i< <ip<n
vAu = (—dxp,) A Z w't e dry A - A dag,
i1<""<i"" tu=0 = VAUyqg=0
— . Z U“'”deﬂfn/\(d'xil /\/\dfl%k) nu=0 e I//\*u|8ﬂ :O

1< <t1p<n



Preliminaries

Gauss formula Lemma (v Af,w)=(—1)F0,v A *w) sdiont form
Lemma (9,&]) € Ak X Ak—Fl? 0 S k S n—1 Proof VN kW = *6 S.-Watanabe 24
/Q(dﬁ,w) dr = /aQ(y/\ 0,w) ds + /9(6’,&0) dx B = Z (G281 ) dag, A - A dr;, ., € Ay
12 <Tg41
Proof Stokes formula @ig...ik+1 _ Z@ig...ik+1ﬁdx£ a)i1...ik+1 — sgn o - wzllz;c—i-l
do, w dx:/ 9*/\w—|—/95w dx . Mt . .
»/Q( ’ ) o Q< 7 ) 0-:(%17"' 71164—1)'_)(1/17"' 7@;c—l—1)
vector area element {2/1, o« o ,’i;€+1} = {’il, c e ,’l:k_|_1} ’L/1 < c e < i;ﬂ—i—l
Jds = (*d oo xdx, )T s-Tsuchiva 2023
ras ( L1, 3 n) y . (*H,V A\ *w) — (*07 *B) — ((975)

— (PNO,w)ds =0 N *w

(6, 8) = (_1)k Z Z A bz i g gizeinta 0 — Z

. . 11 <---<1
0 ip<o<iniy 1 k+1

Z E : Vﬁajf’ig...’ik+1 912...%']{;4_1 — E wil-“ik—klcil---ik—kl — (]/ YA 97(,(})

6’7;1“'7:"""1 dxil A A dwik+1

0 i< -<lk41 11<t2<-<Tp41 a1
: : ilig...ik+1 . Z V’I:S _1 8—167:1---7:3—17:s+1---7:k+1 = (v /\ 9 . .
— 21%9...7
W — Wtk e A e A dfCZ C ( ) ( ) 1221k +41
21 k+1 —1 >
11 <---<tpi1




Corollary /(d@,w) dr = / (0, w) da:—}—(—l)k/ (%0, vAxw) ds, (0,w) € AgxAki1, 0 <k <n-—1
Q Q o0

tangential derivative 0€Np, 1<k<n, vA*0,0=0 — VA %00 5 = 0

Proof k = 1 obvious k Z 2, Q€ Ak—2

(—1)k/89(u/\*59,*()4) ds+/Q((529,oz) dx:/Q(cW,da) da
:/Q(é’,an) da:—(—l)k’_lf(y/\*é’,*da) ds

Q

—_ /(y/\*(?@,*a) ds =0
Q

normal component <—» codifferentiation
no = on

alternative proof




H'estimate N Corollary Preliminary

Gaffney’s inequality

HVUH% S C (||d’U,||§ -+ HCSU”% + ”U”%> u € ]\k tangential derivative
Ap={0€ ;| vA %0, = 0} TR V(7 R L/ ‘BQ —0 Gy < v < g
vanishing on the boundary j2 < e K& .]k
Lemma u, Y c Ak === classical Gauss Z TR ’Lszym@%? ]km — Z TR m¢j2jkm
Y
£,m 6/8@
/(Vu, V) de = / (du, dp) + (du, dp) dx —I—/ R ds
Q Q of2
R _ ( agp) B (u /\ " dgp) notation W = Z w’il...’ik+1 dxil A A dajik;_i_l
0u w e Ak—l—l i1 <-<igi1
Lemma u, p € ]\k — (Z)il'”ik+1 = sgn o - will"'i;c+1 extension
_"Lz'Lk J_ ﬁ, S5’7,21].@ J_ ﬁ on 89 O . (il, te ,Zk+1) —> (’li, ° e ,Z;€_|_1>

{ii, - 7i;€—i—1} ={i1, g1} 1] <-- <i;€—}—1

Proof v Axw = %0 Gz — Z iz ikl
6 _ Z (&iQ...ik—l—l)ﬁ)d:CiQ A A dxik+1 = Ak | E.

12 <--<lk41 D > Ph2ttl = (@12”'%“6)6 vector field




Preliminary

H'estimate

continued
v Oy 1 P T S
|Veulls < C (ldull3 + loul + |ul3) u e Ay Lemma (u 5) =n 2 Ve
]\k:{HEAk | l//\*9|aQ:O} 1 " ’zk—H. . .
(v Au,dp) = (k+1)! Z ‘(;vlm R 4
V1, ,lk41
Lemma u,p €A : SR G- ki i1 dh_1d
clas:ifal Gaussk +I/Zk+1,&’11‘”zk_11k><¢ii e —|— U —|— SO’L:H—l o k)
/(Vu, V) de = / (du, dp) + (du, dp) dx +/ R ds T
Q Q o0
R=1lu 0 _ (u A v,dyp)
_ 781/ 9 QO —_—
1
R =—
(k+ 1)!
Lemma G < ovr < g Jo < - < Jk . T Z Z i1tk M 95%1 Jk

2 :~12 Rl ~h‘m_ E :~zz zkﬁ m 32 Jkm 01,5tk 1,k £€{G1 ik} mME{ 1, uk }

— |R| < Clul2|pl2

lullz2(a0) < ellullar + Cellull:




Gauss

Lemma

/(d@,w) dr = / (0,dw) dr + (—1)’“/ (%0, v N\ *w) ds
Q Q o0
(0, w) € A X Ay

dense

0<k<n-1

dense

Notation

Wen={0€L;|dde L}, 0<k<n-1
Wes={0€Lp|s0eLli i}, 1<k<n

def

v /\ *w|89 — 0 ) J;;(H,CU) = O, \V/Q E Wli:zin/

def

Wias = 10 € Wiz | v A x8]p0 = 0}

Duvaut-Lions dense

() () 1,7,.

— Proposition

Lemma Ay C W,i;;“, Ay C W;ig
weak trace
trace form ]_ 1
Proposition S t-=1
r r bounded bilinear

AT = TEO,w) Wiy x Wi s >R 0<k<n-1

/ (40,0 A xw) ds, (0,w) € Wi x Wi,

919

Lemma

IVall, < C(ldull, + [0ull. + llull,) ue A
]\k :{HEAk | l//\*9|aQ:0}

Wias = {0 € Wyis | v A#0]5 =0} C W,



H! regularity

r=2

we ky,  IVullz < C (ldull3 + oulz + [[ul2)

1,2
Hygs =W,
Duvaut-Lions dense k,do k.,do
v V] 1 . 1 o
Lemma Ak C Hk:,d5 = {U - Hk,d5 | WA\ *U|aQ = 0}

weak trace
={0 € A, | v A %8|, =0}

1 1
— Hj 4 C Hj

localization

v 71
Remark (p,w) € Ag % H,i,(; — pw € Hy s

Proof w € H;i 5

wer(g‘_’/dH da:-/(@&u)da: \V/(QEAkl
Q

= /d@pw

/(9 d(pw)) dz, V0 € A1 [

Preliminary

Proof of Lemma

O C UQE, QCQ UNINAD, 1<0<L

=0

0<¢reCT(R"), supp ¢r C (Y
ngg:10n89 —_— fg:f%pgeg;’cm
0

Xg . Qg — Ug C Rn diffeomorphism
X¢(supp ¢¢) C QeNRY C U,
Qg = ) X (—80,80), P (0,8())”_1

v =X,7) =(0,---,0,—1)T

= TA*Glg, 00 =0, e =Y/ fo, Yo =X,

tangential regularization Duvaut-Lions

du € L?

=== normal derivative

7
D i 6




Preliminary

Elliptic regularit
p g y Lem ma elliptic estimate Agmon-Douglis-Nirenberg
FirODOSitiOI‘I ﬁk m— Hk harmonic forms 9 = H}%
Hk:{hELi | dh =0, 6h =0, vAxh|yg =0} —A0 =ain Q, v A% = %8, v A *df = xv on 0f)
d5 regularity covering partition of unity local chart >
Proof hc Hj (Q, 00, X0) s>0
00N #0, 1<<L QcQ Qc| ] 101l o2 < Clllallag + 161 gyz+s72 0
£=0
hé = h - %Y, +"7||H2+1/2(8Q) + ”e”Hi)
difference quotient 1 localization by local chart _ _ .
AS’J‘ hg (CIZ’) _ ;{hg (CIZ’ + 863) o hg(:U)} tangential direction Does not assure the existence of the strong solution by itself
1 3/2
147 A jholl2, 16X A jhellz, [1X; Asshell2 < C i v € HY, Bu=0, vlyg = g € H/?(9)
he regulari 2
X7 Agshe € H} gy —Z000 || XEA hyll s < C — vel
existence of the solution
Nirenberg normal derivatives (i = ()

51) natural boundary condition

1 . 2 B
— he H2 /Q(dh,dG)Jr(cSh,&H)dx:O, wehr, e vEHL Av=fel’ o =0

O() weak trace
natural boundary condition

—Ah = O, AN *h|39 — 07 A *dh|8Q =0 topological degree

Gilberg-Trudinger Chap.8 difference quotient 2 th 7
h E Ak q L eory

elliptic estimate =




Elliptic estimate 0 c H,f, —A0=ain Q, vAx0 = x5, v A *df = *y on O

—  1Ollgzre < Clllallmg + 181 v gy + 11172 o + 161172)

Vg € o0 5(:130) c E|L(£130), ’}/(370) c EIM(:IJ()) dim L(CIJ()) = n_lC’k_l, dim M(Qjo) = ,,_1C%

complementing condition (Agmon-Douglis-Nirenberg) algebraic pointwise condition n_lck_l + n_lck _ nck
ro =0, V=(1,0,---,0)7 = _Apgi-it — ni1in jp Q, 1<y << <n
reduced to the lig...7 __ Q2...1k . o .
complementing 6 - /8 on aQ) 2 S 12 < < (2% S n
condition to ; ; ; ; . .
MlZQ”'ZkH = "2 tkH on 01, 2< 1< <11 <1
— 09

17:2---7:k:—|—1 L S \ j \ ~1i2---7:j7:j—|—2---7:k—{—1 _

G=1i;<€<iji1

1 2 n_k+1)T 1 (912...k7913...k+1

u = (u LU U L 791,7’L—k—|—2,...n>T

Y

2 = (§23-k+1 g24kt2 . g2n—k42,..m)T

u
normal form u ’

un—k—|—1 _ (9n—k—|—1,...n>

Preliminary




Proof

L2 theory variational method

elliptic regularity a priori estimate

L2 : COO : Lr
1,2 - 1 1
Hli,dé = Wy lis: Hl%,d& = {0 € Hli,dé | v A 0|50 =0} Hy 45 C Hy,
Proposition H, ®Wp ®dVi, L cinosona = Gauss formula

isomorphism

Proposition h e H;, — [h] € HE-(Q) = Z5(Q)/B*(Q) ZF(Q) = {w e A, | dw =0}, B¥(Q) =dAp_,

dim Hk — bk




Proof

POincare inequality HHHLi S C (|‘d0”Li+1 —I— ”59”[,%_1) ) 9 € ]\k M H]i_ solvability of the variational problem

]\k:{HEAk|I//\*9|aQ:0} Hk:{hEAk|dh:0, oh =0, I//\>I<h|8Q:O}

PrOOf Assume the contrary 30.7 c A/UX]C N Hé—) ] - 1, 2, .. ||9]HLi — 17 Ej — HdHJHLz_'_l + Hé@]HLi_l — O

) 167 < € swbseauence 97 39 in Hl 67 — 0 in L?
H estimate

0 HE, 02 =1, vAblog =0 6]z, + 106z

< hm inf €5 = 0 0 c Hk contradiction

1 Jj—>00

variational method

Proposition Vv € A, N HS, 31y € Hp 45N Hf = Zy,

/(dn,d@) + (dn, 60) dx = / (v,0) dz, VO € Zy
Q Q

—Af =ain Q, v A*0 = x5, v A *df = *v on 0f2

llipti i
d6 estimate  difference quotient o esm@ HQHH;'i'z S C(llalle —|_ H/BHHE—E?/2<89)

) Nirenberg

n e A

Hlvll gavrrz gy + 101m;) — Th 1
; HETY/2 (90) : eorem
9 S Hk natural boundary condition "

—Af=ain Q, vAx0 =0, v A *xdf =0 on 0 10




Proof

L" theory b W1l <r <oo, m>0

Theorem 3 —_— Theorem 4
Yu € Ly, 3(h,n) € Hp x (W2 N H)

W, ={w € W,ifl,d5 | dw =0, vAx*w|ygy =0}

1, _ _
Vi ={pe W, | 45| 0p=0, vAxp|y, =0}
smooth category Vr . Wl’r Wl’r ~ Wol’r
1 — ) —1 —

n

HhHL}; -+ |’77||W5,T S CH’U,HL}; a priori estimate

w=h+3dny+ don € Ay,
h,nEAk



L" theory

Yu € Ay, 3(h,n) € Hy x (A, N HY)

u="h+ddn+dén, vA*n|yq =0, vAxdn|,q =0

OK
a priori estimate

Proposition |2y + [|nlly2r < Cllullz;

=— Theorem 3

Lemma | [hllz; < Cllullz;

PrOOf ||h||2 S ||’U,||2 projection dlm Hk — bk
2<r<oo |y~ lhlz < llulls < Cllull,

dual exponent

1<r<2 2<r' <oo |hafw < Cllugll

u; = h; + odn; + dom;

|hallr = sup (A

|uzll,r=1 |uzl, =1
<C sup (hyhy)=C sup (ur,hs) < Cllull,
[h2ll, =1 [h2]l,»=1

Proof

Inllwer < C|v|l., v=u—h

Lemma

= Sup <h17 h2) duality method

PrOOf ||77||W2a7“ S C’(||rU| r + ||77||r) elliptic estimate

incare

Po
ldnll3 + llonl3 < llollzllnlls = lInllz < Cllvll

variational form r = 2

2<r<oo
Inll- < elnllwzr + Clinll2 < elnllwzr- + Cllv]2
< ¢g|nllwar + C|lv],

interpolation inequality L

duality method

L<r<2 == |odn| + [|don. < Cv],

oneare 190l < Cllodn]],
I onll- < C|lddn|,
nll- < C(lldnll + 10n][-) L]
Lemma

neANHi, vA*0]y0 =0, vAxdn|,, =0

== tangential derivative

def

v def v
p=0n € A ﬂH,f_l, w=dn e Ak_|_1 ﬂHkLH



Application

App“CationS vector field
Bourguignon-Brezis 74 ]{j = 1

1. a pI’iOI’i estimate ||’LL||HS-|—2 S C (||du||Hs+1 + ||5u||Hs+1 + ||’LL||Hs -+ ||V /N >|<’LL||HS+3/2(3Q)> , U € Ak, S Z 0
lull e < C (|| dulle + [[dulla + [[ull2) , u € Ay

Proof o« = ddu+ dou, *8 =v A*u, *y = v A *du ol f: < ||du||H;E + ||(5u||Hs+1
Jullgze> < Cllalag,, + 181097200 + 195175 0y + Nllit) 2l gevaomy < Cldullzs 01

elliptic estimate

dual exponent Tartar 79

/ . . . . . —_—
2. compensated compactness 1y =1, ro =71 u;z —u; in L)', j =00, 4 =1,2  Kozono-Yanagisawa 09 73 = 3
nr;

n—+r;

lduill e+ 10usll e < C, 3t > Li=1,2 —  (ul,u}) = (u1,uz) in D'(Q), j — oo

Proof /(u,u’) dr = / (h, k') + (dw, dw') + (dp,dp’) dz, (u,u') € L} x LT
Q Q

u=nh+dw+dp, (h,w,p)€ Hp x W, x V. ||5W|| Lt < O(”dU”U + [lullzy) aliptic sstimate.
W= W0 4 df, () € i WG x Vi Idplhwss < CQl6ullzg, + ullg + 19 A sty 1 o)

3. spectral property D(A) ={u € W,f’r | v A xu|gq =0, v A xduly, = 0}
A’U, — —A’U/, U E D(A) generator of an analytic semigroup in L;



W estimate of the Poisson equation Sirader-Sohr 92 Application
W/;":{wEWk;Ll,dew:O, VA *w|yq = 0} du 20 -
Vi =1 cwhr | 0p =0, vAxp|lyo =0} a—u-fon ,/u v =
k p k—1,d5 | OP a Plan Q0
inf sup fQ((Sw’ 5(9)d33 > 0 —Au = div f, u|8Q — ()
WeW\0} gy 1oy UIWllr & [[0wllr) (NIl + 106]]) k=n-—1
r <
inf  sup Jo(dp, dg) dx L, k=m lullwrr < C|I ]l
sV} yevrrgoy (P + 1dpl) (Tl + Tldgl)
Banach-Necas-Babuska’s theorem
Y,Z : Banach space /R Z reflexive a=a(y,z):Y x Z >R  Poundeddiinear
VeeZ FlyeY — inf sup aly, 2) =b>0 — inf sup aly, ) =B>0
w2 = (mt), vecz O e il -2\ (0} yevjoy [l 11z
z e Z7 a(y, Z) — O7 \v/y c Y — z = O Babuska-Brezzi-Kikuchi inequality

b=B, |lyly <Cl¢lz



Remark

A =H,POW,DdV,, 1<k<n-—1

rodee (H ) Hy={he€ Ay |dh=0, h=0, vAxh|y, =0}
Wi ={w € Apq1 | dw =0, vAx*w|gy =0}
Vi={p € Ak—1]dp =0, v Ax*p|yq =0}

Hemhottz — (Hd)g,  3(v,p) € A X A1, dv =0, v A*v|zn =0
u=v-+dp

(H(S)k V/\*U|8Q:O —

(z,w) € A X Ay, dz2 =0, v Axz|yq =0

u=z+ow

Theorem  (H), — (Hd)r, (Ho)x

Remark



Remark
Babuska-Brezzi-Kikuchi inequality — ° — 2 proven directly =~ === variational solution Formulation taken by Kozono-Yanagisawa 09

e Xy, [ (G 00) de = [ (000) e, V0 €W HEy X = W0 HE
Q Q

Ip € Yz, / (dp, dq) da = / (u,dq), Yq € Vi, N Hy—, Vi = [Vie 0 Hjiy] "
Q Q

Wi ={w € Apq1 | dw =0, vAx*w|gy =0}

(HO)py1 = O € Apy1 — dow=du, dw =0, vA*w|yg =0 W € W

)

(Hd)p_1 — qe Ay — 0dp=20u, 5p=0, vAxp|yg =0, vAxdp|y, = v A *u|yg peVi

Theorem (Hd)i_1, (HO)pp1 — (H)k

Poisson

T
(Hd)o, (Hd)l, (H5)n_1, (H5)n 2<n<4 = (H)k, 1<k<n-1

y O e

obvious



Conclusion

1.

2.

3.

An analytic proof of the Hodge decomposition on bounded domains in Euclidean space is given
It is reduced to an elliptic equation in orthogonal space to harmonic forms

This equation is solved by L*2 theory; Poincare inequality, H*1-regularity of d-delta system, and
elliptic estimate

Then the L*r theory follows from a priori estimate
It is a natural extension of the recent result on three-dimensional vector fields

Applications; Helmholtz decomposition, a priori estimate of d-delta system, WA{1,r}-regularity of
the Poisson equation, and compensated compactness lemma; are presented

A numerical scheme for Helmholtz decomposition is proposed based on this study
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