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V:XM)x X(M) = X(M)
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0-form

VXY, Z € X(M), Vf € C®(M)

Vx(Y+2)=VxY +VxZ
Vx(Y) = (XY + fVxY
VxivZ =VxZ+VyZ
VixY = fVxY
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0x; i+ 6’:137,
Z 5,

d aL aL ZU7vYaDBENHER
dt 6qj 8qj

RAMER ORE
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H(p,q,t) =sup(p- ¢ — L(qg,4¢,1))

q
_ oL
EAE A2 .
OH OH d ”
Q=5 9 p (p(t),q(1))

— F={FH}, VF=F(p,q —— %=Xpz, 2=(qp)

FGy =2 — - ——— -
SR dq Op  Op Oq op’  Oq

EVRBARITE

BTV N 6F (9G 6F 8G NI R YRGBV (aH 8H)T
Xy =

{F’ {G’H}} + {H7 {F7 G}} + {G, {H, F}} = () varozst
{FGaH}:F{G,H}+{F,H}G ATy DER



VT LT 4y T ERRIE

exterior d erivative
D'(M) = T AT M

/\ product 2-forms
1-forms
def closed
M svFvrivosms &= J, c A°T* M, dw =0
non-degenerate 3-form
JRRrRYIC

TE (#L7—) (M,w) =2 (R™,w)

wo = dx* Ndy' + -+ dx™ A dy”
(x,y) € R" x R"

VT LT Ay VHREIERT Y VERIEICE D

VWD | X eX(M), feC®M)
d 5lERL
Lxf= 0" ,f
dt " ,_,
d NFER, "N

T 0u(x) = X (Py()), Py(2)]mg ==

KT LRI P

3, }: C(P) x C*(P) = C>(P) #rv
H 6 COO(P) given

def

T T4y U ERRIE
def
EE (M,w) H € C(M) W #=Xn(@) — P sonceis

def 1-form& LT

){H'E(Y(A4) —_— aﬂ)fggf)::df{

— {F, G} :(,U(XF,Xg) RT Y FEN

ERTBREEN, VaEoERX, 74 7=y v oER

Bl P=R’ CeC™P)
{F,G}=-VC -VF x VG
X =VC xVH




9. EEE~ T AT z LA D REHER
MREaE A A—DVT

MSG signals (fT)

Latency [ms]

MSG signal waveforms

]

[RY .iﬁ

PRI SN Y BB
MR AT

Palm & wrist



Q volume conductor

/’LO > 0 permeability
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layer potential  cesclowitz 67, 70

S

= JP —o(x)VV

Motivation

secondary current B magnetic field
J total current density
T < Q Jp primary current
x ¢ ()

0} (a;‘) conductivity

0

['(§ — y)dy — 0/89 V(y) o T —y)dS,, &€
B(x) = — o / P(y) x V(2 —y)dy+ o0 /8

V(y)vy xVI'(x—y)dS,, z & 0N

') = 5l



interface

Q C Rn bounded domain M C Rn . 02’1 hyper-surface F = Q ﬂ ./\/l # @

Motivation

Interface vanishing

— =0, Ul'uQ_, TyL=00L=00=T)
v=(v) e CH(Q,R"), [v|=1 V| outer unit normal vector <« v = Z%‘d%‘

Theorem we H'(Q) 0cL?(Q) dw=0, dw=0inQ, 60 c L*(Qy) — A(vAxw) € L3(Q)

S.-Watanabe 24
normal component

3+1
Maxwell equation | (z,1) € Qé’CER or= (71, 72,23), V :82:1:
VXB—E:J,VE:,O,VXE—FE:O,VB:O IHQ

Minkowski space 2form 3

3
(z,t) e QC R w= Z(Eidxo Adx; + B * (dzg A dx;)), 0 = — Z J' % dx; + p * dxg

i=1 i=1

. 1/0))\3 2/0)\3 2 2 g 0J 2
Theorem E . Be H (Q)°, Je L (Q)°, pe L*(Q) VxJelL Q1) 5 +Vp e L*(Q)°

1

Y, v\ == (92 + A)(WPB+ix E) e L2(Q)3, (=02 + A,)(7- B) € L*(Q)

V= Z?’ o= v?
3
/0 Y Remark | (=07 + A,)E € L*(Q4), (=07 + A,)B € L*(04)°




MDD E WMo

AP = AP(D) p-forms A\ wedge product

inner product

D Cc R" open set

d: AP — APT outer derivative

a=>,atdx,, =Y,8dx Horms —  (a,f) = Zaeﬂe
¢

A\ = o ANEREIAN Qp, b= 61 N .- /\Bp p-forms > ()\,,LL) = det ((ai7ﬁj>)i,j

x: AP(D) - A""P(D) Hodge operator

<“—>

co-derivative

6§ = (=P +1dx:AP(D) = AP~H(D)

Laplacian

—A=40d+dd: AP — AP

metric

WAT=(*w,T) dri A--- ANdxy,
weAN(D), Te A"P(A)

B=>) B'dy; = 6B=-) Bj

1 form

w:Zwijdxi/\da:j = 5w:—zafida:i

2 form

i<j 30
w 1< g
W = 0, 1=7

—w, P>




D C R"™ Lipschitz domain Jv : HY(D) — H'Y?(dD) trace operator H'?(0D) = H'(D)/H}()

— (D) c HY(D) dense wite  @lap =79, @€ H'(D)
T3t . n=23

integral formulae dr = dxy A dzs A dxs @

14 outer unit normal vector xo

L1

~N
vds = (xdxq,- -+, *xdx,) vector area element ~_/

Lemma 1

write

Lemma 2

v3ds = dxq A dxs

Be A(D),CeA*(D) — xB=(B,v)ds, BA+xC = (vAB,C)ds

D D oD oD

SOEHl(AO) / (0B, ) :/ (B, dyp) — / (B,v)y Gauss
B e H'(AY — D 8D
J € H'(A?) [ @B = [ (Bén+ [ wap.a) Soks
D 8D 2




HY(A?) = HY(AP(QQ)) = {p-forms | coefficients are in H?}
L*(A%) = L*(D)

Definition Q c R™ region with interface —) IM, T =QNM # 0

smooth non-compact hyper-surface without boundary

— Q=0Q,UTuQ_, Ty=00.\09(=T)

Theorem 1| €2 C R"™ region with interface v outer unitnormalon I'_ w € H'(A*(Q))

dw =0, dw=0, 60 € L*(A*(Q1)) = A(r,&") € L*(A°(Q)), 1 <i<n

W, 1<
W' = g oldx;, 9 =1¢ 0, o i=g, w= g wdx; N\ dz;
; W, P> i<s




10. BB EDIEE Hadamard Variation

Y0
Q0 Cc R"™ bounded Lipschitz domain
ou
Yo, 71 C O relativelyopen U =092, vo Ny =0 —Au= Aluin Q, ’u,|70 = 0, r 0
v
Y1
T, : Q= Q, [t <1 family of bi-Lipschitz homeomorphisms
. . 3ut -
Yit = T4y, 1 =10,1 —Aug = Aug in Q| =0, = =) A=A(t), j=1,2,---,
v
Garabedian-Shiffer 1952-53 Harmonic concavity of the 2D first e.v. under conformal deformation b O S Al(t) S >\2 (t) S T —I_OO
weak form transformation of variables u € V, Bi(u,u) =1, Ai(u,v) = ABi(u,v), Yo € V
By (u,v) = / wvay dr, Ai(u,v) = / Q:|Vu, Vula; dx ar =det DTy, Q¢ = (DTy)~'((DTy)~")"
Q Q
Rayleigh principle Rayleigh q;lo’zient )
v,V
ANi(t) = min max R:|v|l = max min R;|v RU:t—’,veV 0
J( ) LjCV,diij:j UGLj\{O} t[ ] WjCV,COdiij:j_l ’UGWj\{O} t[ ] t[ ] Bt(’U,’U) \{ }

Proof LCX,dmL=j — dim(Ty7)*L<dimL, (T H)*L C X,

representation formula v.s. differentiability 4




Abstract Theory | X | :

dense

V < X compact

AtZVXV—>R, B : X xX—R

uniformly bounded, uniformly coercive, bilinear symmetric forms

tel= (_60780)

assume | V¢t € [

lim sup |(Bt—{—h — Bt)<'U,, 'U)| =0
h=01u,Jv|<1

| V, || : H Hilbert spaces / R

lim  sup |(Asrn — Ae)(u,v)| =0 0

h=0 1wl |lv|I<1

. uniformly bounded

dB; : X x X —-R 3FA4,:V xV =R
1 :
—|(Biyn — Bt — hBt)(u,v)| =0

’ 1
iIm sup -
B0l Jol<1 P

lim sup
=0 ), ol <1

(At—|—h — At - hAt)(’UJ,’U)l =0

lim sup |(Byrn — By)(u,v)| =0
h=0 |y|,|v|<1

lim  sup [(Aepn — Ag)(u,v)] =0
h=0 ||, ||v]| <1

uniformly bounded

EIBt,BtZXXX—)R ElAt?EIAt:VXV%R
1| : h? ..

I Bion — By — hB, — - B -
e (Bin = By = hBy — —Bi)(u,v)| = 0
! L An — A — hA, — 2 Ay ) = 0
im  su — — A, — 2 AV (u.v) =
A0 o<t B2 T b2 ’

Taylor expansion
lim sup |(Bisn — Bi)(u,v)| =0
=0yl Jv|<1

lim  sup |(Aypn — Ay)(u,v)] =0 I
h=0 ||, o] <1

eigenvalue problem | u € V, A;(u,v) = AB¢(u,v), Yo € V

\ = Aj(t), j=1,2,--- mj<t) multiplicity

0 < M(t) < Aalt) < — 400

Theorem 1

Vi, m Az (E+h) = A4(t)




assume

Ae—1(t) < A= Ng(t) =

tEI:(—gong) fix Elk,m:1727...
+ = Akgm—1() < Ao (£)

>\0 (t) = —0 Yt, dim YtA = m eigenspace <> )\
Theorem2 | k< j<k+m-—1
- 1
j: p— J—
(1) = hhn;o h()\ (t+h)—Ai(t))
Vi = )\—'_ 2k—l—m 1—7

q = 7 — k + 1-th eigenvalue of the matrix

Gy = (E)Mi, ;) 1<i j<m

independent of the choice of orthonormal basis

EtA — At - )\Bt

= (@1 1<i<m)  Biliés) =0y
Remark | A (t) <--- < }‘Zer (1)
Theorem 3 lim )\i( t+h)= )\;—L (t), Vte I, Vj

h—+0 7

Theorem 4 YVt € [

A—1(8) < Ak(t) < - < Appm—1(8) < A (t)
Ci={\() [tel}l, k<j<k+m—1

— 30, k<j<k+m-—1

C!  curves made by the transversal rearrangement of

C’j, k <j<k+m—1 atmostcountably many times

1 2

References

standard method

Reduction to finite dimension (Lyapunov-Schmidt) Chow-Hale (1982) p.486

F. Rellich (1953) p. 44-52.

T. Kato (1966) p. 122-123 The proof of this theorem is rather complicated.

The original proof due to Rellich is even longer.

S.N. Chow, J.K. Hale (1982) p. 490

It is very difficult and a simpler proof is desirable. 6




Theorem5 | t ¢ J E<l<r<k+m
A—1() <A=X(t) =+ = Megm—1(t) < A ()
AN ) <N =AS() == A0 < AF ()

— 3)\7 = lim 2

J Hohg(Aj(tJrh)—)\—h)\’), (<j<r-1

g = j — £+ 1 -th eigenvalue of the matrix

)

~ ~

) = (F (60, 5)

independent of the choice of orthonormal basis

0<i,1<r—1

non-local term

FM (u,0) = (A — AB; — 20By) (u,v) — 2C;(y(u), v(v))

C(t)\)\/ — At - )\Bt - )\,Bt

Corollary | V7, Vt
IAEW) = lim — Ot +h) = (1) — hAF (1)
_ . ey
Theorem 6 hlinilo A (E+h) = A7 (1)
Theorem 7

Ae—1(t) < Ap(t) < -0 S Apgpm—1(t) < Appm(t), L €T

— éj,kgjgk—l—m—l in Theorem 4 are (2

Ct:At_)\Bta i.e. éj :{S\j(t) | tEI}
—) Y . 1
NG (t) = Hm (0 (t+h) = X,(2)
ueV, w=~vy(u) e PV - 1 - -
‘ N AN (t) = lim — (N (t 4+ h) — A\ (¢
— Ci(w,v) = —C) (u,v), Yo € PV ’ (~> h—0 h(~]( ) = A()
lim A/ (t +h) = N/(t), Vte I
h—0 J
P — I - Q orthogonal projection w.r.t. Bt('7 )
Q . X = LQ(Q) — <$3 | 1 S] S m> Application: harmonic concavity of the first eigenvalue = | new isoperimetric inequality 7




Details X, -1 Vi -
V <« X  compact tEI:(_g()agO)

At . V X V — R) Bt : X X X — R bilinear symmetric forms
[A(u, )] < Cllull - [Joll, Ae(u,u) > d]ul]®

| By (u,v)| < Clul - |v], Bi(u,u) > dful?

Eigenvalue problem
ueV, Ay(u,v) = ABy(u,v), Yo € V
0 < A1(f) < Ao(f) <

eigenfunctions

u;(t) € V, By(u;(t),u;(t)) = 0y
Ap(uy(t),v) = Aj(t) B (uy(t),v), Vo € V

. —> —I—QO eivenvalues

Assume t el fix
lim sup |(Beon — Bi)(u,v)] =0

h=0 |y, |v|<1
lim  sup  |(Airn — Ae)(u,v)| =0

h=0ull,|lv| <1

| | real Hilbert spaces

Theorem 1

Vi, Hm A;(E+h) = A;(1)

Proof | «(h) = sup

<t [(Agpn — Ag)(u,v)| = o(1)

B(h) = sup [(Biyn — Bi)(u,v)| = o(1)

|ul,|v|<1

(1 =07 a(h)Ai(v,v) < Apin(v,v) < (146" a(h) Ay(v,v)
(1= 07"'8(h))B:(v,v) < Bryn(v,v) < (1437 B(h))B:(v,v)
— (1 —0(1))R; [’U] < Rt—l—h[ ] (14+0(1))R [ ] Rayleigh quotient
(L=0(1)A; () < Aj(t+h) < (14 0(1))A;(t)  minmexprincipi

Convergence of eigenvectors

Ak—1(t) <A = Ap(t) =
subsequence

Vhe =0 — uj(t+he) 2o, inV, k<j<k+m-—1
Bt(¢z>¢j) — 523 cons\treorggnce
At(¢j7v) = )\Bt(QSj,”U), \V/’U c V

= Megm—1(t) < A (t)

boundedness in V

weak convergence in V
compactnessof |V «— X
coerciveness of

strong convergence in V 8

RN~




First derivatives

telw km=12,...

A—1(t) <A=Ae(t) =+ = Apgm—1(8) < Apgm ()
)/t)\ = </U/](t) | k S] S ]{7—|—m — ].> eigenspace +—» A

Y= (g [1<j<m)
ETL)\:At—)\Bt

Bt(&ia &7) — 527

Theorem 2 k S j S k + m — 1 unilateral derivatives

: 1
BEW = Tim - (4 h) = Ay 1)
= )\+ — A\

2k+m—1—3? ]{?Sj<k—|—m—1

(), = (1)
By(ug, ur) = 1, Ag(ug,v) = M Bi(ug,v), veV

Formal derivation | ¢

Ay (ug, v) + Ay (g, )
= M By (ug, v) + A\ Bi(ug, v) + Ay By (U, v)

= At(utaut) + Ay (g, ue)
== )\tBt(uta Ut) + A By (U, ug)

At = At(uta ut) + 244 (U, u)
Bt(ut, ’U,t) + 2Bt(?lt, ut) =0

— N\ = E}Mug,us)  E) = A, — \B,

q — ] — k‘ —|— 1 -th eigenvalue of the matrix GA (EA(gb’L? ¢7))1<@ j<m

Remark Gi\ independent of the choice of orthonormal basis {ggj} of Y:‘
>‘+( ) < A_k*_—i—m 1<t) AIZ (t> > > )\l;—}—m 1(t>

Each entry of this matrix is reduced to the area integral of the eigenfunctions in the
domain perturbation problem




Rigorous argument | N\, 1 (1) < A= Xe(t) = = Meam—1(t) < Agrm(t)

t e _Z' i }/t)\ — <uj(t) ‘ k. S] S k +m — ]_> <« » )\ eigenspace Bt(uz(t),uj(t)) = 5’1,j

subsequence

Lemma Vhﬁ -0 = U (t -+ hﬁ) — qﬁ? n V, k S ] S k +m —1 characterize the first derivatives by a finite dimensional eigenvalue problem

.1 .
i h_g(Aj(t—Fhé)_)\) = EN¢j, 05), E{ (¢i, d5) = 6ij, Be(¢i, ¢5) = 045, k < i,j < k+m—1

u(t 4 he) — @5 uyr(t+ he) — ¢y

Key identity | 1M he(Arin, — Ae)( h : > ) =0
u;i(t+h)—o¢; wi(t+h)— ¢ 1
(Arn — A (U =0 RN 200y - L, Ay (e 4 R (2 4+ 1)
1 1 1
+%(At_|_h — At)(¢3, ¢j/) - E(At_}_h — At)(uj (t + h), ¢j/) — E(At+h - At)(¢ja Uj/ (t + h)) + symmetry, coerciveness

: 1 : - .
Corollary HAji(t) = hlirio ﬁ(Aj(tJrh)—Aj(t)), AT(t) = pj—ir1s A; () = prgm—y, k < j < k+m—1

pg, 1< qg<m q-th eigenvalue of  u € Y, EMu,v) = pB(u,v), Yo € Y} — Theorem 2

10




Transversal rearrangement | f;(t) € C(I), 1 <j<m; fi(t) <+ < frn(t), VE € I = (—gq, &) Reductiontothe finite

dimension via Theorem 1

(P1) 3FE() :hlirio%< Fi(t+h) — £;(t)), W,V (P2) lim f(t+h) = [ (t), VL,V
P3) 1<n<m, 1<k<m-n+1tel;, fia1(t)<[frlt)=" = fogn-1(t) < frtn(t)
— f;_(t) — f2_k—|—n—j—1<t)7 k S \V/] S k+n — 1 K = Kk?”(t) — {k’ o ’k—i_n_ 1}

cluster at t with entry ]{j and length 70

Definition p(K) = max{] | k S ] S k -+ [5] — 17 fj—l_ (t) < f;;ﬂ—i—n—l—j (t)} — k + 1  degree of transverse

def

Lemma [1 = {t & I | p(K) 2 1, EIK Cluster at t} is at most countable unilateral continuity of unilateral derivatives

~

def

 — tEIl,1§j§m,j€K:Kk,n(t),p(K)21 —_
Ci, k<j<k+p—-1 k—-n—-p<j<k—n-—1, p=pK)

, 2
Definition Oja 1 S ] S 17,  transversal rearrangement of Oj — {f] (t) | t € I}, 1 S J S m — X

not right accumulating point

No operation otherwise
on the right is connected to OQk—I—n—j 1 °on the left P

N\

Theorem 4 éja 1 S] S m are Cl clusters are separated right accumulating point t* (Z ]\_’

« non-transversal
rerrangement
) ‘ —) \ //./ \/ matching
‘

| ‘ —> 4*\

t* left accumulating point t* qz Il




Second derivatives At (ut, U) = )\tBt (Ut, ’U), veV ).\t = At (Ut, ut) — )\tBt (Ut, Ut)

At(ut, ’U) -+ At(ut, ’U) = }\tBt(’UJt, U) -+ )\tBt(’UJt, U) + )\tBt(’L'Lt, ’U), V= ’L.Lt
)\t At(“taut) T QAt(iLt, Ug) — )\tBt(uta Ug) — A By (g, ug) — 20 By (U, ug)

A = —2<At )\tBt>(Z*, Z*> —+ At (’U,t, 'U,t> — 2/.\tBt<Ut7 ’U,t) — )\tBt<fU,t, ’U,t>, Ry — ’L.[,t defined up to the ambiguity of the eigenspace

Remark Direct differentiation of )\;t (t) is difficult because of the multiplicity

ix Ak—1(1) <A=A(l) ="+ = Aerm—1(f) < Apm ()

tel

Taylor expansion

EIBt X x X =R EIATL -V xV — R bounded, bilinear

1 h?
) R _0 1
10, B B B <0 i

h2
(At—l—h — At hAt — —At)(u ’U)| = 0

Assume

C+0_=r4+r_=2k+m—1
Theorem5 | A\, <N =)\ =--. =\, <Al < )'\E__Jrl(t) SN =X\ (t)=-=X_ _(t)>\_(t)
k<l<r<k+m — 3N = hn% %()\j(t +h)—A=—hN), <j<r—1 q=j—(+ /1 ngemae et

N L \ H} = (FtA’A (¢7za¢j))£<i e
F™ (u,v) = (Ap = ABy = 2ABy)(u, v) = 2C7 (v(u),7(v)) indpendent of the choice of rthonormal basis
—CM (uy), Ywe PV CM = A, — AB, — N'B,

non-local term

uweV, w=r~(u) e PV = CMw,v)=
Cg‘ — At — )\Bt P=171 — Q, Q - X = LQ(Q) — lftA — <$7 | 1 S] S m> orthogonal projection w.r-t. Bt(°7 )



. 9 .
Corollary EIAj: (t) = hm —(>\'7 (t —‘,— h) — )\] (t) — h>\;l: (t))) \V/]7 \v/t bilateral derivatives Remark h2 > O

h—0 h2

Impossibility of C3 rearrangement

- 1
Proof of Theorem5 |  Vhe — 0 AT = lim —(Aj(E+he) = Aj(t), k<j<k+m-—1

{—o0 hy
recall subsequence .
ui(t+he) = ¢;inV
 def  def ; bour;(dedness inV ey At
J _ _ ' N \ * . . weak convergence in
ZE _ h_ﬁ(UJ (t —|_ he) T ¢j) Ot - At _ >\7 Bt _ >\Bt 3. compactness of symmetry, coerciveness
4. coerciveness of
. - A
— lim C/\(ZJ U) = —C}’ (Qb U) YoeV Ct = Ay — AB; 5. strong convergence in V V= X compactness
t 0> t 7 9
L— 00
) ' ~ def
Key Lemma Elelim Pz)=2z inV 2l =V (¢5) € PV, k<j<k+m-—1
— 00 J

recall

Remark Convergence of {ZZ} is not expected P — I — Q, Q : X — LQ(Q) — lftA —_— <$7 | 1 SJ S m> orthogonal projection w.r.t. Bt(', )

..  def ) . . . . L
Lomma | 335 = lim 5 (A (t4he) = () ~hed;) = (A=ABi=2X; B) (95, 0;) 20 (24, 1)
— 00 /
Lemma k< J 7& j/ <k+m-— 1, >‘* = A; — )‘j’ - (At _ ABt - 2}‘*Bt)(¢j7¢j’) - QC’t)‘(zZ,zZ,) =0

=== characterization of the second unilateral derivatives C()r()llary



Theorem 7 éj = {5\3'(75)}» E<i<k4+m-—1 are (2

~ ~ 2 - ~ ~ ~ -
Proof C; is C EI)\;-’(t) = lim —(\;(t+h) — () — h/\; (t)) loc. unif. )\;/(t +0) = )\;/(t —0)

h—0 h2
- - - h? -
/ 7 2 o1 - ~
Aj(t+h) = X5(8) + B () + A7 (1) + o) lim (X (t+ h) — X (1))
) N h—0 h
~ ~ ~ h* ~ 1 - - -
/ 7 2 .
)\j(t) = /\j(t + h) — h/\j(t + h) + ?)\j (t + h) + O(h ) — }lll_% 5()\;’@ + h) + A;’(t)) = A;’(t)
Conclusion transversal rearrangement of eigenvalues o 02 curves
characterization of their derivatives — finite dimensional eigenva|ue problems
Processes 1. Reduction to abstract setting Symmetry of bilinear forms is essential
2. Continuity
3. Unilateral derivatives and characterizations
4. Transversal rearrangement
5. Taylor expansion of the second order
6. Second order derivatives and characterizations
7. The rearrangement is C2
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