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Smoluchowski-Poisson equation — a model in statistical mechanics

() ¢ R? bounded domain, 8§ smooth

1. Smoluchowski Part

uy = V- (Vu — uVv)

2. Poisson Part

—Av =u, v|gn =0

ou ov
—_— — U— ) 0 canonical ensemble
ov ov 50
_ d
1. total mass conservation pr |lu(t)|l1 =0

2. free energy decreasing

F(u):/Qu(logu—l)—%/LXQG(x,x’)u®u

—F(u) = —/ u|V(logu —v)[* <0
dt .

G(x,2") = G2, x)

Green’s function

2D is critical for blowup of the solution to quadratic
nonlinearity under the total mass control

self-similar transformation due to the quadratic growth

up(2,t) = pPu(pe, p?t), >0

”’LL”l = Huﬂﬂl =\ & n =2 crical dimension
Flu) = [ ullogu—1)=5 (T xu.w), T(z) = 5 log o
u) = u\1og u — — = * U, U r) = — 108 —
R2 5 2 T 27 g|:13|
)\2
f’(uu) — (2)\ _ 4_) log,u + JT"(U) critical mass A = &7
I8

quantized blowup mechanism with Hamiltonian control
1. stationary 2. finite time 3. infinite time



6. RISHLBUR

AbFH - FLFFFR

ou.;
Ty = diluj + (—e; + > ajrur)u;
k
o ;
a—yj . =0, uj|t:0 = ujo(x) >0

(Au,u) <0, Yu >0 A= (a;k)
e=(e;) <0 — T =100 [u(-,t)]|e <C

Masuda-Takahashi 94 (n=1) S.-Yamada 15 (n=2)

scaling invariance (e=0)

uf (,t) = pPuj (e, p?t), p>0

rigidness (n=2, quadratic growth by LA control) ||u(-,%)||1 < |luol1

Juolli €1 = T = +o0, sup ||u(-,t)]|ec < +00
>0

fi(u) = (—e; + ) ajpur)uj, u= (u;)
k
N
— Z f] (u) log U; < C(]_ + |’U,|2) singularity relaxation
=1

L2 estimate in space and time
— s [ ;1) < Cr
0<t<T JO
P(s) =s(logs—1)+1>0, s>0
global GN inequality ——  T=+xif n=1, 2
1
I,
— Oy
Vo € C?(Q), ==
@ (80, 5

by L2 control in space-time

d
—/uj(-,t—l—tk)w‘dtSC@
dt Jq

=0 monotonicity formula
o2

evokes the measure-valued
continuation (very weak solution)

blowup in infinite time ?




L2-L1 estimate T =(75), d=(dj) >0

ou,
Ti 8 — djAu; = fj(u) > fi(w) <0 %(T-u)—A(d-u)SO, u=(uj) >0
j=1

Ouy 0

_ — . — . > >

o | e, 0, ujl,—g = ujolz) 20 8V(d ) o <0, uly—g = uo = (ujo)
) — ey < e s , — sup ||lu(-,t)|l1 < C

w(et) — 7 uO_/O A(d-u(-,s)) ds dt/QT v <0 sup [l 1)

—_— (7-u(t),d-u(-,t) — (7 -ug,d-u(-,t)) < —(Vd- V/ d - u(

u

/0 (rou(at),d () dt < |- ol / [d-u(-, )]z dt

)

T 1
< COT3||r-uol>- {/ ld-u(- )3 dt}? — |lullr2@r) < CT# |uol
0




L1 pre-compactness

1. semi-group reduction Baras-Pierre 84

0

a—"f — Aw = H € L*(Qr)

ow

% . — 0, U)|t:0 — U}Q(CC) < Ll(Q)

w=w(-t) € L®(0,T; L'(Q)) () Lie (0, T; W1 (2))

i.e o weak solution
e as distributions

e[ (., 5) ds

!
g
|
Cben-
>
g
-}
_I_
\

2. compactness c.f. Baras 78

F : (wo, H) € LYQ) x LN(Qr) > w € LM(Qr)

compact

Proof

F* L= (Qr) — L™ () x L*=(Qr)

F*(h) = (0],_y,0)
00 00

4+ AO=h,

— =0, 0 =0
Ot o | 54,  Olemr

compact from the parabolic regularity

pre-compactness of the orbit in L1

0 0 < ug(t) =ul(,t+ k)
in particular  w € C([0,T], L*(2)) < Jwp(-,t) € L* (2 x (—1,1))
: 1 1 1 comparison H
F i (wo, H) € L) x L (Qr) L_> w € C([0,T], L7 () theo[rgerrll compact dominated convergence theorem

3




L1#E D 77k

Pierre-Rolland 15 0 < Ju = (u;(-,t)) € C([0, +00), L'(Q)") global-in-time weak solution

Pierre-S.-Yamada 19 O = {u(-,t)} c L*( QY pre-compact

weak solutonto 0 < u = (u;(-,1)) € Lfgc([O,T)’Ll(Q)N)

8uj 8u
Ti—2 —d;Au; = fi(u), —L| =0, u;l,_,=1ui(x)>0
I ¢ jRU; j o |, 3 lt=0 j
Gy (def.)
fi(u) € L, (% (0,T)) o

as distributions

d 2.00 890
— [ uje—d; [ ujAp= [ fij(u)p, Vo e WH=(Q), == =0
dt Jq Q Q o |50

ujl,_o = Ujo(x) in the sense of measures




BB DKM

Tj% —djAu; = fij(u) in Qr 2C R" bounded domain, 02 smooth
du, Qr=0x(0,T) 1<j<N
9y - =0, ujl,—y = ujo(z)

[local. Lipschitz cont.] [quasi-positive]

fi:RY 2R, 1<j<N

N
loc. Lipschitz cont. 0 <wup = (ujo) €R —_—

u = (u;(-,t)) >0

E—— p—
41 classical solution local-in-time

T € (0,400] maximal existence time

fj(u17 o 7uj—1707uj+17 T 7un) > 0, \V/]

v outer unit normal
T=(1;) >0, d=(dj) >0

uo = (uj0) > 0 smooth

[mass dissipation]

> L) <0, u=(u;) >0

0
E(Tou)—A(d-u)gO

@
ov

)

=0
a9

Theorem (Fellner-Morgan-Tang 20, 21)

[quadratic]
| 17 u()lr < |7 - uolls
Vfi(w)] < C(1+|ul), Vj T = +o0 [u, )]l < C
1. Sobolev inequality in space-time
2. Parabolic Giorgi-Nash-Moser regularity
3. Regularity interpolation
4. Souplet’s trick by semigroup estimate 5




7. AEABERRETIL

BRAEMTFOHEET L

prey predator system

le—itlj = (a — by)x
_dy

dt

= (—c+dzx)y, x,y >0

dg

— = qa — be"

¢ =logx dt

— d
n=logy Td—qz — —c+ det

H = —an+be" — 77 et + 77 det

d§ dn d

R & S & el _
—=—H, —=He  —H(&n)=0

Gierer-Meinhardt system

dw . ub
dt ve u P(ug +u) =v"1
dv u” . .
T— = — —, u,v>0 V(v +T7 ) =7 "u
dt
£: d_g— J— s+1

p—1 o= =D {(s+1)np =

pstl dn 1
1= e D - 1)

= agn+ (—— = ) AE) + (g ~ V7B
A =7"'(p —1>__1€ dg dn _ _
B(n)=(s+1) s+177 -5 dt Hy, dt He



three system  T1,x2, 23 > 0 {Hamilton structures} & {Poisson structures} General form?

7'1%—(372_'%3)372 7'1%:6’52—6’53 ) )
dry dla ¢ ¢ — S ME-aq=—
T = (x5 — 1)x2 T =€ —e 0 Cg - a dt(71§;+72§2+73§3)
dzs _ dSs _ e _ & — ZM(€) - H(E) = — (1165 + 06’2 + 735
T = (@1-a)rs T =t e 0= —M() H(E) = - (ne™ + 72> + 73¢™)
§1 = logxy
{2 = log o d¢
{3 = logws Mo = H(g) xa
. 0 0 1 e 3
M = 0O 7 O y 4= 1 ) H<€) — e ) f: 52

0 0 3 1 ess &3



m%@%ﬁ\%\‘&%&ﬁ\ﬁZﬂ Ap(Rn) P —forms on Rn * Hodge COFOIIary 1 S r S n—1

&1
. H' ... H ¢ A°R" he A" " HR")
= | | e e )iz, % -3 (B
S I GHY A A dHT AR
dt .
— dH
TheoremA | H (&) € A°(R"™) he A" #(R") a o=t
..rankr
*d—£ —dH N h : aH =0 _
dt dt Tensor representation of p-form
Proof 0 = Z Gjl...jpdfjl JANRRRIVA\ dfjp c Ap(Rn>
0 = dH A2 e
dt Hjl”'jp = Sgno - Ha(jl)...a(jp), o~ Sp
=
- Z O A (DM g AT A
653 Theorem B rank r e
- OH dé ; ~ =~ 1 9 r
_ _ J+1_ AN DT AL A d§; OH"' OH OH ,
— Zj:( 1) agjdgj/\dt/\ AdE; A NdEy, 5 -y . | <i<n

Z1 Zr

6521 8522 o« o —aé_zr ’L,’Ll’l,'r'7

OH d¢; dH

e N ANdE, = ——dEL N - A dE, R (Vo (in)o(in)o (i) = S8R O * Riiyig.i, YO € S,
Zafj prlS! &n = —-d& § (o (in)o(iz)o(ir) = S8 +1

7 alternative group



e N | - dg 3 - dg OH' 9OH?  OH" |
f_(gj(t» cR ) f—;g?(t)dgja dt —ggj(t)dgj dt = Z 6621 8622 "'@hi,ir"im 1§z§n

Zl...zr

ha(i)a(il)o(ig)o(%) =8N 0 Njrig-ipy VO € Spy1

...rankr
d
Corollary rank 1 = d—i = hVH, ht +h=0
JH € A°(R") 3n= (hjr) € M, (R) dd—lj =0 generalized Hamilton system
Corollary rank n-1 =
dg; . 1 OH
—I — L 1<5< h: = (—1)"" —
o =detd;, 1<j<n i =(=1) IE;
J
V
TR ST T
- Cee : =0,1<:1<n-1
dt

) Aim 1. matrix representation

\ Pt o .. ATl 2. formation of periodic orbits

n



ERFAO LD - RLTTHR

i > 0, 1< j < N
dx ;
T = (=€ + ) apak)e;
k

Tjy€j5,05k eR
T=(15) >0, e=(¢j) A= (ajz)

(a1) irreducible /HP permutation

A A
T _ 11 12

A11, Ao square (no sub-system)

(a2) skew symmetric A + AT =0
d

— ET-U:—G%J T = +00

(a3) sign condition

Each row of A contains both positive and
negative components

Py E=LnN Rf, L affine space of co-dimension 2

Any non-stationary solution is periodic-in-time with the orbit () = Sl
contractible to a stationary solution in Rf \ E

Any distinct two orbits  (0;, 05 =2 S1  do not link in Rﬂ\_]

E={v=(v;) € RY | Av =€} setof stationary solutions

Kobayashi-S.-Yamada 2019

Remark d
—7-2=0 total mass
e=(ej) =0 dt
de -
¢; = logz, Tj% =3 e

k

beKer A" =Ker A b= (r;b;) dimKer A =n — 2

—b- &= Z ajkbje&‘: = entropy ... rank n-1



Theorem C

<6j):O,N23

a;jak + a1 — aipaj = 0,

algebraic condition

Remark
(Q) Al =
Example. N=3
0 C3 —C2
A= —C3 0 C1
Co —C1 0

Skew symmetric matrices
N(N-1)/2 dimension

a1ka2; — 1702k

A = (ai)
Vi, j. k0 e {1,..., N} ==

a12 7 0 ]I

(a1), (a2), (a3)

(P)

, I3<k<I<N
a2
0 A1z A13 Ay4
21 0 dz3 U4
dz1  a3zp 0 34

an1

Remark

(a1)(@2)

)

()

extinction or blowup in infinite time

free

2N-3 dimension



Theorem D A= (aj;) (al)(@2)(a3) N >3 (e;)  has both positive and negative components

-++ sign condition

Ajk€; — Aik€j T Qjj€) = 0, Vi, g ke {1,...,N} m) (P

Remark er # 0 H

€1
0 A1 13 aiNn € free  2N-1 dimension
a3, 0 az3 dzn | €

Skew symmetric matrices + vectors

N(N+1)/2 dimension 5 * AN-1N en-1

Ay, Anz -+ ayn—1 O ey Not contain prey predator system



growth rate model existence fime

x=(x;(t) >0, =T_<t<Ty

dx i
dt

= gi(z)zi, Til,g=Ti0 >0, 1<7<n

g = (gz) : Rﬁ_ — Rn locally Lipschitz conti.
RTL‘_:{(CC@')ERTL’.Q?Z'>O, ISZS’NJ}

d&;
dt

_f’L(£>7 fi‘t:():giOER, 1<:<n

& = logxs, fi(§) =9i(§), §= (&), v = (x;)

Theorem 1

)

Assumption 1-3
Ty = +oo, d1'> 0
((t+T) =£(1)

Assumptionl  f; = (—1)""'detB;, 1<i<mn

)
(A~ )
851 afn
BZ: 0171 o o o . o o o C]_,’n,

H=pE) -b-& b=(b)eR"
@:R" = R, C? stictlyconvex
Cr=(ce) €ER", 1 <€ <m—2  ineary independent

Assumption 2
Va, Ve >0, 3C. >0 a-&<ep(&)+ C., V¢
lim ¢(&) = +o0, £ = 400 < i, & — +00

E—4o0

irglfw(f) > —00

Assumption3 (b+ X)NRT #0 X =(G|1<n-2)




n system

dg;
dt

def

eﬂ(£% I1<i1<n

&1
C1,1
\ Cn—2,1
OH
[ %
C1,1

N

Cn—2.n )

za

Cln

Cn—2,n )

OH OH
— 2 B — ;
" (56, oc,)
d€1 oOH dfg . _a_H
dt - 8527 dt o afl Hamilton system
example

H() = —bi1&y + a1€%2 — baéy + age™

d d
dr dx
dtl _ (_bl 4 CL15132)CIZ'17 d: — (b2 — CL2£E1)£E2

—

a=(a;) >0, b=(b;) >0

predator-prey system

Assumption 2

90(5) — a1€§1 -+ a/26£2 strictly convex




A special form

= T (det B
= (—1)™ (det By)
a1x1 — by - ceo ApTy — by,
Bz‘ _ C1,1 Cl,n

K Cn—2,1

Lotka-Volterra system

dCEi

Ti
7=1

Cn—2.n )

p p— Zaxz]xzxj — €;X;, Xy =0 — L0 > O’ 1 S 7 S n

Theorem 2 3, eR"2, 1<i<n
(fil1<i<n)=R"?

(— 1)7’+37'_17'_1azj

J

( ? J
- A~ AN -
det(fl,"', -y, . ’...,fn),
:< 07
7 )

- = = -

\_det(f17'°°7 Coye . 7"'7fn)7

b = (b;)

Zb 7'_1 _1 @ j

— Ty = 400

(7, 7 agy)

== Any non-stationary solution is periodic-in-time

(b+Ker A)NRT £0, A=




Comparison
ceR"2 1<i<n

Theorem 2 3]”:-

Skew-symmetric Lotka-Volterra system

dCU £ Y _ Rpn—2
: Zal?x@xﬂ €ils, xi|t:0:$z‘0>0, 1<1<n (fil1<i<n)=R

J
A+ AT =0 A = (aij) r i j
= ~ N ~ = - . .
det(fl,"‘, Co e, . ,...,fn), 7/<]
7 )
Normal form Y; = T;%; A PNy -
p " \ _det(f ’ ’ Ty st 7fn)7 1>
Yi ~ ~ .
b— a. . . ¢ — e. . 1 < /L < f”lj
dt Z i7YilY; iYi, >~ 0 X .
. . S ~ —1 > _ —1_—
Qij =T; T; Qij, €& =T, € b= (b;), 7, 'e; = ijTi 17'3‘ Yai;
=1
the same algebraic condition (except for the irreducibility)
different sign condition (b+ Ker A)N R" # 0, A= (1 T “tagy)
skew-symmetric

Any distinct orbits do not link _ o S
=== Any non-stationary solution is periodic-in-time

Any periodic orbit links the set of stationary solutions,
an affine space with codimension 2 in the first orthant in & variable



Example 1 Example 2

dx dz:
. g - = (22 — 23)11 Mg~ (#2 Fs)a
d dx
/ \ TQ% — (563 — $1>§C2 / \ T2_dt2 — (333 - 331)332
> I3
., x5 d dx
12 T3% — (5131 — 332>333 Tg_dt3 — (_371 — xQ)x3
T3 4 > T3 4 B lim (1,22, 23) = (+00,0,0)
t——+o00

I =400

< lim (x1,22,23) = (0,0, +00)
t— —00

o L2



Proof of Theorem 1

Proof
Lemma 1 Hi(f),ng'gm,mgn—Z o

i1 hii -+ hin
hi (&) = I€; , 1<i1<m+4+1, 1<53<n B = ha1 -+ han
J
( . \ Cn—2,1 Cn—2,n )
A~ ) )
h171 hl,n \
B;(§) = -
\ T ) JE0 " e &
_ .Y _ 1)+l . .
o = Zhl,j = Z( 1)/ hy ; det B,
71=1 71=1
— detB=0
d&; :
di = (—1)Z+1 det BZ’, 1 S 1 S n
dH d
T 0. (G- =0.1<l<n-—2
dt =0, 0=1=m in Theorem 1

(TL — 1) conservation laws



Proof of Theorem 1 O = {f(t) | T <t< T+} CcCO,=MNP —— Assumptionl

M={{cR" |H()=pPo}, P={(€R" | -§=0p, 1 <€ <n—2}

2-d hyper plane
Bo=H(&), Be=2¢Cp-&o, 1 <€ <n—2}

M=0Mn{n= PG}, M={(&n)|n=H(E}CR""
C? hyper-surface with positive sectional curvatures strictly convex
dg;
O.CcP C? cune Lemma2 — O, =0 dt

stationary solutions

E={¢c€R"|detB; =0, 1 <i<n}

= (=1)"*detB;, 1<i<n

Lemma 2 90(5) strictly convex = O N E — @ or O* C E, ho — 1

Lemma3 Assumption2-3 — (O, bounded




Proof of Lemma2 ¢ € O, VH(E) =0 — £eR™ “icometneon  tM=1 M= {H (&) = Bo}

— OH OH
SEL [ e, \
B C1,1 Cln

\ Cn—2,1 - Cn—2,n )

VH() #0 = TeM = (VH(E))™ E={¢cR"|detB;, =0, 1 <i<n}

EeE — detB; =0, 1<i<n

more on the structure of E

V@ = (a;), det B =0

arbitrary

linearly independent
e O \ @ VH(E), ¢, Gy — VHE) EX=(G|1<<n—2)
851 8§n linearly dependent

X+=P—{¢}, P={G £=8; 1<l<n—2}
: : : P —{¢} C (VH)" =T M
\ Cn—2,1 - Cn—2,n ) O

cCPNMC {&+TeM)NM ={¢}

H(f) strictly convex |:|
10




Reaction diffusion systems n
—1

N ') agu; —e) =

) ¢ R bounded domain O smooth j=1
(‘9ui - .
Tig — dZA’U,Z = Zaijujui — €;U; 1IN () x (O,T) ( aiu] — bl
ou; .
S| =0, wlg=up(xz) >0, 1<i<n ;
oV |50 = \
Cn—2,1

Theorem E
a=(a;) >0, ¢p=1(ce;), 1 <€ <mn—2 tnearlyindependent b-6=0, é= (1 te)
n:275>0 or nZS,XﬂRi#@,X:<5g|1§€§n—2>

predator-prey  Alikakos 79, Latos-S.-Yamada 12

AnUp — bn
Cl.n

Y

Cn—2.n )

—_—) T o —|—OQ, ||u(’ t) || 00 < C for any space dimension EI(’) spatially homogeneous orbit stationary or periodic-in-time

lim distee (u(-,t),0) =0

t—+4o00



Mass dissipative systems

) C RN bounded domain 39 smooth A= (CLij), € = (62) A -+ AT S O, 52 0
mn

ou; — T = 400, [[u(-, 1)l < C

Tig — dZA’U,Z = E ;i U;U; — €;U; 1N () x (O,T) 7 ” ( 7 >|| o
j:1 Fellner-Morgan-Tang 20, 21 \V/N
aui Total mass control + i i-Poi i
. quadratic growth c.f. Smoluchowski-Poisson equation

5 =0, Uil,_g =ui0o(z) >0, 1<i<n

YV 1a0

compact, connected, invariant

w(ug) = {u* € C*(Q) | Ity 1 +o0, kli_)m |lu(-,tr) — u*||c2 = 0}

Theorem F  Vu* = (u)) € w(ug), uf 20, 1 <i<n — w(up) C Rf BHHFEB T Hh L

c.f. cross-diffusion model

@
ot
Ov

— = A(bv + asuv + a22v2) + du — Y21 uv — 7222}2 Shigesada-Kawasaki-Teramoto three types of diffusion

ot

= Aau + a11u® + ajpuw) + cu — y11u? — Yr2uv
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