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Results

(Smoluchowski-Poisson equation)

Q) ¢ R? bounded domain, 99 smooth

1. Smoluchowski Part

ur =V - (Vu —uVo)

2. Poisson Part

—Av=1u, vlyg=0

TheoremB | T' < +00 =—

u(z,t)de — Z m(zg)dz, (dx) + f(z)dz

ToES

m (gjo) E 87‘(‘N collapse mass quantization possibly with sub-collapse collision

blowup set exclusion of boundary blowup
S={xo€Q| Iy > x0, tp TT, u(xg,tx) — +o0} C N
ﬂS < ‘I_OO finiteness of blowup points

O < f — f(f) E Ll(Q) ﬂ O(ﬁ \ S) measure theoretic regular part

Theorem C

T = 400, limsup ||u(-,t)||ec = +0
tT+oo

— )\ = ||UOH1 = 87‘(‘67 Ew - N initial mass quantization
E'.T* - QE \ D’ VH£($*> — () recursive hierarchy

point vortex Hamiltonian Robin function Green function

Hy(xy, -,y ZR% —I—ZG Ti, L)

1<J

Corollary 1 T < +oo |if

A\ € 87N, A stationary solution or F(ug) < —1

A€ 8ml, £ € N, A critical point of Hy

Corollary 2 () convex A\ # 8w

— T < +00 or T — OO pre-compact orbit

c.f. Grossi-F. Takahashi (2010) 3 stationary solution



Bounded free energy and simplicity Flu) = / w(logu — 1)dz — %// Gz, 2" )u ® u deds’
Q QX

free energy of Helmholtz

d.F B - (entropy) temperature inner energy (self-attractive)
— = —/ ulV(logu —v)|* <0, v=(—-A)"tu

di o

Simplicity of the blowup points Emergence

m(xg) = 8w
T < ‘I—OO, hmF(U(t)) > —0 ) \v/xo [ 8 simple == %Elzr%jlfxo,b(T—t)l/Q (U(,t)) — —I—OO, \V/b > 0

t1T
Type Il Blowup rate l 'FZEO,R(U) — / u(logu o 1)d$
QﬂB(xo,R>
lim(7 — t)||u(-, ¢ > (B(zq _p1/2y = +oo, VO >0 1
tTT( MNu(- )L (B(zo,b(T—t)1/2) __// G(x,x’)u@udxda:’
2 J JanB(zo,R) x (QNB(z0,R))
Up = A’U, — V’U . V’LL -+ ’LL2 = U = ’U,2, U(t) — (T — t>_1 O((T — t>_1) Type | blowup rate

Remark Rate of blowup is always type I 3b > 07\V/$O S 87 ltlTI%_,l(T o t)”u('?t)HLOO(B(:CO,b(T—t)l/Q) = 400




1 1
Systems on the whole space | I'(z) = — log —

s ||

uy = Au— V- (uVT xu) in R x (0,7)
ul,_y = uo(z) € L N L' (R?)

/ |SU|2U() dﬂ: < 40 = /E dichotomy
R2

0<A<8r — T =400, ||[u(-,t)]s <C

A> 8T = T < 400

A=8mT =— T =400

vanishing compact (concentration)

i : — lim ||u(-,t)||co = +00
Jim[fu(,1)]|o =0 Jim [lu(-, 2]

Chemotaxis system in biology

ur = V- (Vu —uVv), —Av:u—i

U
2 Jo
= 0, /v:()
o0 Q

n=2 1T =Ty <+
u(z,t)dr — Z m(xg)dy, (dx) + f(x)dx

Lo €S existence of the boundary blowup

8w, x¢ € €}
m(aa) € m. ()N, ma(a0) ={ 70 20 €5

0< f=flz) e L"()NCEOQ\S)

quantized blowup mechanism

also in infinite time




Spectral mechanics

Smoluchowski-Poisson equation

—Av =1u, v|gn =0

we = Au—V - (uV), —Av = u in Q x (0,T) _ _AU:_IM 0l = 0
ou Ov o €"
a—ua—v—() on 0N x (0,7T)

Boltzmann-Poisson equation

d
> O - - 1 — O mass conservation
w20, L juf- 1)l

free energy decreasing

W
P = —/ u|V(ogu—v)2dz 4
it o

simplified system of chemotaxis

e 1
—Av =)\ — : /UZO
<fQ€U |Q|) Q

Potentials of self-organization

ov
— =0
| ov
stationary state s o5
Vegetative Amoebae
T A
log u — v = constant, ||u|l; = A o n | § o [
!’ p Fruiting Body
Life Cycle
>\€'U e L Dicfyosteliu;:discoideum [
— u = Senba-S. 00 L ~
f ev A _ 87-‘-’ 47“- Slug Stage 12h
Q ——
interior boundary o 15)

Biler-Hilhorst-Nadieja 94, Nagai 95, Nagai-Senba-Yoshida 97, Gajewski-Zacharius 98, Biler 98



Systems with relaxation time Duality between field and particles

full system of chemotaxis

Lagrangian in Toland duality

eur =V - (Vu —uVo)

1
T = Av 4w in Q x (0,7) L(u,v):/Qu(logu—l)+§|VU|2—vu dx

ou ov _0
(% - u% U) 90 === unfolding-minimality
: _ 1
T = O Smoluchowski-Poisson quantized blowup mechanism lnf{L(u’ U> | U 2 0’ Hqu o 87T’ v E HO (Q>} > —00

’U

e =10 Ut—AU+f 7U|8Q:O
Q€

Model C equation

euy =V - (uVLy(u,v)), vy = —Ly(u,v)

non-local parabolic equation

Q= B(0,1) C sz v =v(|z|,t), A > 87 Models in non-equilibrium thﬁﬂﬁ&ﬂi_ﬂﬁﬂiﬁf

Wolansky 97 infinitesimal stability === dynamical stabilitiy

~dr — Ao, t 1T = Tnax € (0, +00]

— e’

Jo €’

local minimum of the analytic field functional == infinitesimal stable

Kavallaris-S. 07

A>8m = T =T < +00

dis-quantized blowup mechanism

S.-Tasaki 10



Higher-dimensional quantization [n > 2, m =

n

n—2

weak solution

—1
U = T2 Aym — V- (uVIxu)in R" x (0,7)

m
ul,_ = uo(z) > 0 € L™ N LY (R") /

n

|x|2—n d
d v
E}_(u) = _/ u|Vu™ ! — T xul?dz <0
Flu) = / LA A
u) = - 9 u,u Tsallis entropy
TheoremD T <+4+o00 — SCR"” #5171 <4

S={xg € R"U{c0} | dz) = 0, tx 1T,

lim u(azk,tk) = —I—OO}
k— o0

Str = {l’() €S | hm(T o t)”u('?t)”LOO(B(:Eo,To) = +00, Vrg >0

T

|z|*updr < +oo

Toward the theory of elliptic uniformization

—Aw =w] in Q, w=c¢c R on 9

solution sequence
/QUJT =X (Wk,ck, Ak) Ak = Ao
—) Subsequence alternatives
(b) Sup wg — —00
Q
(C) )\() = m*ﬁ, /€N
S={x], - ,x;,} €Q
Vo, He()| _ =0,1<j</
T = (3317... ’x£)7 Ty = (x’{’ 7;5’5)
1
Helan, o yan) = 5 3 Rlwj) + ) Glaivy)
J 1<)

S.-R. Takahashi 09a, 09b, 20, 12
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4, JEPRFFREIES
gradient f(x + se) = f(x1 + se1, xy + ses, T3 + ses)
ARBHOHS o
d 0 0 0 )
%f(ill’ + 86) - — a—a{;(xlax2ax3>61+8—a{;<x17x2ax3>62+a—a{;<xlax2ax3>e3 — Vf(a;')e

grad, 77 2

Vi=| 2L | G

¢N| @E{ F)EH i/ R
\ (‘)_’Ij )
3

ALAMZAEWE ZICERRICEDS

V()
Vi@ o

e —

EfbiE

EHICIE e= V/(@) Frickzx V(x| I2fl3 5 HAE <
|Vf($)| o.f. FAEI 5 OER

BHAINT b
€1

€ = €2 FEWJ
€3

Vfi(x)=0<¢%%

I def
[ OERRA

BT v

IVf(z)le=Vf(z)

E5mICEE 1




d :
BELL & — voj=— [ V-
dt Q:E 00 = Q
(75 v o R)
BERT
awtmz [ 0/01, v o
- N1E - R
V = 8/@£B2 ;
0/0x3
Xr = ($1,$2,$3) d

dt

Tumour cells (n)

Stromal cel% ?
4 |I le
' =

:/pt+v-Vp+pV-vdx
t=0 Q

. Invasive F ront |

. d‘ | Extracellular matrix (f)

0 L @/

ng- =-8mf. E.;_ct_ =D, V?m + Bf -, c - (J.c,‘

An L_Ang IO& enesi 5 |

=D, Vim+un, - Am,

Nature Reviews | Cancer

L e ,n,-t
NO

v=v(z) € R, z€R?
d

dt
d Yo7 Yy
-——detl)]} =V-.v
dt t=0
Ja—EJ

—d(u)Vu I
d(u, fluVf www

T =E R

f

5
b

HES

— Tz =v(Tiz), Tix|,_g ==

{Tt} Fh (I%R)

Qt — TtQ

Z/pt—l—v-pvdaj
t=0 2

t=0




SEDFDENHF Flux Liouville’s Theorem

v = v(x,t) velocity %/ pdx = _/ v-jds r=uz(&t) < x=T(t,s)
w Oow 01
{T'(t,s)} propagator i = wp J, = det (3?)
j
x(t) =T(, )¢ pt +V -vp =0, mass conservation
=
dv State Equation Ji(§) =1+ (t —5)V-v(E,s) +o(t — s)
¢ —
dt o(@; 1), @limg = € p=ApT, A>0,1<v<2
Accelation Momentum Balance Mass Balance
d*x d Dv d d
— = —uv(x(t),t = — il / \d 0= — plx,t)dx
dt? |,_, ds (z(t),1) . Dt],_, dt J 1t s)w pla, tulz, t)dx i dt Jr(t,s)w o0 t=s
D (?+ V, material derivative —/D(pv)—l—pvv vdx_ d . O
— 4+ v - V, materi rivativ = | — : = —
Dt (‘% . Dt di ,0(55(6, )7 )l t(€> .
p density, p pressure _ /(pv)t LV (o) de  — Dp bV v de
N w . Dt
D = — _
'OF: = —Vp, equation of motion /w Vp dz = / pr + V- vp d§



EfatEA 14 7 —HREZ Total Mass Conservation

pt +V-vp=0 % pz—/V'vp:O
p(vs+v-Vou)+Vp=0

p=p"in R" x (0,7T)

o Joll = lloll =

p>0

Total Energy Conservation

()i + V- (pv @ v) + Vp =0

[V uevlo=— [ pivio T(t,s)
— 1/,0’0*73]|U|2 /|v|2V-(pv) Q
——/|U| Pt f a

@
/(pv)t-v = /Pt|v|2 T —p@t|v|2

[+ V- ua)-o=5 5 [P

Total Energy Conservation

1 2 p
(2[)‘@‘ " Y — 1)

1 P
Vo (zp2+ 2L )v=0
+ (2,0|v| —|—7_1>v
d 1, .,
a /2 P g =
Tl A L d

/y v—1 i p
| PPt = v—1
d I 5
— — — dxr =
o | el oM



ERIFMEEEDE T

E I B (blowup in infinite time) % 1 T < 400 if

(1) X € 8N, A stationary solution or F(ug) < —1
T = +o00, limsup ||u(-,t)||cc = +oc 7 A Y (o)
1400 2) A€ 8nl, £ € N, A critical point of H,

—
)\ — HUOHl = 87T€, E|€ -~ N initial mass quantization

ElZU* S QK \ D, VHg (ZU*) =0 recursive hierarchy * 2 Y convex A 7£ 8

= 1T'< 400 or T =400 compact orbit
c.f. Grossi-F. Takahashi 7 stationary solution

Robin function .
point vortex Hamiltonian Green function

Hy(x1,- -, 20) = % Z R(z;) + > G(xs, ;)

1<J



assume. T = +00, 1 T +00, lim flu(- 1g)[|ec = +00

weak limit

subsequence u( t + tk)dx RN M(dl‘,t) c C*(—OO, —|—OO,M(§)) weak solution
d:l? t Z m 5130 dx) -+ f(gj t)daj improved regularity

=5 formation of collapse in infinite time blowup set exclusion of boundary blowup
Zo t

m(xo) > €0, 0 < f = f(-,t) € LN(Q) Sy = {xo € Q| Jz1, — 0, liinu(wk,t—l—tk) = 400} C Q

Br 40 subsequence
U3, (d:U,t) — ﬂ(dw,t) - C*<—OO, +00; M(RQ)) scaling limit

~ 2
m(:vo) — ,u(R ,O) = 8 Z €0 full orbit of weak solutions on the whole space

dilaton 2o =0¢€ Sy, 8> 0
ps(da’ 1) = B2 p(dx, t), o’ = Bz, t' = g%

Liouville property collapse mass quantization

local second moment traces the collapse dynamics

£ S =0, p(da,t) Zw W) 50| <C {e)} cC D, w(t) = (¢;(1))




residual vanishing

a
dt B(xz;,r)

0
(z:,r) OF

Y 2—ELDOEIFEAR =

x; = x;i(t), up(x,t) =u(z,t +1g), vi(x,t) =v(x,t+t;), 0<r<1
x — x;|Pup = / —(|z — x5|Pur) + <5 - V(|x — z;]%up) do
B

/ |x—xi|2ukt + ;- \:c—xi\2Vuk dx
B(x;,r)

/ |z — azi\Qukt
B(x;,r)

= / |z — 2;|°V - (Vuyp — up Vo) de
B(x;,r)

< r2/ Ouk _ uk% as
OB(xz;,r) v v

—|—/ dup + 2(x — x;) - up Vo dz
B(x;,r)

= / mt + duy + 2(x — x;) - up Vg dz
B(xi7r)

/ T - |x — 252 Vug
B(x;,r)
— / (&5 - V)| — 2;|%us, dS
O0B(x;,r)
—/ 2(x — x;) - Tiug
B(x;,r)

— / r2g. ANV ug
B(x;,r)

—2(x — ;) - T;up dx

defect moment

d

— (‘ZU—ZU@"Q —T2)uk
dt B(x;,r)

d . /
N k — k
dt B(x;,r) B(miﬂ:w\t

< / dug + 2(x — x;) - upVor — 2(x — x;) - Tup, do
B(x;,r)




d

x; = x;(t) — (Jz — z|* — 7%)ug
ug(x,t) = u(zx,t + tg) At Jp(w;,r)
Uk:(xvt) :U(x7t+tk> _— < / duy, —|—2(£B—£Bi) Uk VU
O < T << ]. B(xi,r)
- —2(x — ;) - T;up dx
Vplx,t) = v T,t
k(2,1) ; k(T,1) 2/ (x — ;) - up Vuy dx
B(x;,r)
vp(x,t) = / D(z — 2" )ug (2, t)dx'’ 1 ’
B(ZBi,T') = —— / U’k daf
. , , 27 B(x;,r)
vi(x,t) = / K(x,x )ug(z',t) dx
B(ai) fus( )l = A K(r.2') € C'(Qx )
2 t — / G / / t d /
v (7, 1) o\ s2" (z, 2" )up (", t)dx sup/ V.G(z,2")| d’ < C
z Jo
vy (x,t) :/ G(x,x" )ug(z', t)dx’ —
S2"\B(z;,r) i :
||VU ('7t)HL°°(B(:1:i,r)) < C, 1 <1< 3
1 1
[(z) = — log —
(x) = 5 lee




d 2 2
— r—x;|" —7T
. ﬁLWJ| 2 ?)f
as distributions in time
defect moment S 4 <87T -+ / f)
B(x;,r)
| 2
—— | 87 +/ /
27 B(x;,r)
Ir; — Zl?z(t)
+C/ 1z — x| f
B(xz;,r)
| O<r«l
dl 21
— < —4 Cle —x;|f de < —
0= (e-wf-r)r <o
B(x;,r)
I(t)=0

f=0in B(x;,1)
f=0
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BRI RILEF—DBFRMYE

0
(de,t) = SWZ 50, (1) (d) EH 3 (Senba-S. 02)
i=1 T = +o00, lim ||u(-,1)||cc =+00

dCEi . tT+o0

gt = ST Velle(@y, oz, 1< Jim F(u(-,)) > —o0

a blowup criterion excludes the collapse collision in infinite time )

z(t) = (z;(t)) € 0O¢ \ D pre-compact A= |lugly = 8xl, L €N, (27, -+ ,2;) € Qf \ D
D=A{(z;) | Fi #j, x; = x;} Ve, Ho(x7, - ,2;) =0, 1 <</

14

— u(da,t) =87y 6, (dx)

Jr* € Q°\ D, V, Hy(z*) =0, 1 <i</ —
AERFFR | yy=yrehE

3zt € Q°\ D, lim z(t)=a%, Vo, He(z?) =0, 1<i</{

t— T+ 00




5., DHENRIE

et & IR RN T

system

isolated
closed

open

Y & RLF D IS

particle density
SmoluchowskKi

consistency

energy
temperature

pressure

duality

uy = V- (Vu — uVv)

Helmholtz fee energy

F(u) = /Qu(logu —1) — % (=A) " u,u) us = Vu - VoF(u), =—3F(u)

6F (u) =logu — (—A) tu

S. Mean Field Theories and Dual Variation, 214 edition, Atlantis Press, 2015

dynamics ensemble
entropy micro-canonical
Helmholtz free energy canonical
Gibbs free energy grand-canonical

field potential v=(=A)""! :/G(~,x’)u(x’)dac’
Q

Poisson

symmetry
—Av=1u v|gng =0
Model (B) equation
0
=0
ov 50
total mass conservation, free energy decreaseing
d dF
e —:—/u|V(5]—"(u)|2§O
dt Jo dt 0




WX 2253 R 38 X/R wrss vz F: X — (—00,+00], prop. ¢’x, L.s.c. @9 & Tk

WoxVELVE#R F*(p) = sup {(z,p) — F(x)}  Fenchel-Moreau ®xt F** = F, F**(z) = sup {(z,p) — F*(p)}

rzeX peEX*
Toland B> F G : X — (—o0,+00], prop. ¢’x Ls.c. L(z,p) = F*(p) + G(x) — (z,p) 777»vam#
J(@)=G(z) - F(z), J'(p) =F"(p) =G (1)  — | inf L=infJ=infJ* ==vv=«
" " XXX X X *
R - HIRER
d T — ] — J(x)
© L(a(),p(t) <0 — FEaEE s ey paenes peoaiz) = U
dt L|x€8F*(p) = J*(p) FUTA—NTFALY
FFEHERANFETILOEZLE I - TrI74—NATAv7 223 UT14%HD
18 - S8 - R Nonlinearity 2010
: _ : 1
inf{F(u) |u>0, [|[ul|[{ =87} > - n =2 inf { Js-(v) | v € Hy(Q)} > —o0
Mt
BHIRILF— < > IGOREM
1
Flu) = / u(logu — 1) — % ((—=A)u,u) Ia(v) = §||Vv||§ - )\log/ e’ + A(log A — 1)
Q 9)

u >0, |ulli =\ nree vE H(Q) #rosoans 9




JA4—7FTI

LTV T 4y o HEE (NTiERE)

AL Utt + Uroxrr — (fl (ux)g + fQ(Ux))x (uxa Ugzx, ezc)lx:(),l — O or (u7 Ugqg 9$)|x:0,1 — O
a0 —0pp = fi(ug)lu,y MO0O<z<1,t>0 (u,ut,0)|,—g = (wo(z),u1(x),0o(x))
ERARE
fz’ = Fi,, 1= 1, 2, Fl(E) = 04182, FQ(E) = 05386 — 04284 — 0419682 MMEZ L = 8%
TRy #h,
S | (0 +10%) (0 —102) = 07 + 0 - 0, — 02
2 b Uy h—FE AR
+1tH52
e x < (C
LA(0,T);L%) Il O0r — Ope = f(2,1), 65E|x:0,1 =0, Hlt:0 =0
{
| e g s <Clflprorovsy
0 L4(0,T;L4) T T
t 2 [ 100+ oaelly e < .7 [ 501
| e g sy < Cflpaomizimy o :
0 Lo°(0,T;L2)

g %Fﬁi@@*@ﬁ t j(iﬁﬁ'??j_: Yoshikawa 05 10




AN FHIIE

Utt + Ugpgzr = (fl(ux)e + f2<uac>)ac7 Qt — ‘9:1:510 — fl (Ux>0uact (ua:7 Ugzx, 033)|q;:0,1 =0 fl (O> — f2(0) =0

IXRLVX—REF
1d 1d ! dE
gl + 5 g lueel = = [ (At + hwlun dz —  SE =0

1 d 1 d t
=— | 0;—0,, dv — — | Foluy)dr=—— | 0+ Fy(u,) d
/ot T dt/o o (uy) dx dt/o + Fo(uy) dx

1
Hlt:O = 80 > 0 — (9(,t) > 0 5(‘915 - 930:1:) — fl(ua:)uxt — Fl(“x)t

Ivhbar-iEkx

dW Ly L 7o.\?
v R I 7z <
7 /0 7 dx /0(9> dr <0

1 1
E = Slludlls + 5 lluasll2

¢
+/ Fs(ug) + 0 dx
0

¢
W = / Fi(ug) —logf dx
0



E%qkﬁﬁx Ut + Uggor = (fl (ux)e + fQ(UCB))xa Ht - HCBCU — fl (uw)euwt (ul’? Uzzz, 0£U)|q;:O,1 =0

Ut = gt =0 — 9 = 5 > 0 constant associated with U by E(’U,7 O7 9) = b — E(’UJ(), Ui, 00)

— 1 1 t
Urprr — (Gfl(uﬂc) + fQ(Uw))OC? (uwﬂuwﬂcil?”a::(),l =0 E(u,ut,e) — §‘|Ut‘|% + 5”“39:3”% +/ FQ(U:B) 0 dr
0
1 1
ZoNBEE | Ji(uy) = / Fi(ug)dz — 0+ %Humﬂg —I—/ Fs(ug)dx =b
0 0

1 1
Bos) = glusel3 + | Fatu)da

— 5J2(ux) = §5J1(Ux>, 5 b — Jg(ux> — (SJQ(’LLJ;) = —(b — JQ(Um))(SJl(Ux)
—  0Jp(ux) =0, Jp(uy) = Ji(uz) —log(b — Ja(uy))

V=1, — Jy=Jv),veVy,, V,={veH;|Jy(v)<b}



f_k
111
111
|1
«]
N
Nl
A

1 1 1 1 1
b= FE(u,us,0) = 5 |ut\|§ + iﬂumHg —I—/ Fo(ug) + 0 dx > §Hum||§ +/ Fs(ug) + 60 dx
0 0
1 1 1
Wug,0) = / Fi(ug) —logf dx > / Fi(ug)dz — log (/ de)
0 0 0
1 1 1
— > / Fi(ug)dxr — log (b — §Hum|]§ — / Fg(ux)dx) = Jp(uy)
0 0
I T Tr—NT AT 0=>b—Jo(uz) >0 — W(ug,0)=Jp(us)

— |[W(ug,0) > W(ug,0) = Jp(uy) Jp(uz) — Jp(0) < W(ugz, ) — Jp(0) = W(ugz,0g) — W(v,0)

W (o, 00) — W(T,8) < 6 = Jy(uz(-,1)) — Jo(T) < 8

BRNRTE

Jeg > 0 s.t. Ve € (0, %O], 36 > 0 s.t. ||[(v—=7)z|l2 <0, Jp(v) — (V) <d = |[(v—7)]]2 <&

Uy € C([O,—FOO);H&) — (1,0) ZAFREE s voshikawa 07



ez | S1(v) #0, v#0

F;, 1 =1,2: real analytic
K - R

—_ T ART O/ LR/ NELTE

TS AR AT

C = {(b,v)}: total set of solutions
1. v = 0...the trivial solution, Vb

_ k22 _
2. bk_gc_ﬁak_]wQ)“'
...bifurcation points

(for normalized physical constants)

3. Vv # 0, stationary state, generates

a one-dimensional manifold C C

(branch)

b b 7 << 1 3
(). (s)). Is o) = 0
the bifurcated branch

from the trivial solution at b = by = oscillation of b

= = hysteresis

5(0) = —qq0,. + m L 3as = hetero-clinic orbits

a1

non-trivial global minimizer

P
<

9 b
i
b < by = v = 0: linearly unstable v 3/

=

non-trivial global minimum
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