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1. REAROBETNF

Model

Non-equilibrium thermo-dynamics

Q) ¢ R? bounded domain, 9 smooth

1. Euler-Smoluchowski Part

gravitational

vortex term diffusion mass velocity

up + BV - (uVrv) = V- (Vu —uVo) in Q x (0,7)
ou Ov Ov
ov —ulg, —I_BE) oo 0, ul_g =uo(z) >0

flux zero

2. Poisson Part
—Av =1u, v|gn =0

Green'’s function
action at a distance (long range potential)

G(QZ’, ZC/) = G(CU/, CU) symmetry (action-reaction)

9 9
v=(% ) v =( )
O0xo oz

Xr = (xlaxQ)a xJ_ — <—CC2,5131)

outer unit normal vector

= (%) = ()

6 = 0 Smoluchowski-Poisson equation

stationary
total mass conservation, free energy decreasing ===  Boltzmann-Poisson equation

scaling invariance === critical dimension, critical mass

weak form == quantized blowup mechanism, recursive hierarchy

both in blowup in finite and infinite time

The same structure with different sub-collapse dynamics



Keller-Segel system

1971

Reductions Nanjundiah 73

Michaelis-Menten

’U,t — v . (dl (’U,7 ’U)V’U,) o v . (d2 (’U,’ ’U)V’U) k‘]_'Uw - (k‘_]_ —1_ k2)p — O quasi-static
w + p=c total mass conservation
vy = dy Av — kyvw + k_ap+ f(v)u
w = dypAw — kyvw + (k—1 + k2)p + g(v, w)u u = V- (di(u, v)Vu) =V - (da(u, v) Vo)
pr = dpAp 4+ kyvw — (k-1 + k2)p vy = dyAv — k(v)v + f(v)u
Cklkz
Uu=mu ZC,t cellular slime molds k —
(( t)) llular sl Id g (U) (/f_1 n k‘g) o
vV = x) attractant 7 i
w = ’U)(gj7 t) enzyme = o Childress-Percus 81
P=p@t) e hy(,0), (o), f(0) o
mass X velocity =flux (momentum)

da(u,v) = uy’ (v)

sensitivity

1. transport, gradient

(a) diffusion u,v,w,p

(b) chemotaxis v — u

2. production u — (v, w)

3. chemical reaction v, w,p

(k1) = 5 (k2)
et S

v = —kivw + k_1p
wy = —kyvw + (k_1 + k2)p

Jager-Luckhaus 92
W ‘I— A no vorticity term  Smoluchowski
uy = V- (Vu — uVv),

short range approximation

ou_ o,
ov 3V89_

Poisson (9?)
—Av =u — —/ / v=0, —
it

V+W

=0

pe = kivw — (k—1 + k2)p




Statistic ensemble and nOﬂ-equilibrium thermOdynamiCS S. Mean Field Theories and Dual Variation, 29 edition, Atlantis Press, 2015

system consistency dynamics ensemble
isolated energy entropy micro-canonical
closed temperature Helmholtz free energy canonical
open pressure Gibbs free energy grand-canonical

Duality between Field Distribution and Particle Density

field potential v=(-A)"tu= / G(-, 2" )u(z")dz’
Q

particle density duality
Smoluchowski Poisson symmetry
ur =V - (Vu —uVo)
ou Ov —Av=u v|yg =0
— —u—| =0
Ov oV | 50
Helmholtz fee energy Model (B) equation 5
1
Fu) = / u(logu — 1) — = ((=A) " u,u) uy = Vu-VoF(u), =—0oF(u)] =0
Q 2 | OV . o2

5f(u) _ ]()g  — (_A)_lu total mass Znservatlon, free energy decreaseing

dF

e —:—/u|V(5]—"(u)|2§O




Thermo_dyna mical structure thermally closed system (canonical ensemble)  independent of the vorticity term u('j t) > 0

d
total mass conservation —/ u = / V . (Vu — UV’U — B’UJVJ_U) = a_u — ’UJ@ — B’UJ— dS = O
dt 0 0 o0 aV aV

free energy decreasing Ut — V . U(V(logu — U) — /BVJ_’U), ’U(le,t) = / G(CC, CC/)’LL(CC/, t) dCC/
Q

-(entropy) inner energy
1
[ wnttogu—v) =% F) = [utogu-1 -5 [ [ Gaausu
Q dt method of symmetrization Q 2 QxQ

— / [v . (UV(logu . ’U) . /BvJ_U)](logu . ’U) Helmholtz's free energy A = U — TS

Q

1 _

= / —u|V(logu —v)|* + puV+v - V(logu —v) dz ViV =0

Q

/UVL’U-Vlogu:/VL’U-Vu: @u—/((V~VL)’U)u:O
Q Q o0 OT Q
A= / U
Q

d ) Tanonen Ae” |
af'(u) g /Q u’v logu — @)’ S 0 u = fQ o dr Boltzmann equation




Boltzmann Poisson equation

Euler’s equation of motion

v+ (v-V)o=—-Vp, V-v=0, v-v|y, =0
M w=V-v = wi+ V- (vw)=0, V-v
'U:VJ_w stream function

Wt -+ V . (C&)VJ—w> = O7 —Aw = W vorticity equation

boundary condition =~ == w|8Q = O simply-connected

w(W t) — / G(a x/)w(xly t)dﬂf, Green function
Q
G(CE’, CU/) = G(CC/, CE‘) action reaction law

0

12
Cd(dilf, t) = Z Q,L(le (¥) (dgj) point vortex system

=1
weak form de
local second moment P.V. ===  Kirchhoff equation — Vi_ Hg
dt ‘
point vortex Hamiltonian 042
7
Hy(zy,...,x¢) = E 7R(£Ej) + E a;o;G(x, x;5)
{ 1<J

1
Robin function R(QC) = [G(CC, CC,) + 2_ 10g ‘,CC o $,|]
T ' =x




Thermal equilibrium

canonical statistics

Gibbs theory of statistical mechanics

micro-canonical statistics

total energy

dqi o oOH dp@- o
dt  Op;’ dt
R%/{H = F}
x:(qla"w(Mapla"'

d%(E) < {z e R | H(z)=FE}

micro-canonical measure

Boltzmann constant

RO /{T}, B=1/(kT)

60 e PH 1y B
- I = S 26,0 [

inverse temperature

e BH dy

; , R6N
) 1 <1< 14 canonical measure weight factor
dq;
thermo-dynamical relation
co-area formula a .
r udZ(E) 6 = == log W(E) propagation of chaos
ap€)7 dx = dFE - ‘ ’ OF Pointin-Ludgren1973 etc
VH

P = -~ a.. vorticity
fQ e—BY

thermal/equilibrium

weight factor

P N L N o W = / G2 ) p(a V! sveom oncion
w(E) |[VH] (a-py |[VH] ¢
dualy |_BOltzmann-Poisson equatior
a2 — —Av=u, v|gy=0
Hy(zy,...,x¢) = Z 7R(£€j) -+ ; OéZ'ijG(CCi, CCj) principle of equal probability Aev
t vsJ Hamiltonian? U

— H, &*(3 =2

B Joevdx’

one-point PDF
factorization

{1 400

A= lull

5




Hamiltonian is recursive

e’

u

Boltzmann Poisson

Ae?

:W —Av =1u, v|gn =0

—  —Av=——, Uy =0

erv’

Nonlinear eigenvalue problem with nonlocal term

point vortices ~ negative inverse temperature L. Onsager 49

order structure in negative temperature

G(CE, CU/> = G(CC/, ZU) action-reaction law

/ ]‘ /
R(x) = |Glx.2') + —1 T — T

r'=x

Theorem A (Nagasaki-S. 90)

{(Ak;s o)}y Ak = Ao € (0,00), |lvglloe — 00
— )\() == 87'('6, é -~ N, 38 C Q, ﬁS — E stationary quantization

(sub-sequence) Vg — v loc. unif. in 2\ S

vo(x) = 87 Z G(z,zo), S ={z],...,x;}

ToES  singular limit blowup set
VHE ‘ (ml,---,a:g):(sc}‘ ’...sz) — ()
1
Hg(il?l,. ..,fo) — 5 E R(LE?/) + E G(LU,“:L‘J) kinetics?
? 1<J
bifurcation of the singular limit symmetry breaking - imperfect bifurcation
ESSe G\}
e
O A ;
ko ‘ 7
= Mizoguchi-5. 1997




From quasi-stationary to stationary

Euler-Smoluchowski-Poisson equation au 87} a'U
o —ulas +B5)
T 1o

Ov

factorization (propagation of chaos)

Hamilton system of many particles with inner interaction of long range

wg + AV - (uV*rv) = V- (Vu — uVo) in Q x (0,T)

=0, u|,_g =1uo(x) >0

—Av =u, vy =0

N

state of the system

Chavanis 08 relaxation to the equilibrium in the point vortices, kinetic equation + maximum entropy production

Sire-Chavanis 02 motion of the mean field of many self-gravitating Brownian particles, BBGKY hierarchy + factorization

0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05
0

Staniscia-Chavanis-Ninno-Fanelli 09

o !
2 L) I
" ’ &
I L L | I L L

10°
initial

relaxation

10°
t

10 10°

<>
relaxation

quasi-equilibrium
(stationary)

equilibrium (stationary)

recursive hierarchy?

time

6

Pn(z1,@2, -+, 2N, 1) = le(xiat)
high energy limit =
BNO(2:B, aN =1, w=P;

0
E%“#VLw-Vw:nNW(Vw+¢vaw)
—AY = w, ¢|aQ =0

B=—\

negative inverse temperature

Kyoto 2011. 8. 28-31 7




2
Scaling | w,(x,t) = p*u(px, p?t), p >0 up(®) = pru(pz), p>0

1 total mass conservation —||U<t)||1 — 0 ||'U/||1 = ||Up,||l = )\ <& 1, = 2 critical dimension
dt
ree ener ecreasin 1 1 1
w e enereye ’ 1 F(u) = / u(logu — 1)—§<F xu,u), ['(x)= oy log —
f(u) = / u(logu — 1) S // G(CE,CL’/)U 2 u R2 ~ |x|
Q 2 QxQ \? )
d F(u,u) — (2)\ _ 4_) lOg,LL + .F('U/) critical mass )\ — 87‘(‘
E]:(u) :—/u|V(logu—v)|2 <0 m
Q
. po(,2') = Vo) - VoGl ') + V(') - Vo G, )
Weak form RS C’Q(ﬁ), a—f =0 Pi(ﬂfa $’> = V() - ViG(x,az’) + Vgp(x’) ‘ vj:_’G(xax/)
o012
d 1
11 / SO/U’ dx — / /U’ASO dx —I_ a // (IOQO('CU?'CU,) —|_ BPJ_('CU?ZU,))/U’ ® u dxdx, method of symmetrization
dt Jq Q 2 QxQ N e | .
cL (QXQ)\C(QXQ) F(x):—log—
27 x|

Green function | (g, 2") =T(z—2')+ K(z,2'), K = K(z,2') € C'T%?(Qx Q)n (1 x Q)

ro € 00 — G(z,2') = B(X, X +K(z,2"), K = K(z,2") € (C*T%9nC*(Q N B(zy, R)xQ N B(zo, R))
X :QNB(20,2R) = Ry = {(X1,Xa) | X2 >0}  X(390N B(xo,2R)) C OR2

conformal diffeomorphism

EX,X)=T(X -X")-T(X - X)) X:(%) — X*=<_)§é2) 3




Results

) ¢ R? bounded domain, 9 smooth

wg + AV - (uVrv) = V- (Vu — uVo) in Q x (0,T)
ou Ov Ov

——'—‘U(——'+/35;)é%2

5 5 =0, u|,g =1uo(x) >0

—Av=1u, vlyg=0

Hamiltonian control of sub-collapse dynamics

TheoremB | T' < +00 =—
u(x,t)dr — Z m(x)dz, (dz) + f(z)dx

ToES

m (gjo) 6 87‘(‘N collapse mass quantization possibly with sub-collapse collision

blowup set

S={xg€ Q| 3z — 0, tr T T, ulxs,tr) = +oo} C Q

ﬂS < ‘I_OO finiteness of blowup points

O < f — f(ﬂj) E Ll(Q) ﬂ O(ﬁ \ S) measure theoretic regular part

Theorem C

T = 400, limsup ||u(-,t)||ec = +0
tT+oo

— )\ = ||U0H1 = 87T€7 Ew - N initial mass quantization
E'LU* - QE \ D’ VH£($*> — () recursive hierarchy

point vortex Hamiltonian Robin function Green function

Hy(x1,- -, 20) = % Z R(z;) + )  G(wi,x;)

1<J

Corollary 1 T < +oo |if

exclusion of boundary blowup

A\ € 87N, A stationary solution or F(ug) < —1

A€ 8ml, £ € N, A critical point of Hy

Corollary 2 () convex A\ # 8w

— T < +00 or T — OO pre-compact orbit

El stationary solution 9

c.f. Grossi-F. Takahashi (2010)




2. BRI EEFE

Proof of Theorem B

¢ regularity 1 d p+l 4p \Vi P
g < IV R +

+2 +1
lullprz  llzllpry < Collzllallz Il

n=2 Gagliardo-Nirenberg inequality
Jeo >0, [Juoll1 <eo = T =+o00, [lu(-t)]lec <C et oun it

Moser’s iteration scheme

maximal regularity
localization lion i sup 1wl Dl L1 (@B (e.r)) < Fe0 = T0 &S
nice cut-off function 10€N, 0<RK1, p= O, R €V

_ 5
0<0<l o I, xe¢€ B(afo,%) Vol < CR™ 0 _ 9
=P=59%700, 2R\ B(zo,R) |V <CR 205 YV={peC’@)| 5| =0}

ov 50

10




Formation of collapses

symmetry of the Green function E— weak form (symmetrization)
d 1
€ C*(Q), O =0 dat /o /ASO u( -I-§// (psp—l—ﬁqu)(x,x’)u®u
oV | 50 QX0

lpelloss llpglloe < ClIVElen

boundary behavior of the Green function
singularity cancellation by the symmetry

monotonicity formula A = ||u(-,t)||1 weak continuation

d / o 0 < Ju(dx,t) € C.([0,T], M(Q))
dt

< C(A+ A V|l _
( ) le u(x,t)de = p(de,t), 0<t<T
E -regularity

lim 1 < deg = S lim 1 >
limlimsup [lu( Oll s onpeo,my < F0 > 20 #S = @0 €S = lmlimsup u(,t)ll1s@nzg.m 2 <

=== monotonicity formula

lim lim inf >
lin lim inf [|u (-, 1)l| 22 (@nB(zo,R) = €0

— 1S < 4 formation of collapse

p(dx,T) Z m(z9)0z, + f(x)dz, m(zg) > e, 0 < f = f(z) € L (Q)

ro€ES singular part regular part 11




Generation of the weak solution

separable

0 < p=p(dr,t) € Cu([0,T], M(Q))  weak solution Y = {p e C*Q) 9y =0} x= [XO]LOO(QxQ)

Ov
def o0
— 0 < ElN — N ',t & L:O O,T 7X/ multiplicated operator — —
> ( ) ([ ] ) Itiplicated op XQ:{pcp—l—ﬁ,Oé—FlMgOEy,?,DEC(QXQ)}

1. t€[0,T] — {(p, u(dx,t)), p €)Y a.c.

d 1
2. — Ao, ) = (Ap, ) + 5{pp + Bz, N(,t)) ae. t €[0,T]
3. No@am =non T @) = (R0 =X 0<t<T
d
_ et )] < OO+ )Tl
Theorem1  ux(dz,t) € Ci([0,T], M(Q2))
N, € L(]0,T],X") weak solutions w=u(z,l) dassical solution
0< () <C = N(,t) =u(z,t) @u(2',t) drds’
INe(, )| < C sub-sequence NG O[x =A% A= [Juolx
luk (dCIf, t) — ,LL(dCC, t) in C*([()? T]7 M(§)> Weak solution is not unique!

Ne(,t) = N(-,t) in L2([0,T],X’") weal solution

12




Backward self-similar transformation

xo €S

y = (z —20)/(T— )%, 5 = ~log(T ~ 1)

2(y,s) = (T — t)u(x,t)

weak limit Si T +00  subsequence

2(y, s + sk)dy — 3((dy, s) in Cy(—o00, +00; M(R?))

Put Z(y, S) j— O where it is not defined.

M(R?) = C(R?)
Coo(R?) = {z € C(R* U {o0}), z(c0)

= 0)

ToES

u(x, t)de — Z m(zg)dz, (dx) + f(x)d

0k

First parabolic envelope

d / )
—_— u . T

|<90560,R7u('7t)dx> T <90J30,R7:u(dx7T>>| < OA(T o t)/R2
sy +5=—log(T —t), R=b(T —1t)/?

—)

< C)\R_Q, O<RxK1

[(P0,by 2(+s 8 + 5E)AY) — (@ pe-(stsp)r2, i(dz, T))|
< Oy /b?

pde,T) = Y m(x0)0az,(dz) + f(z)dz

ToES

k—o00, bT 400 — |m(zg) = (R, s)

Second parabolic envelope <|y|2, C(dy, S)> <C

13




Limit equation T €S

y = (z—x0)/(T —t)"/2, s = —log(T —t)
2(y,s) = (T — t)u(zx,t)

y € (T—1)"2(Q— {zo}) = Qs
—logT < s < +oo, ||2(,9)][1 = A

2e =V - (Vz—2V(w+ |y|*/4))

0z 0 9 ow B
o~ gt W 550)| =0
w(.,s):/Q Gs(-y)z(y's s)dy’
Gs(y,y') = G(z,2")

Theorem 2 0 c Q — SL T —|—QO subsequence
2(y, s+ sp)dy — 3¢(dy, s) in Cu(—00, +00; M(R?))

Proof peC3(R?), s> 1

d
— w:/ (Osop+y-Vo+ Ap)z
dS O, O,

1 S /
+5 P (Y,y')2 ® 2
O, x0Og4

O = Qs x {s}
po(y,y") = Voly) - VyGs(y,y)
+Vo(y') - VyGs(y,y)

G(x,2')=T(r —2') + K(x,x")
(z,2") € (A x Q) U(Qx Q)
1 1
oo — S
[ =578 nr Gulyy) =Ty —y) - =
+K (e *y+ xg,e %y + x0)
14

(s + BV - (VAT () =V - (V¢ = (VI * ¢+ |y|*/4)) in R® x (—00,+00)




Exclusion of boundary blowup zo € 09 © = |y|*Yr, Yr(y) = ¥(y/R)

0 < ((dy.s), C(R?5) < A= [luofl1, supp ((dy,s) € R ¥ = woally)

(s+ BV - ((VFE*() =V - (V¢ = (V(E ¢+ [y[*/4)) in RE x (—o0, +00)

2
%_ (Q(E*C_F%)_i_ﬁgE*C) —0 A90—4¢R+4E V(% ) |y| A¢( )

ov
— 9,2 2Y Y
E(y,y) =T(y—y') - T(y — o) y- Ve =2yl"r+lyl g WR>
(1+|yl*,¢(dy,s)) < C

action in long distance

= (dominated convergence theorem)
S2

. Y
| Ap+ 2. d
pm ) ( P+ 3 Ve, ((dy,s))

= 4(s9 — s1)m(xg) + /82 I(s)ds

s) = (lyI*, C(dy, s))
d[ contradiction

i dm(xg) + I(s) a.e. s = RlTiinoo I(s) = 400




Proof of Theorem B (continued) Ty €S u(x,t)de — Z m(x0)dz, (dz) + f(z)dy
TgES

backward self-similar transformation
parabolic envelope

y=(z—z0)/(T—1)"/? s=—log(T —t) , 2
2(y,s) = (T — t)u(zx,t) m(zo) = ((R, s) <|y| ,C(dy,s)> <C

weak limit S T +o0o  subsequence

2(y, s + sk )dy — I¢(dy, s) in Cyx(—00, +00; M(R2)> scaling back

((dy,s) = e *A(dy’,s"), v = e %y, s = —e°
limit equation  exclusion of boundary blowup xg €
(s + BV - (VT () =V - (V¢ = (VT * ¢+ [y[?/4)) in R? X (—00,+00) J

Ay + BV - (AVF T x A) =V - (VA — AVI x A) in R? x (—00,0)
A= A(dy/, 8/) Z 0, A(R2, 3,> — m(ZIS()) semi-orbit on the whole space

singular part m(s) sub-collapse

Cs(dya 3) — Z mj( )5y3(3)<dy) € — regularity

j:1 singular part

m(s’)

m(s) < m(ZU())/E(), |y7(8)| < 07 ?”77/7(8) > €0 second parabolic envelope AS Cly 8 Z mj (s’) d /)

16




Ay + B8V - (VT xA) =V - (VA—- AVI % A) in R? x (—00,0)
A= A(dy,s) >0, AR?,s) =m(xo)

singular part m(s

A*(dy', s") Z i (s')dy (s (dy’) VAD(y —y)-Viyl> + V' Ty — ) - VIy'[? =0

scaling limit 36 < O, 1 S ] S m(Sg)) fix Theorem 3 (Weak Liouville P"OpertY) weak solution (measure valued)
flﬁ(dy’, s") = B2 A(dy, s) as+ BV - (aViTxa) =V - (Va—aVI*a) in R* x (—00, +00)
y =By +yj(s0), s =%+ s0 = a(R? s) =0 or 8 Kurokiva-Ogawat3

j )

Bk \J/ O subsequence N

’ ] — y(sh) = A(R2,0) = 8r

Ag, (dy', ") = A(dy',s") € C.(—00,sh; M(R?))
A(dy/, 8/) _ m; (56)5O(dy,) weak solution residual vanishing £ sub-collapse

if |A%(dy’,s') = 0| — A(dy',s") =8m ) 8y (s (dy')
translation limit absolutely continuous part g=1

Ap(dy',s') = A(dy', 8" + si), sk | —o0

— m(ﬂf()) = 87‘(’6 collapse mass quantization

17




residual vanishing A% (dy’ s') =0 = ¢““(dy,s) =0

Ay + BV - (AVHT x A) =V - (VA—-AV'T x A)
1st envelope 2nd envelope

m(zo) = ((R?, s) (Jy[?,¢(dy,s)) < C

(s + BV - (VIT % () = V- (VC— V(D * ¢+ [y]?/4))
A(dy",t:")\

scaling invariant regularity  attractive potential toward infinity

s’ <0

¢(dy, s)

\ seR

outer second moment

Collision of sub-collapses

uniform estimate of self-interaction part

d 1

%«07 ¢) > (Ap —Co, + o TPrs ¢), v =(r) — improved regularity

p(r) =&(r/R), &(r) = (r* — 1) ((B(yo,2r),s) < &g

R>1 = Ap+ %TQ&T >Cor, 72 R - I<C S)”LOO(B(Z/O,T)) < Cr?

M )y ) 20— ((dys) = C(dy.s

18




Gagliardo-Nirenberg

Improved regularity

Lemma (e, R) >0 — T 3J°* < Cgr, J= /Qu(lf)gu —1)+1dx
wg + BV - (uVT xu) = Au— V- (uVT xu) in R* x (0,7) d
t _t—2 _|_ 3(t_2)3/2 — t_3
ul,_o = uo(z) >0 dt
Jeo, R, to >0, Voo [[wollzr(B(xo.8R)) < €0/2 J(t) <t72, 0 <t <min{ty,to}, t5° = Cr

parabolic regularity

- VT E (O,to)

scaling
su () Lo (B(2 < +00
ug + BV - (VT s u) = Au— V- (uVI xu) in R* x (=T, T)

Proof E'tl S (O, T), ||u0||L1(B(x0,8R)) < 50/2 weak solution generated by classical solutions
- S(UP | w5 )| L1 (B(2o,am) < €0 JuollLr (B(zo,2r)) < €0, U0 = Ul,—q =

te(0,tq _

sup Hu(°7t>”L°°(B(:BO,R)) S CR 2
d tE[—O'()R2,O'()R2]ﬂ(—T,T)

1
- u(logu — 1) dx + —/ uwHVul?p de
dt RS2 8 R2

§C¢703t<t1790:90$0,R . . . . .
scaling invariant regularity (reverse scaling back)

C(B(yo,2r),s) <eg = ||C('7S)||L°°(B(yo,r)) < COr?
Hu(’ t) HL log L(B(x0,2R)) Involved by the initial value! T




Sub-collapse dynamics

Tracing sub-collapses by the local second moment

simple blowup point

d =Y 8715, (o (d — ling back
C(dy,s) =) 8mdy, (s (dy) scaling bac (=1 = ((dy,s) = 8mdo(dy)

j=1
in dynamics
Aldy',s") = Z 87T5y/_(3/)(dy/) recursive hierarchy ¢ > 2
=1
/ / / . 2 dyJ 1 / O/ ./ /
Ay =V - (VVA—AV'TxA) in R X (—00,0) 7o/ + 81 BV; HY (1, yg) = 8TV H] (1, -+ 5 )
Hg(ylla 7y£ Z F yg_yk
1<5<k<t
1 1
L(y) = 5 log
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Collision of sub-collapses
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Summary

1. Thermal equilibrium of the point vortex mean field is described by the Boltzmann Poisson
equation.

2. Onsager’s conjecture of the formation of an ordered structure in negative inverse temperature
is realized as the Hamiltonian recurrence with quantized blowup mechanism.

3. Smoluchowski Poisson equation is the fundamental equation for canonical ensembles of
Newtonian particles. With the vorticity term it is the kinetic model from quasi-stationary state to
stationary state of many point vortices.

4. The stationary state is the Boltzmann Poisson equation of which total set of solutions controls
the global-in-time dynamics (potentials of self-organization).

5. As a consequence there is a quantization with Hamiltonian control in blowup in finite and
infinite time.

6. If blowup in finite time occurs there is a formation of sub-collapses of normalized masses
with a possible collision.

7. The residual part other than sub-collapses vanishes in the whole space of rescaled variables,
called the parabolic envelope, while the motion of sub-collapses is controlled by the point vortex
Hamiltonian in the rescaled variables.

8. As a consequence any blowup point is of type I, and if the free energy is bounded then it is
simple, whereby the local free energy in the parabolic envelope diverges to plus infinity
(emergence).

9. Blowup in infinite time, on the other hand, occurs only when the initial mass is quantized,
whereby there is a formation of collapses with a normalized mass of which kinetics is subject to
the anti-gradient system of Hamiltonian to create a clinic orbit of its critical points.

10. A relative of the Smoluchowski-Poisson equation is the simplified system of chemotaxis,
where the Poisson part is modified.

11. The total set of stationary solutions, however, is quite different according to the form of the
Poisson part.

12. There is a dis-quantized blowup mechanism if the model is provided with the relaxation time,
which is nothing but the model B — model A equation derived from the Lagrangian associated
with the Toland duality.

13. Several models in non-equilibrium thermo-dynamics are provided with the structure of semi-
unfolding-minimality between the Lagrangian and the field functional, which induces a general
criterion of the dynamical stability of the critical point if it is analytic.

14. Higher dimensional analogous of the 2D Smoluchowski Poisson equation is a degenerate
parabolic equation associated with the Tsallis entropy, where the finiteness of type Il blowup
points is known.

15. Its stationary state is realized as an elliptic free boundary problem provided with the
quantized blowup mechanism controlled by the Hamiltonian.

16. Euler-Smoluchowski-Poisson equation is treated similarly except for the sub-collapse
dynamics.

Open questions

1. Real rate of blowup (for the case of sub-collapse collision)

2. Any blowup point is of type Il in the higher dimensional degenerate parabolic equation.

3. Hausdorff dimension of the blowup set of the higher dimensional Smoluchowski
Poisson equation | less then or equal to (n-2). A partial answer is known.

4. Hamiltonian control of the blowup set is efficient to many elliptic problems.

5. There is a general view of dynamics in the models associated with the Kuhn Tucker
duality.
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