Smoluchowski-Poisson
-quation 3

Hamiltonian Control in Three Phases of Time Evolution




1. The model — statistical mechanics u=u(x,t) >0 density

0 c R? bounded domain, 8 smooth 73 = —Vu+ uVv flux (diffusion v.s. chemotaxis)
uy + V- 73=10 conservation law

1. Smoluchowski Part 2. Poisson Part v=(-A)"1lu potential

ug =V - <vu N uvv) —Av = u, v|8Q =0 attractive (chemotaxis, gravitation)

B_U — @ =0, u|f_0 — uo(a:) > 0 Green’s function :;:Lomneattr;(ggiz?miggggnr)ange potental

Ov oV | 5q . Gz, z') = Gz, x)

Chavanis 08 relaxation to the equilibrium in the point vortices, kinetic equation + maximum entropy production
Sire-Chavanis 02 motion of the mean field of many self-gravitating Brownian particles, BBGKY hierarchy + factorization

canonical ensemble

_ d self-similar transformation
1. total mass conservation ||u(t) ”1 — 0 5 5
dt wy(x,t) = pru(pe, p°t), 1 >0
2. free energy decreasing w,(z) = quu(lw) >0
, 1 [ , M — 5
F(u) = /Q u(logu —1) — 5 / /QQ Gz, 2" )u@u lully = upli =X © n=2  ctias dimension
i}"(u) = — | u|V(ogu —v)* <0 | 1 - -
7 = /. g < Flu) = . u(logu—l)—§<I‘*u,u>, I'(z) = %logrx'

)\2
F(uﬂ) _ (2)\ — E) ]Og,u -+ F(u) criticalmass \ = 7T



Theorem A (blowup in infinite time)

— initial mass quantization

recursive hierarchy

point vortex Hamiltonian Robin function Green function
Corollary 1 if
(1) or

(2)

Corollary 2 Q) convex

or compact orbit

c.f. Grossi-F. Takahashi  stationary solution

S. Chemotaxis, Reaction, Network, World Scientific, Singapore, 2018

Theorem B (blowup in finite time)

blowup set

Poisson

diagonal

Robin function

collapse mass quantization possibly with sub-collapse collision

exclusion of boundary blowup

measure theoretic regular part



2. Blowup in Finite Time (Proof of Theorem B) - Rescaled Hamiltonian induces residual vanishing

symmetry of the Green function — weak form (symmetrization)

boundary behavior of the Green function
singularity cancellation by the symmetry

monotonicity formula weak continuation

epsilon regularity via
Gagliard-Nirenberg inequality

e formation of collapse



1. nice cut-off function some technicalities

2. s functi
Green's function 2.2. boundary regularity

fundamental solution conformal diffeo.

2.1. interior regularity

weak scaling limit = exclusion of boundary blowup

discontinuity at the diagonal



related notions
0 < p=p(de,t) € C.([0,T], M()) weak solution
— 0<3IN =N(,t) e L=([0,T], X"

1. t€[0,T) > {p,u(dz,t)), o€y ac.

2. Lo m) = (B ) + = (g, N(, 1)) ae. £ € [0,T]

dt 2

3. Nlo@xay =rOw

Hk‘(dxvt) = C*([OaT]vM(Q))
Ny € L([0,T], &)

Theorem

weak solutions

0 < ur(Qt)<C
NG5 Dl < C

sub-sequence

pr(dz,t) — p(de,t) in C.([0,T], M(Q))
Nk('7t) = N('7t) 1n L?([O,T],X’) weal solution

YV ={p € C?*N) v

8 >0
9Pl 0} & = [a]ET (@Y

o0
Xo={p,+V |0V, peCQx)}

T uw(Q,t)=p(Q,0)=\, 0<t<T

d
3o lda, )] < CO+ X Fplo
u = u(x,t) classical solution

= N(,,t) =u(z,t) Qu(z',t) dedz’
VNGl = A%, A = Jluolls

via improved epsilon regularity

Theorem | deg, og, C

us = Au—V - (uVI ) in R® x (=T, T)
uo = ul;_

Hu0||L1(B(:r:o,2R)) < €0, Uy = u|t:0 =

sup |u (-, t) || Loo (B (z0,R)) < CR™*
te[—ooR?,00R?]N(—-T,T)



Proof of Theorem B (continued)

backward self-similar transformation
parabolic envelope

weak limit subsequence weak Liouville property

limit equation  exclusion of boundary blowup translation limit

] scaling invariant regularity (scaling back)
scaling back



residual vanishing 2" envelope

(lyl?,¢(dy,s)) < C

1st envelope

m(zo) = ((R?,s)

s =V - (VC— V(I *C + [y[*/4))

scaling invariant regularity  attractive potential toward infinity

¢(dy, s)
\ seR
outer second moment
%(% ¢) 2 {Ap—Cor + %wr, )y o =p(r)

p(r) =&(r/R), &(r) =1 =1
i

Dl gy, ey 20— C(dy.s) = C(dy,s)
ds R2 + Y,s8)) = Yy,s) = Y, s

collapse mass quantization

Hy (y1,
C(R?,s) = m(xg) € 87N Wi

Ay =V' - (V'A— AV'T x A)

A(dy’, :’_)\

s’ <0

Collision of sub-collapses
simple blowup point

(=1 = ((dy,s) = 8mdo(dy)

recursive hierarchy ¢ > 2

dy’
¢
A(dy',s") = 8mby (o (dy)
j=1
! / / / 1 ]‘
ey Yp) = Z F(yj —yi)s L'(y) = %logly_’l

1<j<k<t



3. Blowup in infinite time (Proof of Theorem A))

subsequence

dilation

local second moment traces the collapse dynamics

recursive hierarchy
anti-gradient system

assume
weak solution

improved regularity
formation of collapse in infinite time blowup set exclusion of boundary blowup

subsequence

scaling limit

full orbit of weak solutions on the whole space

Liouville property collapse mass quantization

a blowup criterion excludes the collapse collision in infinite time

pre-compact



residual vanishing T; = z;(t); uplz,t) =uwlz,t+1tx), vile,t) =vizt+ip), 0<r<1

d 0
- lz — z;)%u,, = / —(|lz — x| %ux) + & - V(|z — 2;|%uy) do
dt B(wzar) B(xiar) at
Liouville’s formula = / lx — x¢|2ukt + & - |x — aji|2Vuk dx
B(zi,r)
/ |z — $i|2Ukt / T; - |r— a:i|2Vuk
Blxir) B(z;,r)
_ / 2= 2PV - (Vg — weVor) de | |= / (s - 9|5 — 2Py 45
B(x;,r) 8B (x;;1r)
ou ov
STQ/ 8—k—uka—k as —/ 2(x — x;) - Tup
dB(xz;,r) OV K Blzir)
—|—/ Qup + 2(x — x;) - up Vg dx — / AL
B(:ci,r) B(:I?z',’l")
= / mt + duy + 2(x — x;) - up Vg dx —2(x = x;) - diug do
B(ZBZ‘,’I”) d i i
i f dt = / \‘Q
7 (|lz — z;]% — r?)ug dt JB(z:,r) B(z;,r)
B(zi,r) +x; - Uy dx

< / dug + 2(x — x;) - ug Vg — 2(x — ;) - T;ux dx
B(zi,r)



compact =—

away from diagonal and boundary




d

/ (J& —&]* — ) f
B(xir)

dt JB(a;.r) k — 00 dt
1 2 as distributions in time
<4 Up — — U <4 | 8m+ /
- /B(:cz-,r) k 271' </B(:Ez,r) k) defect measure — B(a:i,r) f)
2
+C |z — x;|uk 1
B(xi,r) —5- | 8Tt f
T Biwzi,r)
= z;(t)
+C lx — x;|f
7“2/ wp — 8mwr? —|—/ ¥ B(wr)
SR e ! 0<r<1
dl ' 21
—S/ —4f + Clo — 4| f doe < —
bounded free energy ——, dt B(xz;,r) F
1. stationary collapse formation in infinite time I(t) = / (|w _ $¢|2 . ?“2)f <0
2. simple collapse formation in finite time B(zi,r) B
f=0in B(xz;,r)
higher-dimensional analogue — a challenge o
1. plasma confinement f=0

2. mean filed limit of self-interacting particles associated with Tsallis entropy

3. incompressible Euler flow with self-gravitation




