Smoluchowski Poisson
-quation 1

Symmetry of Action-Reaction v.s. Duality of Field-Particles




1. Action Reaction Law stream function (on simply connected domain)

Euler’s equation of motion

boundary condition —_—

2D —

vortex equation Green function

symmetry



weak formulation

system of point vortices

local second moment

p.v. —— Kirchhoff equation

point vortices Hamiltonian

Robin function



Point Vortex Mean Field ~ Kinetic Theory

Chavanis 08 Langevin equation mobility BBGKY hierarchy

factorization (propagation of chaos)

viscosity of particles

white noise

high-energy limit

N-pdf
Euler-Smoluchowski-Poisson equation



2. Kinetics of Newtonian Point Vortices

state of the system

Hamilton System of Many Particles with Long Range Interaction
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relaxation \
Lynden-Bell

Miller-Robert-Sommeria



patch model

static _—

Robert-Sommeria 91

maximal

entropy :

production diffusion coefficient inverse temperature
principle chemical potential

patch area

kinetic —

Robert-Sommeria 92



point vortex model

stationary

E—) Sawada-S. 08



one component case P(d@) = 01 (d&), D(g;,t) o |

wi + V- wVTY =V - (Vw + BwV)
ow 8_¢

E—l— W o =0, w|;_q=tg(x) =0

lw(8)llL = A mass

d
% (w, w) — () energy

micro-canonical

B fQ Vw - Vi
e i A
d
% | ¥ == [ wlViogw -+ pu)P <0
(I)(S) = s(logs == 1) + 1 entropy

canonical

e

B constant 2D Brownian vortices

Chavanis 08

Euler-Smolchowski-Poisson

[3 = —87{'/)\ blowup threshold
S. 14

||W(',t)||1 = X mass

d
“ —/ w|V(logw + B)[% < 0
dt a

Flw) = /Q@(w) = %((—A)—lw,w) free energy



K. Sawada (2015)

point vortex model patch model

kinetic <— Robert-Sommeria 92

static Joyce-Montgomery 73 - - -Sawada-S. 08 Robert-Sommeria 91



3. Methods of Mathematical Modeling
5. chemical reaction

A+ B —C (k)

_— (mass action)

Coarsening key factors

1. supply-consumption

U = &, Uy = _B
[A
A8 _ ks
2. production-annihilation dl B]
Uy = au, vy = —Pv dt = —k[A]|B]
2 _ s
3. transport flux dt
ur = —V - J, 7 = mass X velocity
4. gradient @
j = —d,Vu diffusion ur = DAu
j = dyuVvu chemotaxis u =V - (DVu)



Averaging particle movements gN-1 _ {we RY | |w| =1}

q = q(x,t) particle density T =T,(x,t) transient probability

t+ At) — t
master equation ala, t+ A — (e, ) :/ T_w(x—l-wA:L',t)q(w—l—wa,t)dw—/ To(x,t)dw-q(x,t)
gN—1

At gN-1
q(x + wAzx,t) / T.(xz,t)dw =71 7 mean waiting time
SN-—1
Am
renormalization 777 (. ¢) = T(x +wSE, b) T = T(z,1)
barrier fSN—l r+ W=t Am , t)dw’

Einstein formula T—l(Ax)z — 290D

space dimension  diffusion coefficient

—  Smoluchowski equation % =DV - (Vq—qViogT)

spatially-temporally continuous distribution function
Ichikawa-Rouzi-S. 12



Realizing physical laws

system

isolated
closed

open

particle density
Smoluchowski

Helmholtz fee energy

consistency

energy
temperature

pressure

duality
«—>

S. Mean Field Theories and Dual Variation, 2nd edition, Atlantis Press, 2015

dynamics

entropy
Helmholtz free energy

Gibbs free energy

field potential

Poisson

Model (B) equation

total mass conservation
free energy decreaseing

ensemble

micro-canonical
canonical

grand-canonical

symmetry



Duality of Field and Particles

Legendre transformation

free energy -« duality > field functional

Flu) = /Qu(logu —1) - %((—A)‘%,u) Ia(v) = %HVU”% — )\log/Q e’ + A(log A — 1)

u >0, [Jullt = A particle distribution potential density



ERER—ER

N
\ T /%Eiﬁwﬂﬂk 15 & R F OIS
Hamiltonian it le s
- BFILT HIRRM
R St
BF Tv hbar—oniEH
(BI%14)

Boltzmann-Poisson 512 %

A\

EFEHFRIREER

MR DIFE1L
Y bT7—0hoDEIFE
ENELIELEEROEE

BIRFHEEF
EEi

(IS

Smoluchowski Poisson H12x, B#%
ERARY PR FEEM
(Bt FRTo v BERE ERR1ER
ZHRLT BRI FILE— YR 1Em
TIPS ER R
H 7 2 DIGIE
[ vl 2 s
R v o ) | s |
R mmw ) 4 L /»\Y
N / b:-f I ]i ULy T e e RV i
TR i P BIER (D) JETH 1R (F)
/NE#EEM] ik L/ VA W BN IR=T o~ —HICAEOAT > S
11l | £ % It A R kR
t L] J U Ca KRl w KIgH
T*kaf//,ﬁ/pf/ 5
! / i‘_ﬁ Tk wamE weEE
- . | Ce I | I I
S. Liouville’s Theory in Linear and Nonlinear PDEs (Springer) e a




