
Elliptic Theory 2
Recursive Hierarchy in Boltzmann-Poisson Equation
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high energy limit  
(single intensity) 

propagation of chaos 
(factorization property) 

(Suzuki’s uniqueness theorem)

energy

inverse temperature

weight factor

duality

Boltzmann

Poisson

two point pdf compatibility

mean field limit

Caglioti-Lions-Marchioro-Pulvirenti 92, 95. Kiessling 93

1. Bounded Boltzmann weight factors {z}
2. Uniqueness of the solution to the limit equation

1. convergence to the limit
2. canonical-micro canonical equivalence in the limit
3. propagation of chaos 

OK if 

rigorous derivation



Boltzmann Poisson Equation

mean field equation 
in stream function 

Impact to the Elliptic Theory

quantized blowup 
mechanism

recursive 
hierarchy











Boltzmann-Poisson-Gel’fand equation

Theorem 3 (Gladiali-Grossi-Ohtsuka-S. 14)

Corollary (Gladiali-Grossi 09)

(augmented) 
Morse indices

non-degenerate

non-degenerate

Theorem 2 (Baraket-Pacard 98)

non-degenerate critical point of

sequence of       point blow up solutions 



3. Asymptotic non-degeneracy

Theorem (corollary of Theorem 3) 

non-degenerate critical point of

non-degenerate

locally uniformly

Proof. otherwise 

Green

drop k

sub-sequence ~ locally uniformly in 

scaling

Liouville property – Baraket-Pacard 98 



Lemma 1 (Nagasaki-S.)

Lemma 2 (Gladiali-Grossi 09)

locally uniformly 

locally uniformly 

Step 1

1. removable singularity theory

locally uniformly 

2. Green’s formula

3. localization around

4. Y.Y. Li’s estimate 

5. Taylor’s expansion

Step 2

completion of the proof

non-degeneracy + Green+

a=0, b=0

1. Kelvin transformation
2. Y.Y. Li’s estimate
3. maximum principle

exclude by



non-degenerate

Variation functional  

Quadratic form 

Linearized  operator

Theorem 3 (S. 92, Bartoulucci-Lin 15)

non-degenerate

Conjecture

conformal

Gladial-Grossi 04 
Sato-S. 07 
Grossi-Ohtsuka-S. 11 
Ohtsuka-Sato-S. 13 
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