
Smoluchowski Poisson 
Equation 1

Symmetry of Action-Reaction v.s. Duality of Field-Particles



Euler’s equation of motion

2D

1. Action Reaction Law

vortex equation

stream function (on simply connected domain)

boundary condition

Green function

symmetry



weak formulation

system of point vortices 

p.v. Kirchhoff equation

point vortices Hamiltonian

Robin function

local second moment



Point Vortex Mean Field ~ Kinetic Theory

Euler-Smoluchowski-Poisson equation

high-energy limit

Chavanis 08 Langevin equation mobility

viscosity of particles

white noise

N-pdf

BBGKY hierarchy 

factorization (propagation of chaos) 
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point vortex model 
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one component case

micro-canonical

canonical 

2D Brownian vortices 
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Coarsening key factors

3. Methods of Mathematical Modeling

?

1. supply-consumption

2. production-annihilation

3. transport flux

4. gradient

diffusion

chemotaxis

5. chemical reaction

(mass action)





Model (B) equation
Helmholtz fee energy

particle density field potential duality

isolated 

closed 

open

entropy 

Helmholtz free energy

Gibbs free energy 

energy 

temperature 

pressure

micro-canonical

canonical 

grand-canonical

system consistency dynamics ensemble

Realizing physical laws S. Mean Field Theories and Dual Variation, 2nd edition, Atlantis Press, 2015

Smoluchowski Poisson

symmetry

total mass conservation 

free energy decreaseing



free energy field functional 
duality 

particle distribution potential density

Legendre transformation

Duality of Field and Particles



点渦系

Boltzmann-Poisson方程式

Hamiltonian

多数粒子
平均場極限
カオスの伝播

凝縮
臨界
爆発

循環的階層

楕円型統一理論

Smoluchowski Poisson 方程式

無限時間爆発 有限時間爆発

近平衡力学系標準理論

場と粒子の双対性

孤立系の均質化

ネットワークからの創発

重複
衝突

単純性

量子化する爆発機構

非線形スペクトル理論
（自己組織化のポテンシャル） 質量保存

自由エネルギー

遠隔作用
作用反作用

領域の形状

エントロピーの排出
（創発性）

孤立系
小正準集団

閉鎖系
正準集団

歪対称性が導く特異性の解消

S. Liouville’s Theory in Linear and Nonlinear PDEs (Springer)



Smoluchwoski Poisson 
Equation 2

Potentials of Self-Organization



aggregating cells
moving clustered cells

1. multi-scale model  

Keller-Segel 70

cellular slime molds

chemical substances

enzymes

complices



Michaelis-Menten reduction 

quasi-static

mass conservation

Nanjundiah 73

constants

sensitivity

Childress-Percus 81, Jager-Luckhaus 92

Smoluchowski-Poisson equation





2. Thermo-dynamical structure

Sire-Chavanis 02 

motion of the mean field of many self-gravitating Brownian particles

kinetic equation +  maximum entropy production  

1. Smoluchowski Part

2. Poisson Part

a) Debye system (DD model)

b) Childress-Percus-Jager-Luckhaus 

model (chemotaxis)

other Poisson parts

Chavanis 08 

relaxation to  the equilibrium in the point vortices BBGKY hierarchy 

+  factorization 

global-in-time existence with compact orbit

Biler-Hebisch-Nadzieja 94  

blowup threshold 

a. Biler 98, Gajewski-Zacharias 98, Nagai-Senba-Yoshida 97 

b. Nagai 01, Senba-S. 01b 

transport

potential

closed system



SP equation 

1. total mass conservation

2. free energy decreasing

3. weak form 

density 

flux (diffusion + chemotaxis)  

potential  

attractive (chemotaxis, gravitation) 

action at a distance (long range potential) 

symmetry (action-reaction) 

Green’s function

conservation law 



Scaling and Variation

self-similar  transformation

critical dimension 

Trudinger-Moser inequality 

blowup threshold

Critical mass







Senba-S. 00

thermally closed system total mass conservation

free energy decreasing  

stationary state

Poisson

Boltzmann-Poisson equation

interior boundary

blowup threshold 



Theorem B1 (blowup in infinite time) 

Corollary 1  if

stationary solution

singular limit

or(1) 

(2)

Corollary 2  

compact orbit

convex

or

stationary solution

Theorem B2 (blowup in finite time)

S. Liouville’s Theory in Linear and Nonlinear PDEs, Springer, 2021. to be published   

c.f. Grossi-F. Takahashi 2010

recursive hierarchy

quantized blowup mechanism in dynamical level

point vortex Hamiltonian 

Green’s function

Robin function

blowup set



Senba-S. 01 weak formulation 

monotonicity formula 

formation of collapse 

S. 05
parabolic envelope (1)

scaling invariance of the scaling limit

a local second moment 

S. 08 scaling back 

Senba-S. 02a weak solution 

Senba-S. 11 translation limit 

weak solution generation

instant blowup for over mass 

concentrated initial data

collapse mass quantization

Kurokiba-Ogawa 03 scaling invariance non-existence of over mass 

entire solution without 

concentration

limit equation simplification

concentration-cancelation 

simplification S. 13a limit equation classification 

boundary blowup exclusion
S. 13b improved regularity

concentration compactness cloud formation

S. 14 

S. 18 

residual vanishing tightness  

quantization of BUIT Lioville’s formula

Senba-S. 04
backward self-similar transformation

scaling limit  

sub-collapse quantization

Senba-Ohtsuka-S. 07 defect measure radially symmetric dynamics

Senba 07, Naito-S. 08 parabolic envelope (2) type II blowup rate 

S. 21 outer second moment residual vanishing in finite time



Smoluchowski-Poisson 
Equation 3

Hamiltonian Control in Three Phases of Time Evolution





Theorem A (blowup in infinite time) 

Corollary 1  if

or(1) 

(2)

Corollary 2  

compact orbit

convex

or

stationary solution

Theorem B (blowup in finite time)

recursive hierarchy

S. Chemotaxis, Reaction, Network, World Scientific, Singapore, 2018  

initial mass quantization

point vortex Hamiltonian

collapse mass quantization possibly with sub-collapse collision

Robin function Green function

Poisson 

c.f. Grossi-F. Takahashi

Robin function

blowup set exclusion of boundary blowup

measure theoretic regular part

diagonal



monotonicity formula weak continuation

epsilon regularity via

Gagliard-Nirenberg inequality

formation of collapse

2. Blowup in Finite Time (Proof of Theorem B)

weak form (symmetrization)  symmetry of the Green function

- Rescaled Hamiltonian induces residual vanishing

boundary behavior of the Green function

singularity cancellation by the symmetry



fundamental solution 

2. Green’s function   

2.1. interior regularity 

2.2. boundary regularity 

discontinuity at the diagonal

1. nice cut-off function some technicalities

conformal diffeo.

weak scaling limit exclusion of boundary blowup





parabolic envelope 

weak limit

scaling back

limit equation 

Proof of Theorem B (continued)

backward self-similar transformation

subsequence

exclusion of boundary blowup

weak Liouville property 

translation limit  

scaling invariant regularity (scaling back)  





3. Blowup in infinite time (Proof of Theorem A ) assume

weak solution 

improved regularity

formation of collapse in infinite time blowup set exclusion of boundary blowup

dilation
scaling limit

collapse mass quantization

local second moment traces the collapse dynamics 
a blowup criterion excludes the collapse collision in infinite time

subsequence

Liouville property

full orbit of weak solutions on the whole space

subsequence

recursive hierarchy

pre-compact

anti-gradient system





compact

away from diagonal and boundary




