Smoluchowski Poisson
-quation 1

Symmetry of Action-Reaction v.s. Duality of Field-Particles




1. Action Reaction Law stream function (on simply connected domain)

Euler’s equation of motion

ovl  Ov? . oY, 0
ve+ (v-V)v=—-Vp V-’U—axl-l—am—o — ”_a_@’”__a—xl
V-v=0, v vy =0

9 wi + V- (wVY) =0, —AY = w
832‘1
0
V= % boundary conditon v - v|,q =0 =— |, = constant
8.132
9 9
, (%) - ()
v=| v? |, vl =v'(z1,20,1), v o2 o
0
0
ov?  ovl
2D —_— \/ X U = 0 : -
v a 8:191 8515‘2
wi + V- (wVTY) =0, (-, /G ' t)dx'
vortex equation Green function —A,G(z,2") = 0 (dz), G(z,2")],co0 =0

Wy + V - (U(JJ) — O, V.-v=0 symmetry G(gj’gc’) = G(ZL’I, SC)



wi + V- (wV*) =0
— G !/ / dl
¢ /Q(,w(:c,t) :

system of point vortices w(dw,t) ZO‘%d (t) (dx)

weak formulation ¢ € C*(0Q), ©loq =0
= |z — a|2<p$O,R local second moment

d
dt

—VLHN

gpw = % / p(p(ggjgj’)w R w dxdx’ p.v. == Kirchhoff equation
Q2xQ

w®w=w(z,t)w(z,t) G(z,x") = Gz, x)
point vortices Hamiltonian

2
Hy(z1,....o8) = Y O;—ZR(%) + ) i Gy, )

1<J

po(z,2') = Vo(z) ViG(z,2')+ V(') VyG(z,2)
c L>®(QxQ)

1 1 1
G(z,2") = T(x —2'), T'(z) = o log — ] Robin function  R(z) = [G(as,a:’) + oy log |x — m’|]



Point Vortex Mean Field ~ Kinetic Theory

Chavanis 08 Langevin equation ¢ > 0 mobility BBGKY hierarchy  {F;}i=1,2,....N

dx; - - .
T onz-LHN — uoz2viHN +V2UR;(t), 1<i< N
dt factorization (propagation of chaos)
v >0 viscosity of particles Pa(z1, 22, N, 1) = H Py (2,1)
R;i(t) white noise :
(Ri(t)) =0, <R?(t)Rf(tl)> = 0i;00p0(t — t') high-energy limit pBNo® = v, aN =1, w =P
Pn(z1,--,zN,t)  N-pdf
dPy X Euler-Smoluchowski-Poisson equation
o +aVt-HyVPy =V - (vVPy + po?PyVHy)
0
8"; + VY Vo = vV - (Vw + BawV)

_A¢ — W, ¢|aQ =0



2. Kinetics of Newtonian Point Vortices

state of the system
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Staniscia-Chavanis-Ninno-Fanelli 09
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Miller-Robert-Sommeria

Hamilton System of Many Particles with Long Range Interaction
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| Gibbs
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kinetic
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patch model

Nﬁp
w(z,t) = Zailﬂi(t)(ﬂf)
1=1

w= fap(m,a) do
I

/p(ac,a) do =1, Vx

Robert-Sommeria 91

maximal
entropy
production
principle

D= D(x,t) >0

diffusion coefficient

c(o) — log(ﬁ /Qp(x’o)e—ﬁow)

((x) = log / ¢ — —c(0) — BoTdo) — 1

1

p(z, o) = —c(o)—=(¢(x)+1)—Boyp
e—C(CT)—,BCTT,b

r,0)=¢€
— A1) = ——do, Y|, =0
v /IUIIB—C(U’)—BU’¢dG’ y w‘aﬂ

inverse temperature

@

(O‘) chemical potential

M ( U) patch area

)

(Vp+ B (0 —w)pV)

— +V.-pu=V-D

@ = /ap do =~V u=—AF, P, =0
1

Robert-Sommeria 92

[o DVw - V¢ da

A=V+.V*

[oD ([, 0%p do —w?) |V¢|? dz

S
I
<
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point vortex model w(dx,t) Zazé (t) (dx)

o = oo, o €1 = [—1, 1]

aN =1, N — oo, Hy = constant, o* N3y = 3

() = [ PN .
p(z) = J\}E}noo - py (da,dxs, - - dey)
1
BN _ —BNHN
Ay (dxy, -+ -dey) = e dry---dxy
stationary N Z(Na BN)
w(x) = [ p%(x)P(da), = € Q — Sawada-S. 08
I
/pd(:z:) dr =1, Vael w=-Ay
Q
— e_ﬁa"w _
Ay = [ @& P(da), 1|y, =0



—A’LD — W, Wag =0

Ow oY
By +6way . , wli_g=wo(x) >0 / 6:_fQVw-Vd)
micro-canonical fQ w|V1b|2
. = mass d
lw( )l = A —/ P(w) = —f w|V(logw + A1) < 0
— (W, ) =0 energy B(s) = s(logs —1)+1 entropy
/ canonical ||LU(-, t)”l — \ mass
5 constant élﬁalifr\l/:/:?g vortices df
= V(1 ° <
Euler-Smolchowski-Poisson dt /S;CU| ( i * Bw” B 0
1 _
,8 = —87’[‘/)\ blowup threshold ./T(OU) — /S;(I)(w) o 5((_A) 1w’w) free energy

S. 14



K. Sawada (2015)

point vortex model patch model

. ) o 1% - = Awi
kinetic % 1LV paﬂ =V.-D (Vpa + ﬁépavdj)

o = / &pPP(dd) = —Viu = A, |, =0
1

[o DVG - Vi da
[o D [; &2p%(x)P(d&)|Vi|? da

<— Robert-Sommeria 92

B:_

static Joyce-Montgomery 73 -+ -Sawada-S. 08 Robert-Sommeria 91



3. Methods of Mathematical Modeling
5. chemical reaction

A+ B — C (k)

Coarsening key factors

1. supply-consumption —  (mass action)

Ut = &, U = _/8
d|A]
= = —k[4][B]
2. production-annihilation d_B]
U = qu, vy = —v P —k|A]|B]
d[C]
— = klAlB]
3. transport flux
uy = —V - 7, J = mass X velocity
4. gradient
7 =—d,Vu diffusion u = DAu
Jj = dy,uVv chemotaxis up =V (DVU)

ur = A(Du)



Averaging particle movements gN-1 _ {w c RN | |w[ _ 1}

qg= q(x, t) particle density T="1T, (a:, t) transient probability
4 A — gt
master equation a(z ) —a(@,}) :/ T_w(aj+wA:E,t)q(x—|-wA3:,t)dw—/ To(x,t)dw-q(x,t)
At SN-—-1 SN-—-1
q(x + wAux,t) / T,(xz,t)dw=7"" 7 mean waiting time
SN—1

Az
renormalization 7" (z,t) = T(x+w 2 1) 7
barrier fSN_l T(x + w’%, t)dw’

T ="T(x,t)

Einstein formula ! (Ag;)Q — InD

space dimension  djffusion coefficient

—— Smoluchowski equation % = DV - (Vq—qVlogT)

spatially-temporally continuous distribution function
Ichikawa-Rouzi-S. 12



Realizing physical laws S. Mean Field Theories and Dual Variation, 279 edition, Atlantis Press, 2015

system consistency dynamics

ensemble
isolated energy entropy micro-canonical
closed temperature Helmholtz free energy canonical
open pressure Gibbs free energy grand-canonical
particle density duality field potential v — (—A)_lu, / G(-, x/)u(xl)dxl
Smoluchowski «— Poisson {2
uy =V - (Vu —uVvu 1 ov
t ( ) CAD =y — — u, — _ ,/v:O symmetry
ou ov Q| Jo I |50 Q
— —u-—| =0
Ov oV |50
Helmholtz fee energy :
Model (B) equation
1
F(u) = / u(logu — 1) — = ((=A) " tu, u) )
Q 2 ug = Vu-VoF(u), —dF(u)] =0
6F(u) =logu — (—A) tu v o9

total mass conservation
free energy decreaseing



Duality of Field and Particles Toland duality 7R. 79
X Banach space/R

F.G: X — (—o0,4+00] prop. c¢’x Ls.c.
F: X — (—o0,400] prop. ¢’x Ls.c.

J(zr) =G(z) — F(x)

~ J*(p) = F*(p) — G™(p)

Legendre transformation

F*: X* = (—o00, 40| prop. ¢’x Ls.c.

F*(p) = sup {(z,p) — F(z)} L(z,p) = F*(p) + G(z) — (z, p)
reX ... Lagrange function
Fenchel-Moreau duality inf L =infJ =infJ"
X xX* X X
F** — F
F™(z) = sup {{z,p) — F"(p)}
peX*

Legendre transformation

free energy < duality > field functional

Flu) = /Qu(logu —1) - %((—A)‘%,u) Ia(v) = %HVU”% — )\log/Q e’ + A(log A — 1)

u >0, [|ulli = A particle distribution potential density ,, < Hl(Q), f v=20, ||u]lL = A
Q
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Smoluchwoski Poisson
-quation 2

Potentials of Self-Organization




1.m

ulti-scale model

Keller-Segel 70

ur = V- (dy(u,v)Vu) = V - (da(u, v) Vo)

vy = dyAv — kyvw + k_1p+ f(v)u

wy = dypAw — kyow + (k_1 + k2)p + g(v, w)u
pr = dpAp + kyvw — (k=1 + ko2)p

U = u(x, t) cellular slime molds

v = ’U(x, t) chemical substances

w=w(x,t) enzymes

p=p(z,t) complices

1. transport, gradient 2. production u — (v, w)

(a) diffusion u, v, w,p

(b) chemotaxis v — u

aggregating cells

moving clustered cells

3. chemical reaction v, w, p

VW (ﬁkl&gj) P (’“_23 W+ A

vy = —kivw + k_1p
wy = —kiow + (k_1 + k2)p
pr = kivw — (k1 + k2)p



Michaelis-Menten reduction

vy = —kivw + k_1p

wy = —kvw + (k—1 + k2)p
pt = krvw — (k—1 + k2)p

kivw — (k_1 + ko)p =0  quasi-static

w+p=c mass conservation

uy =V - (dy(u,v)Vu) — V- (da(u,v) Vo)
vy = dyAv — k(v)v + f(v)u

Ckl kz

]ﬁ(’U) B (k_l + kz) + kl’U

Nanjundiah 73

dl(uav)a k(’U)a f(’U) constants

da(u,v) = uy' (v) flux=mass x velocity

sensitivity

uy = dyAu — V- (uVy(v))
vy = dypy AV — byv + bou

Childress-Percus 81, Jager-Luckhaus 92

ur =V - (Vu — uVv), %—u@
ov oV |50
1 ov
—AU:u——]u, v=0, —
Q[ Jo Q v

Smoluchowski-Poisson equation




Competitive System Q) ¢ R? bounded domain, 9 smooth

duq ouq ov

TIW = dlA’ul — le . UlV’U, dlg — Xlul% . — 07 u1|t:0 — UlO(.T) >0
Ous Ous ov

T2W = dQAUQ — sz . 'LLQV’U, dQE — XQ’U;Q% o0 — 07 u2|t=0 — UZO(CU) >0

—Av = uy + us, ’U|3Q =0 other cells

Uq %

Espejo-Stevens-Velazquez 09

Espejo-Stevens-S. 12 production  chemical
/ v

cancer cell / _
tumor-associated micro environment U2 chemotaxis

cell sorting Extracellular

matrix

|
o BMDC @ Mast cell {:!‘) TEM = E:ﬁio(hclla :i:lrmal epithelial
Macrophage v MDSC @ Lymphocyte W Pericyte LT//0) :"”mf(e“
oy
sa, y—— Blocd Lymphatic
% Neutrophil p C’Y\ MSC <@ > Fibroblast ._‘\/\.
@; p i~ vessel =" endothelial cell ‘

Protease degradation and
J. Joyce, and J. Pollard. Nat Rev Cancer 9: 239-252 (2009) tumour cell intravasation



2. Thermo-dynamical structure other Poisson parts

Q) c R? bounded domain, 9§ smooth a) Debye system (DD model)

Av=u, vlgy=0
1. Smoluchowski Part
global-in-time existence with compact orbit

ug = V- (Vu — uVo) Biler-Hebisch-Nadzieja 94
ou ov
o U =0, ul;_g=wuo(z) >0 transport [uVu - Volla < Cllullo|[Vull2[[Volle
ov oV | 5q
closed system

b) Childress-Percus-Jager-Luckhaus
2. Poisson Part model (chemotaxis)
—Av=wu, v],,=0 potential A — i .

€]
ov

Sire-Chavanis 02 ov
motion of the mean field of many self-gravitating Brownian particles
kinetic equation + maximum entropy production

:0,/1):0
o0 2

blowup threshold
Chavanis 08 a. Biler 98, Gajewski-Zacharias 98, Nagai-Senba-Yoshida 97
relaxation to the equilibrium in the point vortices BBGKY hierarchy b. Nagai 01, Senba-S. 01b
+ factorization



SP equation up =V - (Vu — quu), —Av =u u=u(x,t) >0 density

(@ B u@, v) _ 0 j=—Vu+uVv flux (diffusion + chemotaxis)
Ov Ov o0 ur+V-7=0 conservation law
v=(—A)"1u potential
1. total mass conservation i ||u ( t) “1 _ attr.active (chemotaxis, gravitation) |
d action at a distance (long range potential)

symmetry (action-reaction)
G(z,2') = G(2',2)  Green's function

2. free energy decreasing

d 1
E{L u(logu —1) — 5] . G(z, 2 )u @ u}t = —/Qu|V(logu —v)* <0 u@u=u(z,t)u(z',t) deds’
X

Op

5 po(z,2') = Ve(x) V,G(x,2")+ V(') V. G(z,2)
v

=0
o2 c L™ xQ)

d 1
— c,ou(-,t):/Ago-u(-,t) +—/f po(z, 2 )u® u
dt Jq Q 2 QxQ

3. weak form © € C?(Q),




uy =V - (Vu—uVI xu)
(x,t) e R" x (0,T)
—Al' =9

Scaling and Variation

self-similar transformation

>0

wu () = piupe, p°t)

critical dimension

uy(z) = pu(pz), p>0
lull = uplli =X & n=2

Critical mass

F(u) = /R2 u(logu — 1)—%(F * U, U)

1 1

T'(x) = — log —
) = 5 o8
)\2

Trudinger-Moser inequality

inf {F(u) | v >0, [|ul]|, =87} > —o¢

ug =V - (Vu—uVv), —Av=u

blowup threshold

A= ||UOH1 < 8T = T = 4+00
||HUO||1 > 8w, 1T < 400



3. blowup of the solution ur — Au > 0on Q x (0,7)\ D

du ) i u = u(x,t), Lip. conti. near in Q2 unif. in ¢ € [0,7]
=u”, uw(0)=T">0

o=
. Theorem A [F. Takahashi-S. 08]
o =1 1 _ T n
u(t) =(T—-1t)"", %rgu(t) +00 / Cap, (D(t))dt < L™(Q)
0

~ (n-2) dimensional Hausdorff measure
quantity distributed in space - time

() ¢ R” bounded open set, T > 0 Temperature infinite region enclosed in a bounded domain

. in a positive time interval takes a dimension lower than 2
u=u(z,t):Qx|0,7] = (—o0,+00| continuous

D(t) ={x € Q| u(x,t) = +oo} ‘\gv/

D= |J D(@t)x{t} cQx[0,T] )

0<t<T s ¢
/‘K_\ X




quantized blowup mechanism — spectral level (Boltzmann-Poisson equation)

Theorem B [Nagasaki-S. 90] A= [lul; duality

u <—> v

A luti ence
{(Ak, )} solution sequen Q ¢ R? bounded domain 99 smooth

A — Ao € (0,00), ||vk]leo — 0 A > 0 constant
ae?

fQ e’

= —Av =
Ao =8ml, A € N

in Q, v =0 on 02

dsub-sequence, 4S C Q, 1S =/

v — v locally uniform in Q\ S

vo(x) = 87 Z G(x,xp) singular limit
ToES

S ={x],...,x;} blowup set

o) =(at

singular limit

1
He(ml, - ,:Bg) = 5 ZR(S&') -+ ZG(&:Z,%)
1 1<J

point vortex Hamiltonian a recursive hierarchy



thermally closed system = total mass conservation Poisson —Av = u, U|8§2 =0
free energy decreasing
e’
d — _AU:—I e'Uj U|BQ:O
w20, —flu( )]l =0 Q

L ) = —/ u|V (log u — v)[2dz
dt o

Boltzmann-Poisson equation

stationary state =

logu — v = constant, ||lull; = A

e’ 1
—Av =\ ——,/1)20
(fgev |Q’) Q

Senba-S. 00

blowup threshold

A= 8m, 4m

interior boundary

3



Theorem B1 (blowup in infinite time)

T = 400, limsup ||u(-,t)||ec = +00
tT+ o0

- )\E||U()||1:87T€, 40 € N
3z, € QF, VHy(x,) =0

recursive hierarchy

Corollary 1 T < +00 if

(1) A ¢ 8wN, A stationary solution or  F(ug) < —1

(2) X\ e 8rN, A singular limit

Corollary 2 () convex

A # 8T

= T'<+4+oco o T =44

l

i stationary solution

compact orbit

Theorem B2 (blowup in finite time) T' < 400

u(x, t)dr — Z m(xg)dz, (dx) + f(x)dz

roES
m(zg) € 8N

blowup set
S = {z0€Q|3ap — x0, tx T T, ulag,tx) — +oo}
c

0< f=f(x) e L"(Q)NCOQ\S)

S. Liouville’s Theory in Linear and Nonlinear PDEs, Springer, 2021. to be published

guantized blowup mechanism in dynamical level

G = G(z,2") Green’s function
R = R(x)

Robin function

point vortex Ham|Iton|an

c.f. Grossi-F. Takahashi 2010

Hy(xy, -,

ZR&:J ) + Z G(zi, ;)

1<i<y <t



Senba-S. 01 weak formulation formation of collapse

monotonicity formula weak solution generation
instant blowup for over mass

nba-S. 02 weak solution .
senba-S. 02a eak solutio concentrated initial data
Kurokiba-Ogawa 03 scaling invariance non-existence of over mass

backward self-similar transformation entire solution without
Senba-S. 04 scaling limit concentration

parabolic envelope (1) sub-collapse quantization
S. 05 scaling invariance of the scaling limit L

a local second moment collapse mass quantization
Senba-Ohtsuka-S. 07 defect measure radially symmetric dynamics
Senba 07, Naito-S. 08 parabolic envelope (2) type Il blowup rate

scaling back . : T
>. 08 J limit equation simplification
Senba-S. 11 translation limit

concentration-cancelation

S. 13a limit equation classification simplification
boundary blowup exclusion

S 13b improved regularity

concentration compactness cloud formation
S. 14 tightness residual vanishing
S.18 Lioville’s formula quantization of BUIT

S.21 outer second moment residual vanishing in finite time



Smoluchowski-Poisson
-quation 3

Hamiltonian Control in Three Phases of Time Evolution




1. The model — statistical mechanics u=u(x,t) >0 density

O c R? bounded domain, 89 smooth 7 = —Vu+ uVv flux (diffusion v.s. chemotaxis)
ur+V-73=0 conservation law

1. Smoluchowski Part 2 Poisson Part V= (—A)_lu potential

Ut = V . (Vu o uvv) _AU = u, U|8Q — O attr_active (chemotaxis, gravitation) .

% _ u@ =0, u|t_0 — uO(x) > () Green’s function :;::10;1;:;(gizz?m?ﬁaggggnr)ange potental

v MW |0 - G(x,z') = G2, x)

Chavanis 08 relaxation to the equilibrium in the point vortices, kinetic equation + maximum entropy production
Sire-Chavanis 02 motion of the mean field of many self-gravitating Brownian particles, BBGKY hierarchy + factorization

canonical ensemble

_ d self-similar transformation
1. total mass conservation Hu(t)||1 — 0 0 .
dt wy(x,t) = pru(pe, p°t), 1 >0
2. free energy decreasing " (:1:) B IUQU(M:B) >0
1 p H B ’
Flu) = /Qu(logu - 1) - 5/ QXQG(%-’L‘ Ju®u Julli = luplli =X © n=2  ciical dimension
i]—“(u) =— [ u|V(logu —v)[* <0 L ! !
7 = . g < F(u) = - u(logu — 1)—§<F s u,uy, I'(z) = o log — 7]

2

A
f(uu) (2)\ — E) loglu -+ f(u) critical mass )\ = &7



Theorem A (blowup in infinite time)
T = 400, limsup ||u(-,t)]|ec = +00
tT+ o0
—_— )\ p— ||U,0||1 = 87T€, E|€ & NN initial mass quantization
E‘QU* c QE \ D; VHE(QC*) o 0 recursive hierarchy

Robin function Green function

point vortex Hamiltonian

Hy(zy, - 20) = %ZR(:@) +3 Glan, o)

1<J

Corollary 1 1" < 400 f

T < 400

Theorem B (blowup in finite time)

u(z, t)de = Y m(20)6z,(dz) + f(z)dz in M = (Q)C(Q)

ToES
m(zg) € 8N

S ={xg€ Q| 3z — zo, tr T T, ulxp,ty) — +oo}t C Q

exclusion of boundary blowup

collapse mass quantization possibly with sub-collapse collision

blowup set

0< f=flz)e L' NCEOQ\S)

measure theoretic regular part

(1) X\ ¢ 8rIN, A stationary solution or F(ug) < —1

(2) A e 8nl, £ € N, A critical point of Hy

Corollary 2 ) convex \ # 8

T = +o0

1 stationary solution

= T < +o0 or compact orbit

c.f. Grossi-F. Takahashi

S. Chemotaxis, Reaction, Network, World Scientific, Singapore, 2018

Poisson v:fG(-,x’)u(x')dx’ & —Av=u, v|y=0
Q

D ={(x;) € Q| 3i #j, xv; = x;}

diagonal

Robin function

1
R(x) = [G(x, ')+ —log |z — 2’|
2T

' =x



2. Blowup in Finite Time (Proof of Theorem B)

symmetry of the Green function E—
— Oy
e C?*(Q), == =0
RGP
monotonicity formula A = ||u(-, t)||1

d

% [ ue| < co+ 90l

epsilon regularity via
Gagliard-Nirenberg inequality

formation of collapse

- Rescaled Hamiltonian induces residual vanishing

weak form (symmetrization)

d
7 sou() /QAsou //an (2,2 )u @ u
Pso(l‘al‘)sz() V.G (z,2") + V(') - Vo G(z,2")

boundary behavior of the Green function
singularity cancellation by the symmetry

lpelloe < ClIVellen

weak continuation

0 < Ju(dz,t) € C.(]0,
u(z, t)dr =

T], M(Q))
p(de,t), 0 <t <T

lim lim sup ||u(-,

R10O T )”Ll(QﬂB(mO,R)) < 350 = X0 g S

— Z m(z0)0z, + f(2)

ToES
m(zo) > €0, 0< f e LYQ), 1S < +o0



1. nice cut-off function To € ﬁ, D<RKL1,p= Pzo.R € Y some technicalities

R V| < CR™1p?
ngglj(p: 1, .’EGBgﬂjo,z) . B B o~ 8@ B
0, v€R*\B(wo,R) |Vp|<CR2ps  V=1peC Q)] 5~ =0}
o€

2. Green's function 2.2. boundary regularity
e Q, —AG(,2") =0, G(-,2")]5 =0

1 1 — .
fundamental soluton  I'(z) = 7 log W xg € 002, X : QN B(xg,2R) — Ri conformal diffeo.

7 T

X(z0) =0, RZ = {(X1,X2) € R* | X3 > 0}
G=G(z,2') e C*T?(Qx Q\ D)

D={(z,z)[zeQ}, 0<f<1 G(z,2') = E(x,2') + K(x,2")
K e 0?0l n ot (Qn B(xzo, R) x QN B(zo, R))

2.1. interior regularity
E(x,2)=T(X - X)) —-T(X — X))

G(.CC,QC,) =TI'(z — m’) -+ K(I,m’) X, = (X1, —X2), X = (X1, X>)

KeC* M ax Q) nceh?(ax Q)

weak scaling limit == exclusion of boundary blowup

. Oy
2 _ 00
p e Q) 5 0= pp € L7 x0Q) po(x,2') = Vo(z) - VoG, 2') + Vo(z') - Vo Gz, )

Viea .. o .
discontinuity at the diagonal



related notions
0 < p=p(de,t) € C.([0,T], M(2)) weak solution
— 0<3IN =N(.t) € L=([0,T], X"

1. t€[0,T] = (o, u(dz,t)), pc)y ac

2> Do) = (Do) + = (oo N (1)) e, £ € [0,T]

dt 2

3. Nle@xay =reu

px(dz,t) € C*([OvT]vM(QD
N € L?([O,T],X')

Theorem

weak solutions

[Ne (- )] < C

— sub-sequence

pr(de,t) — p(dz,t) in C.([0,T], M(Q))
Nk('vt) - N('>t) in L:o([OaT]a X/) weal solution

Y ={peC?*Q) o

0 oo
g¥ =0} X = [a) LT

o9
Xo={pp+tv[ped, velCQxQ)}

= () =p(,0)=N 0<t<T

d
Sl )] < CO+ Vel
u =u(z,t) classical solution

= N(t) =u(x,t) @u(z',t) dedz’
IVC. )l = A%, A= [luolls

via improved epsilon regularity

36(), ago, C

Theorem

uy = Au— V- (uVT *u) in R® x (=T, T)
up = u|t:0

sup (-, )| Loo (B(wo,R)) < CR™*
tE[—O'()RZ,O'() R2]ﬂ(—T,T)



Proof of Theorem B (continued) To €S u(x, t)de — Z: m(xg)dz, (dx) + f(x)dx
rgES

backward self-similar transformation

1/2 parabolic envelope
y= (& —20)/(T =)'/, 5 = —log(T — 1)

2y, 8) = (T — t)u(z, 1) m(zo) = C(R?,s) (lyl?,¢(dy,s)) < C

weak Liouville property
as =V - (Va—aVI xa)in R* x (—o0, +00)
= a(R?,s) =0 or 8r

weak limit s, T +oo  subsequence

2(y, 5 + sg)dy — 3¢(dy, s) in Cx(—o0, +00; M(R?))

limit equation  exclusion of boundary blowup g € ()

14
translation limit  (*(dy, s) = z 810, (s)(dy)
=V - (VC—=CV(T*C+|y[2/4)) in R x (—o00, +00) j=1

_ scaling invariant regularity (scaling back)
scaling back

dy,s) =e SA(dy’.s"), y =e %y, s = —¢° _
Cldy, 5) (dy’, ),y Y C(Byo,2r),5) < g0 = [IC(+8)l| By < Cr

A, =V - (VA— AVl % A) in R* x (—0o0,0)

, — |y;(s)| <C
A= A(dy,s) >0, A(R*,s) = m(xo)



residual vanishing 1st envelope 2nd envelope

m(zo) = ((R*s)  (|y|?,¢(dy,s)) <C

(o= V- (VC— (VT *C + ly[2/4)) Aldy. 3\
scaling invariant regularity i

attractive potential toward infinity

Ay = V' (V'A— AV'T « A)

\

s’ <0

C(dy, s)

‘\9 scR simple blowup point

outer second moment

=1 = ((dy,s) = 8mdp(dy)
d 1
(.0 =2 (Ap = Cor + 51 () 0 = (1)
go(r) _ f(T/R) f(fr) _ 7“2 1 recursive hierarchy /¢ > 2
1 dy’,
R>1 = A¢+§T¢T2C¢T7T2R d8]=87rVHg(y'1,,y2)
d , |y’

%«ﬁ— )+,C(dy,s)) >0 — ((dy,s) =(*(dy, s) A(dy', s") ZSW(Sy'(S (dy')

collapse mass quantization

1
Hy(y1,-+ y) C(y; —vi), (/) = —log
C(R?, s) = m(xg) € 87N 1<§<£ ’ Y|



3. Blowup in infinite time (Proof of Theorem A) assume 1 = 400, ti T +00, klim |u(- te)||oo = +00
— 00

subsequence U( t + tk)dil’; SN u(dg; t) c C*(—OO, -|—OO,M(§)) weak solution
(dx t Z m xo (5330 (daj) —|— f(.’L‘ t)d;[; improved regularity

formation of collapse in infinite time
T €S,

m(zo) > €0, 0 < f = f(-t) € L'(Q)

blowup set exclusion of boundary blowup

S = {xo € Q| Jxp — 0, li’]énu(wk,t%—tk) =400} C N

— - Br 40 subsequence
dilation x5 =0€ S8y, >0 ,
dr,t) — p(dx,t) € Cy(—o0, +00; M(R scaling limit
pp(da’ ') = Bu(dx,t), o' = pz, t' = % e, ) = Bz, ) € Gl (R
m(.ill‘o) = M(R ,0) = 87 Z €0 full orbit of weak solutions on the whole space
Liouville property collapse mass quantization

: a blowup criterion excludes the collapse collision in infinite time
local second moment traces the collapse dynamics

x(t) = (x4(1)) € % \ D pre-compact
t Sy =4, p’(dx,t) 2871'5 (1) (dx) D = {(x;) | Ji # j, v = x;}

—)
d.ﬂlf}i

dt — SWVLL‘?;HE(:ClJ o 'fo)a 1 S 1 S 14

recursive hierarchy
anti-gradient system



residual vanishing

Liouville’s formula —

4 z — 2wy, =
dt Jp(z;,r)

0
(xi ,’f’) at

r; = xi(t), up(z,t) = ulx, t +t), vp(x,t) =v(x,t+1), 0 <r <1
/ —(|lz — x;|*ur) + & - V(|z — 25|*uy,) do
B

/ |l — x| Pupe + & - |z — 25 |* Vg do
B(x;,r)

/ |z — xi\2ukt

B(x;,r)

= / |z — 2;°V - (Vuy, — up Vo) da
B(xz;,r)

< 7“2/ Ouk _ uk% as
OB(z;,r) v v

—|—/ dup + 2(x — x;) - up Vo do
B(x;,r)

B(xz;,r)

/ T - |x — 2;* Vg,
B(xz;,r)
= / (&; - v)|x — ;[Pup, dS
8B(:Ci,7")
—/ 2(x — x;) - Tiug
B(xz;,r)

= / 24,V ug
B(x;,r)

—2(x — ;) - Tyuy dx

d

— (|.’B—CCZ'|2 —fr’2)uk
dt Jp(;,r)

d " /
- =
dt B(wi,r) B(wz,M

< / dup + 2(x — x;) - up Vo — 2(x — x;) - Tup dx
B(x;,r)




o d

x; = xi(t) — (Jz — z|* — 7°)uy
ug(x,t) = ulz, t + ty) dt JB(z,.r)
vg(x,t) = v(@, t + t) - < / dup + 2(x — x;) - up Vg
D<r<l B(zi,r)

; —2(x — x;) - Tup dx
v (2, t) = Zv}i(x,t) 2/ (x — ;) - up Vi dz

i=0 '

B(x;,r)

v (x,t) = / [z — z")ug (2, t)dx'’ 1 ?
B(QZ@',T) — / Uk dZC
B(xzq,r)

2r

lup (-, t)]1 = A, K(z,2") € CHQ x Q)

2 _ / / /
/Uk,(fL',t) - /S;\Stzr G(:U,ZU)Uk(ZU 7t)d$ SUPL|V$G(x,$,)| dxl g C
vp (x,t) = /52""\3( )G(x,x')uk(a:’,t)da:' —
t 19 ||V/UZ(,t)||LOO(B(LL‘“T)) S (:’j 1 g Z g 3
M(z) = - log
r) = —log —
2T |z | O ={z(t)} compact—— 2| < C

G('CU: 37,) — F(.’L‘ o 33’) + K(.Cl?, :E,) away from diagonal and boundary



d
% (lw_$i|2—7'2)uk; i/ (lZC—ZL’le—TQ)f
B(x;,r) k — 00 dt B(zs,r)
1 2 as distributions in time

Up — —
27

defect measure

<1 ([
B(xiar) B(ZL’i,'I")

+C’/ |z — x;|ug
B(x;,r)

bounded free energy ——

1. stationary collapse formation in infinite time

l O<r«l

2. simple collapse formation in finite time

A= 8T

d 2[
d—s/ ~Af +Cla — milf dx < =
B(x;,r)

higher-dimensional analogue — a challenge
1. plasma confinement

2. mean filed limit of self-interacting particles associated with Tsallis entropy

3. incompressible Euler flow with self-gravitation

/ (|l — x> = %) f <0
B(x;,r)
I(t)=0

f=0in B(x;,r)
=0

_———)




