Reaction Diftusion Systems 1

Anti-Symmetric Interaction Cancels Singularities



1. Reaction Diffusion Systems

Tj% —d;Au; = fij(u) in Qr € CR" bounded domain, 02 smooth v outer unit normal
ot _ _
i Qr =% (0,T) 1<j<N 7= (75) >0, d=(d;) >0
8_1/3 o =0, Uj|t:0 — Ujo(x) Ug = (ujo) > () smooth
, _ : . [mass dissipation]
[local. Lipschitz cont.] [quasi-positive]
. N
R ] ) " T T '—707 +1y 7775 Un 207v
frRY S ROGEN Sl Ot ) 2095 SR 0 () 2 0
loc. Lipschitz cont. 0 <wug=(ujo) e RY — j=1
- w=(u;(,1)) 2 0 E— 2(T-u)—A(d-u)<O
d1 classical solution local-in-time gt -
T € (0,4+00] maximal existence time i )
oV | 50

Theorem (Fellner-Morgan-Tang 20, 21)

[quadratic]
7 - u(t)|[r < |7 - uolls

IV £5(u)] < C(L+ Jul), V) T=to0  Jul e <C



Examples
chemical reaction Ay + -4+ A,, = A1+ -+ AN
Ou,j Ou; icro- ical
Ti—g, —diAu =xf(u), == =0 e
—11% Y XiT= Y1, m+1<j<N
j=1 j=m-+1

spatially homogeneous stationary state w = @ / w
Q

0<3lz=(z)eRY, f(z) =0
Zi+ 2z =Upo+Urg, 1 <i1<m, m+1<Ek<N
Zj)>0

— Z:(

Theorem (quadratic)

m=2, N=4

— T=+4%0  Ju(1) 2l < Ce™

Deuvillettes-Fellner 08, Pierre-S.-Zou 17, Pierre-S.-Umakoshi 18

O(s)

relative entropy (diversity)

= s(logs—1)+1>0

entropy

Bwlv) = [ve (%), Bw = [ e

= ZTjE(Uj)

[logarithmic Sobolev]

[Csiz’ar-Kullback]

(u ] z) =

ZTJ (uj | 25)

= E(u) —E(z)

N
u) =4 d; ||Vl
j=1

D(u) > 20 E(u|z)

lv =3l < 4TE(v[v)



Lotka-Volterra system entropy —— asymptotic spatially homogenization

Ou; S.-Yamada 15
T = diduj + (¢ + > ajrur)u; | )
k E=LN Rﬂ\_f’ ], affine space of co-dimension 2
6’&]‘ — 07 ujl — ujO(m) > () Any non-stationary solution is periodic-in-time with the orbit O = S .
8y 50 t=0 o contractible to a stationary solution in Rﬁ \ E

Any distinct two orbits Ol, Oy = S1 4o notlink in R_J]\_f

/
/
/
/
/
/

2N-3 dimension

(Au,u) <0, Vu>0 A= (aj)
—_— 1 =400

/ spatially homogeneous part

v

free

e=(6)=<0 — Ju(,t)]e <C

Masuda-Takahashi 94 (n=1) S.-Yamada 15 (n=2)

scaling invariance (e=0) A1kA2] — A1102k

uff (x,t) = pu;(pe, p’t), p>0

Akl =
ai12

3<k<I<N

rigidness (n=2, quadratic growth by L*1 control) a2 #0, e = (€j) =0

|uo|lh € 1 = T = +o0, sup ||u(-, )]s < 00

t>0 Kobayashi-S.-Yamada 19




Smoluchowski-Poisson equation — a model in statistical mechanics

() ¢ R? bounded domain, 99 smooth

1. Smoluchowski Part 2. Poisson Part

Ut ZV(VU—UVU) _szua U|aQ =0

= 0 canonical ensemble

d
1. total mass conservation %Hu(t)ﬂl =0

2. free energy decreasing

]-"(u)zfﬂu(logu—l)—%//QXQG(:U,:B’)u@)u
— F(u) = —/Qu|V(logu—v)\2 <0

Green’s function

G(z,2') = G2, x)

2D is critical for blowup of the solution to quadratic
nonlinearity under the total mass control

self-similar transformation due to the quadratic growth

up(x,t) = pPu(pe, p*t), >0

Julli = lupllh =X & n=2

critical dimension

1 1 1
_ logu — 1)—= (T M(z) = — log —
F(u) fm u(logu — 1) 2( xu,u), ['(x) 5 log =
)\2
f(“u) — (2)\ — 4—) log u + ]—"(u) critical mass A = &7
/A8

quantized blowup mechanism with Hamiltonian control
1. stationary 2. finite time 3. infinite time



Former results (1) any space dimension Former results (2) without entropy dissipation

Pierre-Rolland 15
0 < Ju = (u;(-,t)) € C([0, +00), LY (V)

global-in-time weak solution

N
entropy dissipation Z fj (u) logu; <0
Jj=1

Capto-Goudon-Vasseur 09 ) = R"

loc. Lipschitz cont. quasi-positive
mass dissipation, entropy dissipation
guadratic growth

Souplet18 Q2 =R" or Q C R" Pierre-S.-Yamada 19

N N O = {u(-,t)} c LY ()N pre-compact
Z fj(u)(l -+ log Uj) S CZ Uj log(l + Uj)
j=1

J=1
loc. Lipschitz cont. quasi-positive, quadratic growth

1. Mechanism to protect the solution from the measure?
2. Why 2D is thought to be critical?

Fellner-Tang

1. Sobolev inequality in space-time

2. Parabolic Giorgi-Nash-Moser regularity
3. Regularity interpolation

4. Souplet’s trick by semigroup estimate



2. weak solutions
Pierre-Rolland 15 0 < Ju = (u;(-,1)) € C([0, +o0), LY()") global-in-time weak solution

Pierre-S.-Yamada 19 O = {u(-,t)} c L*( Q)N pre-compact

weak solutonto 0 < u = (u;(-,t)) € L;,.([0,T), Ll(Q)N)

81&3' 8u
Ti—> —d;Au; = fi(u), =X =0, wu;|,_,=ujolz)>0
IOt J J J v 0 J1t=0 J
fj(u) S I’lloc(ﬁ X (OvT)) T

as distributions

d 2,00 890
— [ uje—d; [ ujAp= [ fij(u)p, Yo e W™(Q), = =0
dt Jq O 0 I |50

ujl,_g = ujo(T) in the sense of measures



L2-L1 estimate

N
Ou
:“;8 — djAuj = f;(u) jzlfj(u)ﬁo %(T w)
/ l
t
routt) = roun < [ AW u() ds o [ru<o =
Q
_— (7 u(t),d-u(-,t) — (7 -ug,d-u(-,t)) < —(Vd-u(
= —§a||V/ d - u(

T T
0 0

IA

T
CTH |17 - wolls - § / [d-u(-t)|2 dey ¥ —
0

—A(d-u) <0, u=(u;) >0

S 0, u|t:O = Uy = (’U;j())

sup lu(,t)|1 <C

0<t<T

V/du

d3||2

lullz2@ry < CT=|uoll2




L1 pre-compactness

1. semi-group reduction Baras-Pierre 84

0
a_t: — Aw=H € L*(Qr)

(9_w
oV |50

=0, w|,_y =wo(z) € L'(Q)

w = w(-,t) € L>=(0,T; L*(Q

D[ Lioc (0, T; WHH(2))

weak solution
as distributions

/wgo—l—/Vw Vo = /an, Vo € Wh(Q)

wlt:() — Wo in the sense of measures

t

—  w(-t) = ePw —i—/ IR (. 5) ds
0

w e C(0,T), L(9)

in particular

F:(wo, H) € L'(Q) x LY(Qr) — w € C([0,T], L' (Q))

continuous

2. compactness

F:(wo, H) € L'(Q) x L'

c.f. Baras /8

(Qr) — we L' (Qr)

compact

Proof | F*: L>™(Qr) — L>™(Q) x L= (Qr)
Fr(h) = (0, 0)
00 00
+A0=h, —| =0, 0[,_p=
8t h, 81/ 90 Ov |t=T O

compact from the parabolic regularity

ed TASR A

comparison
theorem

ug (-, 1)
Hwk(-,

pre-compactness of the orbit in L1

=u(,t+tx) <
t) € L*(Q x (=1,1))

I

compact

dominated convergence theorem



alternative argument applicable to other systems (S.-Yamada)

L2 estimate in space and time

guasi-positive N (. <
mass dissipation == Z fi(w)logu; < C(1+ |ul?) — OE‘SET/Q ®(u;(-t) < Cr
quadratic growth j=1 -

singularity relaxation ®(s) =s(logs—1)+12>0, s>0

global GN inequality

— T=+ [f nN=1, 2

1

d
—/Uj(',t+tk)@‘dt§0@
dt /o

monotonicity formula /
—1

Vo € 02(5), g—(’j

. =0 by L2 control in space-time

evokes the measure-valued continuation (very weak solution) Smoluchowski-Poisson equation



2D case — time control

semi-group theory

Gagliardo-Nirenberg

Corollary n=2 = T = +oo, Hu(,i)Hoo <C loc. Lipschitz cont.
guasi-positive

_ _ mass dissipation
T € (0,400, hng}lp Ju(@)]l2 < +o0 = hmé}lp [u(®) oo < 400 quadratic growth
t t

d
= ul3 + oIVl < Clul}

6—n 4

6—n n 5 6—n _4
Cllulls < C'llully® llull 7 < Sllulle + CJlull,®

3 k| —
1

M —
|
—

n <6 n<3

|ul]|; < C  Poincare-Wirtinger —

d 6-—n d 2
%H’U/H% < C(lullz +1)Tn  — (lull3 +1)"™= <C



d k12 ey
tk 1T € (0,400, u®(t) =u(t+ty) ——(lWfllz +1)7F= < C

(Il (=03 +1)77= < (02 + 1)~ =7 +Ct, 0<t<T

Pierre-S.-Yamada

assume lim ||uk(0)||2 — 400  — subsequence
k— o0

u® — Ju™ in Cjoe((—00,0], L1(Q)), L2 (Q x (—o0,0])

loc

(lu(=t)[l3 + 1) = < Ct n=2 2 1
— Ju=@a+1>6(-t)", T <t<0

(=2 +1>6t 2, 0<t<T

u>® ¢ L? (2 x (=T,0]) contradiction

loc



Reaction Diftusion Systems 2

Beyond the Critical Dimension



1. Reaction Diffusion Systems (continued)

Tj% —d;jAu; = fi(u) in Qr € C R" bounded domain, 92 smooth v outer unit normal

Ou, Qr=Qx(0,T) 1<j<N 7= (1j) >0, d=(d;) >0
v - =0, ujl,_q = ujo(z) up = (uj0) > 0 smooth
[local. Lipschitz cont.] [quasi-positive] [mass dissipation]

fi:RY >R, 1<j<N i, g1, 0, g,y tn) 20, ¥ if-(u><o = (u;) >0
loc. Lipschitz cont. 0 <wup=(ujo) € RY — i1 T T
- u=(u;( 1) 20 - 2(T-u)—A(d-u)SO
J1 classical solution local-in-time ot

T € (0,4+00] maximal existence time % o =0

Theorem (Fellner-Morgan-Tang 20, 21)

[quadratic]
7 - u(t)|[r < |7 - uolls

IV £5(u)] < C(L+ Jul), V) T=to0  Jul e <C



perreRoland 15 0 < 3u = (u;()) € C([0, +00), LH()Y) global-in-ime weak solution
Pierre-S.-Yamada 19 O = {u(-,t)} c L*( Q)N pre-compact

1,00

alternative proofof 1 = 400 |lu(-,1)|lcc < C  forn=2  via space control (Lye)

1d
m/ﬂzqrju;% do + ) djl|Vu; {3 < C(1L+ [lull5)
j J

Gagliardo-Nirenberg ~ ||ul|3 < C|lull1||ull3: (n = 2) semigroup estimate
— |luplli €1 = T =400, ||[u(t)|e <C (epsilon regularity)
Localization — limlimsup ||u(?)|| 21 (@nBzo,R) <30 = To &S blowup set
RIO ¢ ’
while g% Hfig}lp ||u(t)||L1(Qr‘lB(:vo,R)) > €9 impossible
because pre-compactness of O = {’u,(, t)} C Ll(Q)N c.f. Smoluchowski-Poisson equation



2. polynomial growth rate

ou; ,
Tja—tj —d;jAu; = fj(u) in Qr
Ou,

8l/j 90 =0, u.j’t:() — Ujo(ili)

[local. Lipschitz cont.]
fi:RY 5R, 1<j<N
loc. Lipschitz cont.

E——

1

classical solution local-in-time

2 ¢ R"™ bounded domain, 9€2 smooth

QT =) X (O,T)

[quasi-positive]

T € (0,+00| maximal existence time

[polynomial growth rate]

V)] <O+ ™), 1<j<N

v outer unit normal
TZ(Tj)>0, dZ(dJ) > ()

upg = (Uj()) > 0 smooth

1<j<N

[mass dissipation]

. N
"LL,"',U'_,O,’U,' y "y Un ZO,\V/
fi(u A ) TN Fiw) <0, w = (uy) >0
0 <up = (ujo) €RT — j=1
w= (u(-1)) > 0 — 9 AW <0
ot
0
ger e o
oV |50
|7 - w(®)][1 < |7 uolly
Theorem 1 (S.20) | Vn, Vg > 1

3 lim (d—“) (-,
T \ T - u

t)in C(Q) = T =+o0, [[u(t)|e <C



Remark 1 Pierre-Schmitt 97 N=2

1 nonlinearity (fifth-order polynomials) inhomogeneous boundary conditions 7 - 400, = 10
?

3 the other example even for n=1

Problem 1 classification of self-similar blowup to v

cf.N=2 T <+oo = limsup||u;(t)|ecc =400, j=1,2
A

d-u dyuy' +doui? — i
—_— = 172 2 il - C(Q X [0’ T])? obstruction - collision of blowup points blOWUp prOfIIe?

T U ’T1’LL2_1 + Tou,
% Ay = 2 du ) , v = u "2 > () viscosity solution?
ot — =u", ul,_o=T"
— = ( =>u(t):(T—t) o v = 21} v v, 5 —
oV |50 o0

locally uniformly in backward parabolic region

mn S 2 = u(a:,t) = (T — t)_l —+ O(l) - U(',T)_l — ’U(',T)l/2 = [0, —|—OO) blowup pattern



3. blowup analysis Proof of Theorem 1 Uniqueness of the classical solution ... OK

sup ||u(t) HOO < (' =— existence of global in time uniformly bounded classical solution

0<t<T
assume the contrary (subsequence) Jxp — 20 €Q, Ity T, |u(zr, ty)| — +oo
2
0<r<l, a"(z,t) = ru(re + xp, r’t + t), a = —
q J—
Uk . ouk
J ~k ~k ~k _ /~k : 2 J _
—_— T 5 —d;Au; = f;(a"), a” = (a;) > 0 in Qp x (T}, T7), B N =0
k

fiw) =r*Tfi(rm ), Q=1 NQ = {z}), Tp = —ti/r?, Tp = (T — tg)/r?

drop k, large 3y € R" smooth hyper-plane, Bo N~y # ) or = () 0 € By = one-side of By cut by ~

8uj ~ auj

E ot Ov

~yYNBs

— derive uniform estimate in O<r<l

— d; Aty = fi(@), @=(G;) > 0in Qy, —= =0 Os = By x (—4,0), Q1 = By x (~1,0)



Lemma 1 (c.f. Capto-Vasseur) Moser’s iteration scheme

Vp > (g +1)(g—1), Feo > 0 lallro(g,) <0 = 0=4;(0,0) <1, 1<j<N
mass conservation by a suspend unknown Z filu) =0, u=(uj) >0
. - 00 Oy o
M=r71-a, v=MC¢, C(z,t)=@@)n(t) cut-off ¢ € Cy°(Ba), ol = 0, n € C5°(—4,0]
g/
ov 0 d- i
- = —A(dv) = f in Qs, —( v) =0 q=2"
at V Bgﬁ’y T - ﬁ/
f=DMG —2V - (dMVE) + dMAC
0<d,= M<d(mt)zu§d*zw<+m L
max; 7; T U min; 7; u = (uj)
VMO

Apply parabolic L*p maximal regularity uniform on compact set of coefficients in VMO to the dual system

uniform estimate for coefficients in a compact setin VMO



Remark 5 fe VMO, € >0, g € Q2 = dg e BMO, dr >0 VMO:BMO ~ continuous: bounded
l9llBrros) <&, f=gin B(xo,r) BMO

local smallness of the BMO norm

boundeq
Lemma 2 (maximal regularity, Weidemaier 05)
9 VMO
- _ w
wy +dAw =—0>0in w x (—-4,0), —| =0, w|,_y=0 —
ov |,
0 ~ ~
/_4 lwOlyen0,d < ClOIL, 6, 1 <P <00, p#3 By Csupp ¢ Cw C By, dw smooth
duality argument between v=M( M=71-u
Lemma 3 ||M||Lq(@2) < C sup ||M(t)”L1(B4)= l1<g<n
—16<t<0
- ~ 1 1 1 n , 3
— Mgy =€ sw MOz 5=c—5 P> P73



Dual Alexandroff — Bakelman - Pucci estimate (Caputo-Goudon-Vasseiur)

M .. <C M@ 115
Lemma 4 (FMT) | “LH%(QQ) = _1%1212@” ( )||L1(B4) ABP... [, _ Jn+l

Lemma3+iemmad = p>1, Jp >4, Mg, <C sup OHM(t)Hbl(Bp)
—pe<t<

| ~ 0
pre-scaled analysis ~——  duality argument (CGV) Lemma 5 S;ulz 0 1AL(2) HLl(Bp) <Cr
—pe<t<
~ d-u 0D
M=1 -u, d=—— 40, —Ad =M, — =0

T U oV | 5q
oe - 0P
Fr dAD, I = 0 ——  (Krylov-Safonov) Lemma 5+ Lemmal —

o5

0 <wuj(xp,ty) <Cr =, 1<j <N,

[R]co(x(to.t0+1)) < ClP| Loo (2 (t—1,t0+1))

D<r«l

contradiction



consequences derived from this argument

Theorem 2 n = 3

1<q<9/5 = T=+o0, [|[u(t)|e <C

q=o0 l
Theorem 3  [entropy inequality] ij(u) loguj < C(l + |u|a)’ l<o<1+Z
) n
J
2 2
n=23 1<¢g<24+—, o=1+4+—
n n n=2, critical dimension in this context
1
= T =400, [[u(t)]lec <C

1
or n>4, 1<g<24+—, 0=1+—
n n
S.-Yamada 15

(especially, n=2, g=2)
1. n>3 dual ABP
n=3 [.? duality argument is efficient

2. entropy inequality — |ocal epsilon regularity in space-time



Reaction Diffusion Systems 3

Mathematics of Blowup Patterns



1. Semilinear Parabolic Equation

% — Au =uP in Qp (2 C R" bounded domain v outer unit normal, 1 < p < 0o
Y | ( 0{) smooth boundary 0 < ug = ug(x) € C(ﬁ)
—| =0, ul,_,=ug(x) —QOx (0.T
ov 50 t=0 Q1 X ( ) )

blowup of the solution blowup set o

T < 40, %njg |u(t)||co = +o0 S=A{zo € Q| Ixy = o, tx T T, u(wg,tr) = +o0}
Question 1 (profile) = %rgrl u(z,t) = uy(x) locally uniformly in x € Q\ S
Question 2 (continuation) Ju = u(z,t) € C(Q x [0,T),[-00,+00]), T >T

Remark (S.-F. Takahashi)

D= |J D@) x{t}

0<t<T
Dt)={zeQ|ulx,t)=4+0} CQ, 0<t<T

u=u(z,t) € C(Q x[0,T],0,+00])
ug —Au>01in Q x [0,T]\ D

/0 " Capy(D(®))dt < LI (@)



2. Blowup pattern

I\ 7! _ 1
ccii_fz: _ u(t) = (p—— 1) (T'—t)" :ESI’I‘I’_IZ}U(t) = 400
1 —(p— :
ul,_g =ug >0 T = Euo (p—1) ﬂHTl“(t) = —00

Define v > 0 by u? :”U_ﬁ > ()
0<3Iv=uv(x,t) € C(Qx][0,00))

2(2p—1)
p—1

ov
|V\/5|2‘|‘2(p—1)\/’1_):07 9 =0, v[—g=1vo(z) >0
oQ

’Ut—A’U-I—

Uy = v, 2 €CQ), vy =v(-,T), T =inf{t > 0| infv(-,s) >0, 0 <5<t} pofie
QO

u(z,t) = C(z, )7 (z,t), ((z,1) = { 1_1’ i ig:j T, =inf{t >0 |v(x,s) >0, 0< s <t}

continuation



after stretching

given > 0,0 < vy =wg(z) € C*T(Q) find 0<wv=uv(x,t)€C(Qx]0,00))

0
v — A+ VVOR+ V0 =0, = =0, v|,_y=uvo(z)>0

ov 50

several exponents

2(2p —1
fy=w = 5= 22D ¢ (4,00 Fu) = der =y =4
elliptic singular solution u(z) =Clz| 71, p> — — —Au =uP in R"\ {0}
I Vo =Cr?eC®



3. Approach by functional analysis

scheme e >0 0 < v, = ve(x,t) € C?F01+9/2(Q) x [0, 00))
2
_ Aw. LY v | Vg O,

—I—\/fv8 =0, =0, ve|_g =v0(z) >0
Ov
o2
Uniqueness follows from the monotonicity of the nonlinearity 7y & [0, OO) —> \/5

T
[ve(t)lloo < [lvoloo / IVVve + ez dt < Clluolls

Ov.
> = >
R 0, Ellelf(f)l ve(x,t) = v(x,t) >0, Y(x,1)

e —

we =0 +e = |wellpeQp) + IVwel 20 < C

Jlim we(x,t) = w(z,t) = Jv(x,t), V(z,t)

el0
w. — w in L*(0,T; H'(Q))



w, — w in L?(0,T; HY(Q))|— 0<wv e L>®(Qr), Vv e L*(0,T; H*(Q)) isasolution to

0
v — Av + | VV|? + Vo =0, = =0, v|,zg =wvo(x) >0
oV |50
. oy 9%
i.e. Vo e C?(Q), ==| =0
oV | 5q
d
prill B + (Vu, V) + f (YIVVU]* + Vo) =0 in the sense of distributions
Q Q
regard v € L?(0,T; HY(Q)) by Vo = 2y/vVyv € L*(Qr)

Theorem 1 weC(Qr) — We—win L?(0,T; H'(Q))

v > 2



v |V |? Ov.
et — A € - g — 07
Vet v+4v€+g+\/’v EY o
Ow.-
Wet — Awe — — 0=, E =0, ws|t:0 — weO(x) >0

o
/U
= v — )|V w.|? c >0

ge = 3Ip € M(Qr) = C'(Qr)

subsequence

=0, ve|,_g=vo(x) >0

L compact property of the heat equation (c.f. Pierre-S. Yamada 15)

Bothe-Pierre 10

2
Remark we — win LP(Qr), 1 <p< nT ,  Vw. = Vwin LY(Q7r),
n
1 1 2n +1
Vv, = 2w Vw, n+2 + n+2 n+2 —

W = VU 4+ >0

3 hm We = W = \/6 pointwise monotone
el0

w. — w in L?(0,T; H'(2))

Uszwg_g

d
- ’we:—/ge,wsZO

—_ lgellr @ S C

w € C([0,00), L'(Q))




Ow,

=V +e>0 Wet — Awe = —ge, E =0, w€|t=O:w50(:’U)20 wE‘J'wE\/E
o€ pointwise monotone
_ 1
Lemma w E C — ||V ||2 dt < < ’U),[L) + §||w80 o wOH%

0
Proof (We —wer )t = A(We —Wer ) = —ge+ger, %(wg — Wer) =0, (we — ws’)|t:0 =0

o0

1d
2 dt”w€ we’“% + [|[V(we — ws’)”% = (We — Wer, —ge + ger) < (We — Wer, ger) 0<e <e

T T |

— [ IV wa) Bt < [ (e = wager) dt 4 g e — wel
0 0
T T o, :
hmfélf/ IV (w, — we)||3 dt > / IV (we —w)||3 dt we — w in L*(0,T; H*(Q2))

el 0 0

Dini’s theorem

w € C(Qr) — we L w uniformly on Qr

T

lifrf% (wer,y ger )dt = (w, ) ge — pp € M(Qr) = C'(Qr)
€ 0



T
Proof of Theorem 1 / |V (w, — w)Hg dt < (we —w, 1) + o(1)
0

T
Dini’s theorem L 2 o
weO@r) — w.lw uniformyon  Qr /0 IV (we = w)llz dt = o(1)
Theorem 2 ~>2 {g.} C LY(Qr) compact — w.— win L*(0,T;H'(Q))
T T 1 ,
oot [ V(e —w) Bt < [ (e — s gor) e+ 3o — w3
0 0
T we — w in L2(Qr) = LY (Q71)’
| (wer, ger )t = f f wydzdt g9 = g € L'(Qr)
/IW( \bﬁ<[/ w)g dudt + o(1)
0 T
T
lim Sup] IV (we —w)|3 dt <0 monotone convergence theorem
el0 0



Theorem3 | 2<y <4 0<3ze€C(Qr) w > z, hmﬁ)nﬂ c— 2, ) <0 =  w.— win L*(0,T; H(Q))

Lomma /‘nv< Wl dt < (weop)= [ [ TTZVwP+] dedt 5 Voo e Vol

T
1
Proof / |V (we: — wer )||2 dt < / (we — wery ger) dt + §||w50 — ws'ng
0 0

7 —2 SRR SRRVLE - // T2 2, W
8/7 &.l —_— v 8 5/ d l f 6/’ 6/ > —_—
(wery ger) /Q 5 Vwe|* + mw T im in /0 (wer, ger )dt > 3 Vw|” + 5 dxdt

Proof of Theorem 3 <w€,,u> = (ws - Znu> + <Za.u> < <Z>.U> + 0(1) = <ng€> + 0(1)

2 :|?
<z,g5>§// 72 |v;U| +2\/UL+€wda:dt<// —|Vw5| +w dzdt+o(1)

T
9
t/nvmfwm@mmglz—//|v%P—WMQMﬁ+dU w, — w in L?(0,T; H'(Q))
0 T

_9 (T g 2
=222 [ 19— w) I di -+ o1 <t = [ 190wl = o
0



