
Elliptic Theory 1 
Interface Vanishing of Non-stationary Maxwell Equation 



Non-stationary Maxwell equation E: electric field, B: magnetic field, J：current density, ρ：electric charge

Definition region with interface 

smooth non-compact hyper-surface without boundary

Assumption discontinuity of permeability, electric conductivity interface of  J, ρ 

conclusion interface vanishing of some components of  B, E 

(magnetoencephalography)

1. Introduction



Theorem 1

Remark 

Interface vanishing does not occur to all components 

H2 singularities of the above components of electric magnetic fields pass through the interface with light velocity

region with interface

outer normal unit on in the sense of distributions



layer potential, 3-D vector analysis, differential forms 

Theorem 2

p-forms with Hq coefficients on

Corollary region with interface

1. 
Kobayashi-S.-Watanabe 03

2. 
Kanou-Sato-Watanabe 13

outer unit normal on 

outer unit normal on 

1. 

2. 

Kanou-Sato-Watanabe 13

region with interface
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1. Maxell equation 2-form equation on the Minkowski space
2. interface vanishing of  2-form on Riemann space
3. interface vanishing on Minkowski metric

1．Normal and tangential components of 2-forms are not defined
2．Traces on interface are beyond functions

Theorem 3 outer unit normal on 
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region with interface

obstruction

strategy



open set  

1-forms

p-forms

Hodge operator

2. Preliminaries

co-derivative

Laplacian



Lipschitz domain  trace operator

dense write

outer unit normal vector

(area element)

Lemma 1

Lemma 2

write

Gauss

Stokes



Lemma 3

1.

2. 

Lemma 4

outer unit normal on region with interface

proof 2-form

dense

Notation f: 0- form 

identify 1-form vector field

Stokes



Lemma 5

Proof show; 

Notation

i: fix

Lemma 4



Proof of Theorem 3

Gauss

Lemma 5

Proof of  Theorem 1 Minkowski space

1-forms

Maxwell equation



Elliptic Theory 2
Recursive Hierarchy in Boltzmann-Poisson Equation



2D Euler Equation

(simply connected domain)

Hamiltonian 

Kirchhoff  equation

vorticity

vortex equation

point vortices 

Green’s function

Robin function

1. Point Vortices

stream function

gradient



Hamiltonian

Onsager 49  

Gibbs measure

weight factor

inverse temperature

bounded monotone

ordered structure in negative temperature

micro-canonical 

ensemble

total energy

co-area formula

thermal equilibrium

canonical ensemble



micro-canonical 

statistics

canonical statistics

inverse temperature

micro-canonical 

measure

canonical measure

weight factor

thermo-dynamical 

relation

weight factor

micro-canonical 

probability measure

one point pdf

equal a priori probability (independent of  i)

k-point reduced pdf

Joyce-Montgomery 73

stationary point vortices

phase mean



high energy limit  

(single intensity) 

propagation of chaos 

(factorization property) 

(Suzuki’s uniqueness theorem)

energy

inverse temperature

weight factor

duality

Boltzmann

Poisson

two point pdf compatibility

mean field limit

Caglioti-Lions-Marchioro-Pulvirenti 92, 95. Kiessling 93

1. Bounded Boltzmann weight factors {z}

2. Uniqueness of the solution to the limit equation

1. convergence to the limit

2. canonical-micro canonical equivalence in the limit

3. propagation of chaos 

OK if 

rigorous derivation



Boltzmann Poisson Equation

mean field equation 

in stream function 

Impact to the Elliptic Theory

quantized blowup 

mechanism

recursive 

hierarchy









Blowup analysis



Boltzmann-Poisson-Gel’fand equation

Theorem 3 (Gladiali-Grossi-Ohtsuka-S. 14)

Corollary (Gladiali-Grossi 09)

(augmented) 

Morse indices

non-degenerate

non-degenerate

Theorem 2 (Baraket-Pacard 98)

non-degenerate critical point of

sequence of       point blow up solutions 



3. Asymptotic non-degeneracy

Theorem (corollary of Theorem 3) 

non-degenerate critical point of

non-degenerate

locally uniformly

Proof. otherwise 

Green

drop k

sub-sequence ~ locally uniformly in 

scaling

Liouville property – Baraket-Pacard 98 



Lemma 1 (Nagasaki-S.)

Lemma 2 (Gladiali-Grossi 09)

locally uniformly 

locally uniformly 

Step 1

1. removable singularity theory

locally uniformly 

2. Green’s formula

3. localization around

4. Y.Y. Li’s estimate 

5. Taylor’s expansion

Step 2

completion of the proof

non-degeneracy + Green+

a=0, b=0

1. Kelvin transformation
2. Y.Y. Li’s estimate
3. maximum principle

exclude by



non-degenerate

Variation functional  

Quadratic form 

Linearized  operator

Theorem 3 (S. 92, Bartoulucci-Lin 15)

non-degenerate

Conjecture

conformal

Gladial-Grossi 04 

Sato-S. 07 

Grossi-Ohtsuka-S. 11 

Ohtsuka-Sato-S. 13 

2

1
1

0

1

1

Open questions

0

1

0



Elliptic Theory 3 
Local Behavior of the Solution Derives Recursive Hierarchy



1. Multi-Intensity Model

1. Stochastic  Case (Neri 04)  

1-species 

2. Deterministic Case (Onsager’s note,  Sawada-S. 08)  



sinh-Gordon equation 

constant mean curvature

quaternion  

neutral vortex 

1. stochastic intensity (Neri) 

2. deterministic intensity (Sawada-S.)

closed Riemann surface



Sawada-S. functional

approach by blowup analysis (ORS 10)

approach by duality (RS14) 

Theorem 1 (Ohtsuka-Ricciardi-S. 10)

non-compact sub-sequence

2. Deterministic intensities



approach by duality 

free energy field functional 
duality

particle distribution potential density

Smoluchowski-Poisson equation point vortex mean field equation (single intensity)



Theorem 2 (Ricciardi-S. 14)   

field functional

Lagrangian

free energy

unfolding-minimality



Shafrir-Wolansky 05 a,b (positive case) 

+linear programing 

discrete measure  

m-dimensional compact Riemann manifold 



discrete critical bound: OK

approximation



strategy for non-discrete measure otherwise (subsequence)  

Key ingredient ~ Y.Y. Li estimate c.f. S. –Toyota 19



Interior blowup control

Y.Y. Li 99

Brezis-Merle 91

Li-Shafrir 94

classification of the behavior, rough estimate of concentration

mass quantization and formation of bubble for the concentration case

local uniform estimate non-degeneracy

Morse index calculation

bubble center can be local minimum 

possible collision of bubbles



3. Point Vortices Limit of Neri type in the Gel’fand form

1. blowup analysis 

2. asymptotic non-degeneracy, Morse index calculation 

3. deformation theory, topological degree calculation  

single intensity

Ricciardi-Zecca 16a,b 

deMarchis-Ricchiardi 17

non-degenerate case

Ye 97

otherwise 



Blowup analysis

Exclusion of boundary blowup  

solution

open. independent of 

for the solution

[Brezis-Strauss 73]

[Gidas-Ni-Nirenberg 79]

[deFigueiredo-Lions-Nussbaum82]

uniform decreasing property of the solution near the boundary

under the above property

c.f. S. (preprint)


