“lliptic Theory 1

Interface Vanishing of Non-stationary Maxwell Equation



1. Introduction

Non-stationary Maxwell equation E: electric field, B: magnetic field, J : current density, o : electric charge
OF
VXxB—-—=J, V-E=p A .
ot (x,t) € 2 C R”, domain
0B .
VXE+—:O,VB:O in € 33:(331,372,333),v:vm

ot

Definition | () ¢ R™ region with interface 4= JM I'=QN M # ()

smooth non-compact hyper-surface without boundary

— Q=Q,Ur'uQ_, Fi:aﬂizaﬂ(zr)

discontinuity of permeability, electric conductivity = interface of J, p

Assumption

(magnetoencephalography)

conclusion interface vanishing of some components of B, E




Theorem 1 O c R? region with interface E,B ¢ Hl (Q)B’ J e LQ(Q)3, pE LQ(Q)

oF

VxB——-=J V-E=p V xJeL*(0y)?
0J
B v 2 3
V><E+%—t=0,v-3=0 in ) 57 T VP e L7()
)
1/; A
(=07 + Ay) ("B + v x E) € L*(Q)° v=| |, a2 w2
(=37 + 8)(7 - B) € () ’, %
in the sense of distributions outer normal uniton T _

H2 singularities of the above components of electric magnetic fields pass through the interface with light velocity

Remark (=07 +A,)E € L*(Q4)?
(=07 + A,)B € L*(Q4)? Interface vanishing does not occur to all components



v outer unit normalon I'_

Corollary OcR? region with interface
1. BeH'(Q)? VxB=J, V-B=0inQ
V x J € LQ(Qi)f’) — A(I/ . B) = LQ(Q) Kobayashi-S.-Watanabe 03
2. EcHY(Q)? VxE=0,V-E=pinQ
Kanou-Sato-Watanabe 13

VpcL* (1) = A(wxE)cL*Q)
layer potential, 3-D vector analysis, differential forms
Hq(Ap(D)) p-forms with Hg coefficientson D = Q, 4
B e H(AY(D)), B = (B,v)v, BP=B—B", v=>Y vz,
T B e HY(AYQ))

I outer unit normal on

Theorem 2 O c R™ region with interface
dB =J, 6B =0, Jc H°(A*(Q)), §J € H*(A'(Q1)) = AB” € H’(A*(Q))

1.
dB =0, 6B=g, g€ H(A°(Q)), dg € H’(A°(Qy)) = AB™ € H°(A'(Q))

Kanou-Sato-Watanabe 13



1. Maxell equation === 2-form equation on the Minkowski space
strategy 2. interface vanishing of 2-form on Riemann space
3. interface vanishing on Minkowski metric

obstruction 1. Normal and tangential components of 2-forms are not defined
2. Traces on interface are beyond functions

Theorem 3| Q C R"™ region with interface v outer unit normalon T'_ w e H'(A*(Q))

dw =20, 6w=0, 60 € H*(A*(Q1)) = A(r,&") € H'(A’(Q)), 1<i<n
| | ) W< )
w' = Zd}&dxi, w?=4 0, i=j, w= Zw”dmi A dx
14

—wY, 1> i<j

1. T. Suzuki, Mean Field Theories and Dual Variation, 2nd edition, Mathematical
Structures of the Mesoscopic Model, Atlantis Press, Paris, 2015.
2. WARE, BOEEF AP, £ HAK, 2015.

suzuki@sigmath.es.osaka-u.ac.jp



2. Preliminaries D Cc R" open set HY(AP) = HY(AP(QQ)) = {p-forms | coefficients are in H?}

AP = AP(D) = {p-forms}, A wedge product, d: A? — AP~! outer derivative L*(A°) = L*(D)
a=73,a'dry, B=3,8x;  1-forms =  (a,8) = Z a’ Bt
0

A=ai A A Qp,y b= 51 A - /\@p p-forms === ()\aﬂ) = det ((aiaﬁj))fi,j

x: AP(D) — A""P(D) Hodge operator ~ wAT = (xw,7) dzy A--- Adzy, w e AP(D), 7€ A"P(A)
—_— *(da:jl/\..-/\d:Ujp):sgna-dafjp+l /\-.-/\d[L‘jn’ 0';(1’-.. ,TL)H (jl,"‘ ’jn)

w=Y wdr;Adz,
co-derivative B = Z Bidx, ; ' ’

_ (_ P —1 . P p—l 1 .
§ = (—1)? « L dx : AP(D) — AP"1(D) | = dw=—)Y ofdz
— §B = — ZBE il
Laplacian o7 =< 0, 1=7

A =6d+ds: AP — AP

—wY, 1>



D c R™ Lipschitz domain I~ : HY(D) — H'Y?(dD) trace operator HY2(0D) = HY(D)/HL(Q)

— (D) C H'(D) dense write.  ¢lop =79, @€ H'(D)

U outer unit normal vector

Jds (area element) vids = xdz;, ¢ <i<n

Lemma 1 Be AY(D),Ce A*(D) =— xB=(B,v)ds, BA*xC = (vAB,C) ds

erte /.--dwlA...Aden:/’ / ...dS: ,
D D oD oD

Lemma 2 | @€ H'(A") / (0B, ) :/ (B,dp) / (B,v)p Gauss
Bc H'(AY) — Db oD

J € H'(A?) f (dB, J) / (B,0J) +/ (vAB,J)  Stokes
D 8D



Lemma3| pe H'(A) H-Y?*9D) = H'?OD) Lemma 4

1. Ape€ HY(D) = (dp,v)|,, € H /*(0D)

(n).e) = [ (dp.de) + (Bp.0), W € (D) v A dp]*

oroof | J € C§°(2)  2-form

= v Adplp, — v Adplp_

2. vAdply, € H Y?(A?(0D))

(v Adp, J) = —/D(dp,d,]), v.J € H'(A*(D)) (v Adp, J) =f (dp,dJ)

Q4

— [ Adp, )T :/Q(dp, 5.J)

Q c R™ region with interface L outer unit normalon T'_

of Stokes
Notation S0 —
f: 0- form fi O /(dB,J) :/(Bjaj)—k/ (vAB,J)
Q 0 o0
identif 1-f «— tor field
ljaentry orm vector 1ie B — dp, pE HQ(Q) N ](dp,&]) =0
Q

(v,d)f = (v, df) = ZV fi = C>*(D) C H'(D) dense

pe HUA(Q) = [vAdplt =0, H2(AX(T))



Lemmab| w= Zw":jdaﬁi Adz; € H' (A(Q))

¢
1< ~ b1 a AT
y — g — %(va ) :Z{Bf—VE(V,B)E}
Z w* 1< ¢ ¢
~ ~ 0 ~ 1] S
— w dx (.UJ — 0 ’[/:j k k
9 9 N ’B — B
, —wi > (v, B) Zk:”
~ V1 a ~ 1
E— ) —%(V,M)NZBg—ZVEVkBE
+ ¢ ¢ 0k
s+ Y[ d)(v, @i)d:vz'] =0 in HV3(T) — S B S B = S B (v, d)BY)
g — ¢ k.t ‘
Notation | A~ B« A—-Be H(Q) p=B" — Bl -, d)B" = ps — (v, d)p
+ _ : 1/2
— [A-B]" =0 in HY?(I) = ST {02 — ) = ZV (s — V)
k
Proof how;
oo SO, Lemma 4
_|_
. . ¢
c’bfz_ag(y,a)’a)] —0 in HY2I),1<i<n [BE—I/ I/dB Z;f/ ypg—ypk} — 0
v
¢ _

on H~ 1/2(F)



Proof of Theorem 3 we HY(A*(Q))

dw =0 € L*(Q),00 € H’(A*(Q4))
= —Aw = (dd + dd)w = 60 € L*(Q4)

~A(v,&") = b’y in L2(Q4)
Jh' € L*(Q), h* = h'y in Q4

Lemma b

9 7
5&):0 — |:a—(1/,d)z)] :Olﬂ H_1/2(F)
% _

Gauss

| e / Ag) - (1,87, Vg € C(9)

~A(v,0") = h' € L*(Q)

Proof of Theorem 1 R* >~ R3! Minkowski space

3 3
o= Z atdr; + adxy, 5= Z,@idazi + A%dzy  1-forms

3
(&76):_Za261+(10ﬁ0 -/1’;:(331,3’;2"%'3)’ t:xo
i=1 52
d5—|—5d——ﬁ+A : AP(D) — AP(D)
Maxwell equation dw =0, d¥w=—7j in Q

w = E?dxo A dry + E?dzg A des + E3dxg A das
— BYdxs A des — B%dxs A dxy — B2dzy A dasy

] = Jldzo A dxs A dxs + J?dxg A das A dxy
+J3d$0 A dxy N\ dre + pdry N dre N drs

B Bl Jt
b= E2 ) B — BQ ) J — J2
E3 B3 J3



“lliptic Theory 2

Recursive Hierarchy in Boltzmann-Poisson Equation



1. Point Vortices

2D Euler Equation
(simply connected domain)

vy + (v-V)v=—-Vp

V-v=20
V- vlgg =0
_9_
_ o
V= ( E ) gradient
8.122
vorticity w=V+tu

9
v (% )
8331

vortex equation

v=V=+
A1) = —w  stream function
lan =

point vortices dﬂ? t ZO@(S (t) da:
. . dz; L .
Kirchhoff equation o = ViiH, 1<i<N
Hamiltonian H = Z z R(x;)+ Z a0 G(25,25)
1<J
Green’s function —~AG(z,2") = 6,4 (dx)
G(ﬂ%l’,”ag =0
(x,2") € QA xQ
1

Robin function  R(z) = |G(x,2") + o log |z — |
T

x'=x



Onsager 49

2
Hamiltonian H :Z %R(Cﬁj) + Z Oéz‘OéjG(sz'a xj)

1<J

H — lEIN(ZUl;'“afEN) N > 1 total energy
dg H '
dop _OH dpi _ OH
dt 8pi dt 3qi
pi = pi(t), ¢ = qi(t) € R”

micro-canonical
ensemble

co-area formula

Tr = (Q1,..-,QNap19"'JpN)
d3(E)

v = dE - 2=

' V|

dX(E) < {x e R"™ |H(z)=E}

e— canonical ensemble

thermal equilibrium

sy 1 dS(E)
T W(E) |VH|

B d3(E)
wE=| S

Gibbs measure 7

weight factor

!
inverse temperature 3 = i logW (F) = (2),((5))

oE
O(F) = fH _da= /_ EOO W(E)dE

!

bounded monotone

E > 1= [ < (0 ordered structure in negative temperature




Joyce-Montgomery 73

micro-canonical
statistics

micro-canonical
measure

weight factor

canonical statistics

inverse temperature

canonical measure

weight factor

thermo-dynamical
relation

R* /{H = F}

xTr = (Q1,..-3QN1p1a"'apN)
YI(FE

dr = dFE - dx(E)

VH|
dX(E) < {r cRYW |H(z) = E}

PO R 510 2)
W = e v
d5(E)

WiE) = f{HE} N

R /{T}
B =1/(kT)
BN _ e BH dy

Z(B,N)
Z(ﬁ,N):/ e PH dy

R4N
0

=95 log W (F)

dps

&

micro-canonical p" = p"t(dxy, ..., dzy)
probability measure

o1 () dx;
— / un(d.ﬁCl - dLE@'_ldiE@'_Fldl'n)
Qn—1

1

one point pdf

equal a priori probability  (independent of i)

k-point reduced pdf pp(xy, ... x)dxy ... dxy

— / Mn(d$k+1,---,d$n)
Qn—~k

stationary point vortices

N
wy(z)dr = Z ady, (dx)

N
(wy(z)) = Z/gzNaé(xi—m)uN(dml...dmN)

= Nap)(z) phase mean



a; =a, N T 400, aN =1
Hy = H, >°Nj3 =8

high energy limit
(single intensity)

~

2
o'k
HN(.GC‘l, .. .,ZCN) = Z ?/LR(SCJ) + ZaiajG(xia$j)

) 1<)
energy E—=H
- D 5
inverse temperature b= 8_E log W(E)
~ d> 2
weight factor W(E) _/ =
n=£g |VH|

mean field limit

propagation of chaos  pyy — p®F =TIF_ p(x;)
(factorization property)

(Suzuki’'s uniqueness theorem)

—) two point pdf compatibility

Boltzmann

Poisson

rigorous derivation

Caglioti-Lions-Marchioro-Pulvirenti 92, 95. Kiessling 93

1. Bounded Boltzmann weight factors {z}
2. Uniqueness of the solution to the limit equation

1. convergence to the limit
2. canonical-micro canonical equivalence in the limit
3. propagation of chaos

oKif [B>—-8m



Theorem A [S. 92]
0 < A < &t = d1 solution

Boltzmann Poisson Equation

Q) c R? bounded domain 9 smooth
A > 0 constant

Ae?

—Av = —in {2, v =0 on 0N
fQ €
P = F——z,> —
Joe ¥
Y= | G(-,z")p(z")dz'| mean field equation
0 In stream function

quantized blowup
mechanism

recursive
hierarchy

Impact to the Elliptic Theory

Theorem B [Nagasaki-S. 90a]

{(A\k,vk)} solution sequence s.t.

Ak — Ao € [0,00), ||vg||co — 0

= M =8N, Ne N
dsub-sequence, 45 C 2, S = N, s.t.

v — vp loc. unif. in Q\ S

vo(x) = 87 Z G(x,xp)

ZR Ti +ZG T, X5)

1<J

R(x) = [G(a’:,x’) + i log |z — $'|]
2m r=x’



1. non-radial bifurcation on annulus
(S.S. Lin 89 Nagasaki-S. 90b)

2. effective bound of blowup points for

simply-connected domain (S.-
Nagasaki 89 Grossi-F.Takahashi 10)

3. classification of singular limits
(Nagasaki-S. 90a)

4. spherical mean value theorem

(S. 90)

localization (Brezis-Merle 91)
entire solution (W. Chen-C. Li 91)
sup + inf inequality (Shafrir 92)
uniqueness (S. 92)

. field-particle duality (S. 92
Wolansky 92)

© © N o o

10. singular perturbation (Weston 78
Moseley 83 S. 93 Baraket-Pacard 98
Esposito-Grossi-Pistoia 05

del Pino-Kowarzyk-Musso 05)
11. blowup analysis (Li-Shafrir 94)

12. Chern-Simons theory (Tarantello 96)

13. global bifurcation (S.-Nagasaki 89
Mizoguchi-S. 97 Chang-Chen-Lin 03)

14. min-max solution (Ding-Jost-Li
Wang 99)

15. local uniform esitmate (Y.Y. Li 99)
16. variable coefficient (Ma-Wei 01)
17. refined asymptotics (Chen-Lin 02)

18. topological degree (Li 99 C.C. Chen-
C.S. Lin 03 Malchiodi 08)

19. asymptotic non-degeneracy (Gladiali-

Grossi 04 Grossi-Ohtsuka-S. 11)
20. isoperimetric profile (Lin-Lucia 06)

21. deformation lemma (Lucia 07)

22. Morse index (Gladiali-Grossi 09)

(2 disc

1

7

UinQCRz




Theorem 1 (Nagasaki-S. 90)
{(Ak,vk)}, AL — Ag € (0,00), Hvk”oc — OO
= N =8nl, LeN, IS5 CQ, 16=14

2. Boltzmann-Poisson Equation

Vr — vp loc. unif. in \'S  (sub-sequence)

vo(x) = 8 Z G(z,z9), S={z],...,x;}

zo€S  singular limit blowup set

VHE|(£17"'7£€):(IBI1"'7w2) - O

1 oy
Hg(:l?l, .. .,xg) = 5 ZR(ZIJZ> + Y\ \,‘l'iaxj)

. . L. Onsager 49 e
point vortices 9 Hamiltonian 1
ordered structure in negative temperature R(m) _ [(_w Q
3 ‘«\0‘5“ Effect of topology
cwv‘@v‘m
Poisson Boltzmann o
_ — v bifurcation of the singular limit \ //: % T
Av =u . A€ P \ (
T [ \ \\ \\ v
V)50 =0 e el e
|6Q Q s, 2 \ i caned |
?»\Q\L 4 " — \ \ = S
/ / ] e
G(z,z") = G(x',x) Green | VS Frop dE 1R"
Rob| s » ‘v>6 o isw;_:; ]lzigginr\jagasaki—s‘ 1990. Ding-Jost-

1
— / _1 . /
R(x) = |G(x,2") + 5 log |z — 2’|

' =x ‘



complex structure (Liouville integral)

—Av = oge’

& JF=F(z), z€ QC R*= C meromorphic

= (2) = L

8 14 |F)?

—Av=o0¢e", vy =0 & p(F)lsg = (_

Proof of Theorem (90)

1. Liouville integral
2. boundary reflection
3. elliptic regularity

4. complex function theory
4-1. maximum principle
4-2. Montel’s theorem

4-3. theorem of coincidence
4-4. residue analysis

ﬁ’zx/_oF:Q—hS”z conformal

x| _ 5172 (S%,d¥) round sphere
ds | o 1S?| = 8
spherical derivative D
/ D s = 199 o/2
o0 ds
0) 1/2 immersed length of F'(992)
8

/g (%)2‘1‘” = S/QP(F)Qda; _ /Qaev

immersed area of F(Q)

)\:/ae”—>87r£
Q

& total mass quantization

due to /-covering

A\ 4



Blowup analysis

Q0 Cc R?: open set, V € C(Q)
—Av=V(zx)e’, 0<V(z)<b in(

/eng
Q

Theorem 2 [Li-Shafrir 94]
{(V4,v)} solution sequence
Vi, — V loc. unif. in 2

= 3 sub-sequence with the alternatives;

1. {vg}: loc. unif. bdd in

2. 48 C O, 1S < 400
v — —oo loc. unif. in Q\ S

S ={x9 € Q| Jxp — x0, vp(xK) = +0

Vi(x)e"* dx — Z m(xg)dz, (dx) in M(£)
ToES

m(zg) € 8N

3. vp — —oo loc. unif. in

Comments

1. mass quantization for variable
coefficients without boundary condition
2. possible collapse collision

3. many applications together with the proof

prescaled analysis ...Brezis-Merle 91

linear theory =
1, 2 with m(xg) > 47 (rough estimate), 3

2... localized to B = B(0, R)

—Avg = Vi(x)e, Vi(z) >0in B

Vi — V unif. in B, max v — +00
B

max v — —00, 'r € (0, R)

B\B,

lim/ V5.e'F :a,/e”’“ < (C
k JB B

= o € 8N



Boltzmann-Poisson-Gel'fand equation Theorem 2 (Baraket-Pacard 98)

—Av = Ae”, vfyq =0 (f,...,2;) €A x...xQ
{()\ka Uk)}a A, = 0 = (sub—sequence) non-degenerate critical point of  H,(xq,...,xy)
Ak /Q e’ — 8nl, £L=0,1,2,---,4+00 d sequence of ¢ point blow up solutions
O<€<+oo:>HSEQ, 1S = /¢ Remark
vk, = Vo loc. unif. in {2 \ S S = {xl’ T ’$£} 1. only one point blowup and 31 blowup spot
vo(z) = 8 Z G(z, o) T, = (2], -, x)) for convex domain
ToES . 2. effective bound of the number of blowup
VHy(z,) =0, Hy(21,...,20) = . Z R(z:) + Z G, ajj) points for simply connected domain
i i<j 3. domain homology and Hamiltonian (Cao 10)
4. inhomogeneous coefficients, equations
Theorem 3 (Gladiali-Grossi-Ohtsuka-S. 14) k> 1 on manifold, etc. (Ohtsuka-Sato-S.)
(augmented) 0+ indM{—Hg(x*)} < indM(’Uk) 5. one-point blowup case
Morse indices ind}k\/_f (Uk) <0+ ind}k\/_f{—Hg(x*)} 6. refined asymptotics with Morse index
correspondence

iali- ' . hon-degenerate
Corollary (Gladiali-Grossi 09) ¥ J 7. asymptotic non-degeneracy in multi-blowup

== U, k>1  non-degenerate



3. Asymptotic non-degeneracy

—Av = Xe’ in Q, v|yg =0
/\k—>0, )\k/\evk—>8ﬂ'
Q2

vp(z) = 87G(x,20), 2 € Q\ {0} locally uniformly
VR(SIZ‘()) =0

Theorem (corollary of Theorem 3)

xo € Q non-degenerate critical point of R(gg)

— —Ap—e"", 0<op K1 non-degenerate

Proof. otherwise

3)\;3 \l, 0, Vg, Wk, —A’Uk — )\kevk in Q, ’Uk’aQ =0

—Awy, = A\ wg in Q, wi|yq =0, [[wil|lee =1

ve (k) = ||vk]|oo, Tx — X0

drop k 0v; ow ov
w —v;——ds =0, v; =

Green a0 OV Ov

scaling 5’%)%6%(%) =1

. . 2
sub-sequence ~ locally uniformly in R

ox;

U () = vg(Opx + o) — v(x)) = Vo ()

Wi () = wi(0gx + xg) — wo(x)

: 2
—Avg = e in R7, e’ < 400
R2

—Awy = e wp in R?,  [Jwplloo <1

Liouville property — Baraket-Pacard 98

x 8 — |x|?

= TR P T e

aceR? beR



Lemma 1 (Nagasaki-S.)
oG 4.YY. Lisestimate |z — x| > 6%, 0 <k < 1/4

Vii — 87ra (-,z9) locally uniformly (except for z)
i 5. Taylor's expansion G(x,2'), ' = xq, |2 — 20| < 5"
Lemma 2 (Gladiali-Grossi 09)
(5k_1wk. — 27a - Vo G(-,xg) locally uniformly Step 2
Wg(r = (v —x0) - Vg + 2, —Awg = Ape’ Wy,
Wy = G(-,xo) +o(1)} 4+ 2mora - Vo G(-, x9) + 0(d / —— Wi — W ——do =0 Tk
e = w{G (. 0) +0(1)} + 276, (o) o) [ Ty -
Vi = f /\kekaJdeE,
QNB(zo,R) completion of the proof

- - 0G o0 0 1 0?R

1. removable singularity theory non-degeneracy + Green+ o, (z, y) o a_ij(x’ y)dsag — = ayiﬁyj (y)

wr — 0 locally uniformly

2. Green’s formula

wk(l‘) = f G(CU,xl)Akevk(x,)’lUk(QC,)dZE, — a=0, b=0 - |E|53k‘ — +OO, wk(jjk) =1
Q

L / 1. Kelvin transformation
3. localization around 2 = g exclude by 2. Y.Y.Li's estimate
3. maximum principle



Open gquestions

Ae?
Av= 28y, =0
fQ e’

{()\k,’Uk)}, A — 8, ||’U].€||C>O — 400
v, — vg loc. unif. in O\ S

vo(x) = 8nG(x,xg), VR(xg) =0

g: B=DB(0,1) —» Q conformal

— N VR(QZ()) =0
g(z):mo—l—Zakz & ay =0
k=1

HVQR(ZCo)_l = |a3/a1| ;é 1/3
Ak

fQ ek

A =81+ Coy + o(oy), o =

— 0

C o = k2 )
— =l + ) —lal
k=3
laz/a1| #1/3, C #0 Conjecture
— Uk, k>1 L non-degenerate

Variation functional

Quadratic form Qp, )

p € Hy(9)
eV ]

P = -
er

I\ (v)

Linearized operator

1
— 5190l ~ Alog |
Q
d2
— @JA(U+3%0)
= (Vc,o,VsO)—f
Q)

e, v € Hy(Q)

s=0

2
2, 1 /
py )\(QPCP)

co=-av-pot 5 ([ o)
D(L) = Hj(Q) N H*(Q)

Theorem 3 (S. 92, Bartoulucci-Lin 15)

0< A< 8

)

non-degenerate

: 2 :
1
1

Gladial-Grossi 04
Sato-S. 07
Grossi-Ohtsuka-S. 11
Ohtsuka-Sato-S. 13




~lliptic Theory 3

Local Behavior of the Solution Derives Recursive Hierarchy



1. Multi-Intensity Model

1. Stochastic Case (Neri 04)

1-species  relative intensity o € [—1,1]
is a random variable subject to
the distribution function P(d«)

f[—1,1] ae®’ P(da)

—Av =)\
Ji—1,1] Jo e P(da)

, V|gg =0

2. Deterministic Case (Onsager’s note, Sawada-S. 08)

(-species

n' N-particles take the intensity o'

0<ni<1,—l§ai§1,2ni:1
i

1<i<l¢, Na=1, N+ 4o

—Av:)\/ - —P(da), v]gg =0
[—1,1] er

14
P(da) = Zni&“, may ¢ = 00

1=1

1
T(0) = 3703~ A /[ e /Q ™| P(da)

v € H5(Q)



Q) closed Riemann surface £ = {v € H'(Q) | / v =10}
Q

1. stochastic intensity (Neri)

1
) = 5 IVeld—Aog |

Ay f[—1,1] ae®’ P(da) 1
f[_l,l] Joe*P(da) |9

| eiPlda)

2. deterministic intensity (Sawada-S.)

1
Ia(v) = 5[[Vvll5 - A] [1Og/ e’ P(da)
2 —1,1] Q

e’ 1
—Av = )\/ o ( — ) P(da)
[—1,1] fQ ey €]

?

P(da) probability measure on [—1, 1]
1
cf. P= 5(5_1 -+ 51)

probability for vorticities to take
renormalized intensity o

Ae¥ —e™")

Ay —
v er”—I—e—’“ dx

sinh-Gordon equation
constant mean curvature
guaternion

distribution of vortices with
renormalized intensity o

_AU B é 6’0 B 6—’()
2 fQ evdx fQ e~ vdx

neutral vortex



2. Deterministic intensities

Sawada-S. functional

F={ve H(Q |/

=5 | IVl - /11][1og e P(da)

A = sup{)\ | i%f Jy > —oo}

approach by blowup analysis (ORS 10)
s

A > )\, = inf inf J —
= m f;i 22 P(da) 1% A, =~ — 0
approach by duality (RS14) A= \"> A,
7 3

87P (K. )

[fK oaP(doz)]

A = inf <

\

“~

Theorem 1 (Ohtsuka-Ricciardi-S. 10) {vp} C F
D= [ alq o - ) Plda)
—Avi = A o) e
[—1,1] Jo e ’Q|

non-compact

)\ke

Jo e

m(zxg,a) > 0, S < 400
0<r=r(z,a) € L'(Qx [~

== sub-sequence

da:P(doe Z m(zo, @)dz, + r(z,a)]drP(da)

ToES

1,1], dxdP)

87?/ m(zg, a)P(da) =
[_1:1]

2
{/ o{m(xo,a)P(da)} , Veg € S
[_1:1]

I_ =[-1,0], I+ =0,1]



approach by duality

X Banach space/R
F: X — (—o0,400] prop. ¢’x Ls.c.

=

Legendre transformation

F*: X* = (—o00, 40| prop. ¢’x Ls.c.

F*(p) = ig@({@,p) — F(z)}

Fenchel-Moreau duality
F** — F

FU(@) = sup {{r,p) ' (0)

Smoluchowski-Poisson equation

Toland duality 78, 79

F.G: X — (—o0,4+00] prop. c¢’x Ls.c.
J(zr) =G(z) — F(x)

J*(p) = F*(p) — G"(p)

L(z,p) = F*(p) + G(z) — (z,p)
... Lagrange function

inf L =infJ =inf J*
X X X * X X

point vortex mean field equation (single intensity)

v

free energy «

duality

Flu) = /Qu(logu —1) - %((—A)_lu, uy Jy(v) = %HVU”% — )\log/Q e’ + Allog A — 1)

u>0, [lulli =X particle distribution

potential density

field functional



Theorem 2 (Ricciardi-S. 14) ( ) I_=[-1,0]
_ STP(K
A= )\" A" = inf { TP (K+) 2‘K¢CfiﬂsuppP > I, =10,1]
\ |:fK:l: OiP(dOf):| )
1 . .
J,\(U) _ _/ |V’U|2 . /\/ (logf eo‘”)P(dOz) FE = {v = Hl | / V= 0} field functional
2 /o [—1,1] Q 2

1
L@pno) = [ [ paltogpe— 1| Pl 5IVelg~ [ | [ apar] Plda)  Lagranger
—1,1] LJo 2 —1,1] LJo

inf L =infJy,+ A(logA —1) = inf F unfolding-minimality
Bl'yxFE E Bl

Fop) = [ | [ patogp~ | Ptda)=3 [ a8 (o (-8)7ps) PeP(dads)

9 free energy

Dpa € DIy, I’)\:{p20|/p:)\ P\ ={PBpa | pa € 'y, P-a.e. a}
Q



discrete measure P = Zn’ﬁa_, p; > 0, f pi = A, H{1} < +o0

@pz Z /pz logp; —1 +Zn n’ a; aj Pis _A) 1Pj>

Shafrir-Wolansky 05 a,b (positive case) () m-dimensional compact Riemann manifold

F(®p:) Zf pilog pi — Z%/ z)logd(x,y)p;(y) dzdy, aji = a;; >0, p; >0, fpz- = M;

0
bounded & _ o AT
Aj(M)y=m) M;— Y  a;M;M;
1. Ayj(M) >0, VJ C{i} i€J i,jEJ
2. AJ(M):Ojaii‘I—AJ\{i}(M)>0,Vi€¢] _(MZ)
m [ Fi(z)log FQ( Ydzdy < (1 — a)/ Filog Fy + ozf Fylog Fr + C,,
Q2 d(z,y) Q Q
O<a<l, F,>0, / +linear programing
1
=g .. Carlen-Loss 92 Beckner 93



P(da) discrete eialll“f,\f > —00, VA < A Da={p>0]|[,p=A}

ir%f F = —00, VA > \* o'y = {@Pa \ pa € 1"\, P-a.e. oa}
DL

F(@®pa) = /[—1,1] UQ pa(10g po — 1)] P(da)—%f[_Lm B {pa, (—A) "1 pg) PRP(dadf)

approximation | — X\ = \* for non-discrete P(d«) (duality) = X\ = \* for Jy(v), v € E

W = [ 190 -2 /[_u]aog [ e Plaa)
E:{UEHl(QHfQ’U:O}

open questions
1. i%f Jy+ > —oo for non-discrete P(da)

2. A minimizer

discrete critical bound: OK



strategy for non-discrete measure otherwise (subsequence)

- . A UL
A=A fke - drP(da) — p(dzrdo)
ecu)
YA < A* 4 minimizer of i%f I °
A T A*, vp mimizer of inf J), p(dxda) Z m(zg, @)dy, (dx) + r(z,a)dz]P(da)
— B ToES
{(Ak,vr)} solution sequence to m(zo, @) 2 0
0<r=r(z,a)e L'(Qx[-1,1],dxdP)
av 1
—Av:)\/ oz( - — )P(da/)
(—1,1] Joerr 19 S=85,US, 18 < +o0

c b
v St =A{xg | xr — x0 s.t. vi(xE) = Loo}

{vp} C E compact = i%f Jy+ attained

= i%fJA* > —00

2
Vag € S, 87?/ m(zxg,a)P(da) = {/ am(aco,oz)P(doz)}
[_171] [_171]

Key ingredient ~ Y.Y. Li estimate c.f. S. —Toyota 19



Interior blowup control u=v+log\, V(z)=e"f(v)

Brezis-Merle 91 —Auy = Vi(x)e" in B = Bg, 0 < Vi(x) <b, / et < C
B
classification of the behavior, rough estimate of concentration — Al
Li-Shafrir 94 Vi = 3V in C(E) mass quantization and formation of bubble for the concentration case

possible collision of bubbles

bubble center can be local minimum

Y.Y. Li 99 |VVi|loe < C = local uniform estimate =  non-degeneracy
Morse index calculation



3. Point Vortices Limit of Neri type in the Gel'fand form

—Av =\ / ae® P(a) in Q Q) ¢ R? bounded domain P(da) Borel measure on I = |0, 1]
v — 0 on 88{2 0€2 smooth boundary 1 € supp P(da)
/\// ac™ P(da)dx < C Ricciardi-Zecca 16a,b

Ix<)

deMarchis-Ricchiardi 17

P(da) = 61(da))  single intensity 1. blowup analysis

2. asymptotic non-degeneracy, Morse index calculation
3. deformation theory, topological degree calculation

P{1})=7>0 non-degenerate case AT = A
—Av = Af(v), v|go =0, 0< f(v)=¢€"4o0(e"), vT 400 Ye 97

otherwise

flv) = /Iozea”P(da) = o(e’Y), v 1 +00,V8 > 1

lim e f(v) = +o0, V4 < 1



“Av = Af(v), v]y0 =0 0 < flv) = /aea”dP(a), (1) >0, 0< A <3N
1

Blowup analysis Ak,VUg  solution |vg || = +o0, Zi = )\k/ flop) <C
Q

Exclusion of boundary blowup

[Gidas-Ni-Nirenberg 79] QcCcR? 0< f= fv) e C*

= uniform decreasing property of the solution near the boundary

[deFigueiredo-Lions-Nussbaums2] VK compact C 2, 3Cx >0, ||v|p1(x) < Ck
— 0f) C Jw  open. independent of f(v)
||| Loe (@rwy < FC for the solution under the above property

n
n—1 c.f. S. (preprint)

[Brezis-Strauss 73] [|Au|1 £ C = ||v[|lwie <Cp, 1 <g<2=



