Diffusion Geometry 1

Analytic Approach to the 2D-NRF



1. Normalized Ricci Flow

Hamilton 82 Ricci flow approach to the Poincare-Thurston conjecture

bridge initial and expected ultimate metrics
geometric process of surgery at the formation of singularities

dg
2D normalized Ricci flow o (r—R)g on 2 x (0,T)
Q compact Riemann surface Theorem (Hamilton 88)
g=g(1) metric g(t) = goo In C as t 1 oo
R = R(t) scalar curvature metric with constant scalar curvature
r(t) fQ R(t)dp average volume
J"Q d i Remark

He= H volume element 1. No singularity in 2D-NRF

OR

a :AR_'_R(R—T), A: Ag

Henceforth, assume R>0



geometric part analvtic part

c.f. Smoluchowski-Poisson equation

_ i d
Af=R-—r curvature potential E/ RlogRdp <0 = sup ||R, <+oo
M, =VVf— %Af . g trace free part 2 t€(0,00)
. . — inf in R >0 Harnack inequality
co-variant derivative . 0<11’]:'/1<C>O mén t Of Li-Yau type
—_— 2M, = (r — R)g+ Lv¢g
O M2 =AM, —2|VM,|? — 2R |M,|?
— modified Ricci flow 57 |1 Mgl™ = A |M|" = 2|VM,[" - 2R | M,
93 _ _
5 =M. §=3() =T g(t). {T.} & Vf comparson theorem
M2 < Ce ™, v >0
1
2 2
M| = [VV P = S(Af)?
conclusion
‘Mg|2 = !M§|2 invariant under the semigroup g(t) — Tt*g(t) — Joo In O ast T oo, Mg =0

g(t) = goo in C*° as t 1 00, R, = constant



Summary

1. Increase of the surface entropy provides an a priori
estimate

Harnack inequality implies reverse inequality

3. Convergence of the transformed metric to the trivial
state in infinite time

Convergence of the original metric

Geometric structure guarantees these transformations
and a priori estimates

N

o B

Achievement in the theory of dynamical systems
1. global in time existence of the solution

2. pre-compactness of the orbit

3. unigueness of the omega-limit set

Analytic proof

1. Trudinger-Moser-Fontana inequality
2. Benilan-Crandall inequality

3. Concentration compactness

4. Gradient inequality

Bartz-Struwe-Ye 94

1. Modified flow by covariant and Lie derivative
2. Moving spheres based on the symmetry

3. Bochner-Weitzenbock, Harnack, etc,

Analytic formulation

Gauss-Bonnet
genus

| Rudng = mx(2), () =2 - 20(6)

R,>0 = ¢g(2) =0

standard metric
Q= 827 g = ewgo
A=Ay, de=dug,, Ro=Ry,

uniformization theorem

Rg = e_w(—Aw + Ro), |Q|R0 = 81
R, d
/Rgdﬂg =8, r = fQ %9 _ —87T
Q fQ diig fQ evdx
dg
i — R —
Oe® eV 1
—— = A 8 — in € 0,7
o w + W(er'wdm |Q|)1n x (0,T)




2. Normalized Ricci flow-like equation

constant compact Riemann surface without boundary
Oe" eV |
—— = Aw+ AN5— — =7) in 2 x (0,7)
ot f e 2
1. expansion of a thermalized electron cloud

2. central limit approximation of Carleson’s model of the

Boltzmann equation
3. thin liquid film

full system of chemotaxis

euy = V- (Vu — uVv)

1
T =Av+u—— [ u
t Q| Jo
ou Ov Ov
S )|, ="

T=0 Smoluchowski-Poisson (Jager-Luckhaus)
1
uy =V - (Vu —uVv), —Av=u— —
€ Jo
0 ov 0
(—u—u—v,—v) :0,/1):0
Ov Ov” v’ |50 Q
e=20 non-local parabolic equation
e’ 1
VUVt — A’U -+ )\( — )
Joe' 19
ov

v

=0, /v:()
o0 Q

Q c R*  bounded domain with smooth boundary

u



quantized blowup mechanism

cur = V- (Vu —uVv), —Av:u—ﬁ

m(xg) € my(xo)N, my(zg) = { ii:

0< f=f(z) € LNQ)NC@\S)

U
Q2

o € €
xo € 012

dis-quantized blowup mechanism

Wolansky 97

Q= DB(0,1) c R?, v=uv(|z|,t), A > 8
e

v = Av + ———, vy =0
Jae .

e

dr — Mg, t T T = Thax € (0, +]

fQ e’

Kavallaris-S. 07

A>81 = T =Thax < +00



3. logarithmic diffusion

de” e 1 d / 1 /
= Aw+ N ) — = [ ev=0 ODEpart  u=u—— [ u Qx(0,7T)
ot W (fﬂew |Q|) dt Jq Q| Ja
vl
il — 0
Y — U
u=re¥, t—t =r 1t r= — dt Jo
Jae
1
ug =Alogu+u—— | u ||lugllt = A
2 Ja
instability from the average U = i/ U
€2 Jo
c.f. logarithmic diffusion
u = Alogu in R2 x (0,T) {u>u}, {u<u} invariant in time

extinction in finite time before blowup



Rascle’s Smolchowski-ODE quation 78 Full system of chemotaxis (Keller-Segel 70)

eup = V- (Vu —uVvo)
ug =V - (Vu—uVo)

p=0

ou ov < T'Ut_,U'A'U='U;—i u in Qx (0,7)
v Vg

1Q @—u@:@zﬂ on 002 x (0,T)
vy = U u ov ou Ov

€2 Jo

Nonlocal ODE equation

l =0

eV 1 Smoluchowski-Poisson equation (Jager-Luckhaus 91)
’Ut:)\<m—|ﬁ|> iIlQX(O,T)
Jo

uy =V - (Vu —uVv)
1 —Av:u—L u in Q x (0,7)
€2 Jq
?—u?:g—vzﬂ on 092 x (0,7T)
mean field equation v v
as stationary states / v=>0
Q
_ . Hamilton’s normalized Ricci flow 88
Nonlocal parabolic equation (Wolansky 97)

ﬁ1| u in Qx (0,7)
Q

oV 1 u, = Alogu —
=A A —
= AT (fg |ﬂ|)



Diffusion Geometry 2

Existence of Pre-Compact Global in Time Orbit



- i d d
1. thermo-dynamical structure — [ u=0 —F(u / IVEF( )|2 <0
dt Jq dt

() compact Riemann surface without boundary
1 :
up = Alogu+u—— [ win Q x (0,7T)
Q2 Jo Theorem O0< A<8r —T =+

u|t=0 — UO(QC) > 07 HUOHl = A »

Hermholtz free energy

F(u) = /Qu(logu —1) — % ((=A) " u,u)

———)

_1 c.f. Smoluchowski-Poisson
0F (u) =logu — (—A)  u

ur =V - (Vu — uVo), A’U—u—@/ /?)_O

Model (B) equation
—  u; =V -uViF(u) in Q x (0,
u; = A(logu —v), v=(-A)"tu

possible blowup in infinite time for )\ = &7



L w w 1
: w=logu 90 _ np 4 z(-E )

ug = Alogu+u— — | u « > — —
e 2 Jo Z Joe 1
U|t:0 = UO(SC) > () Jensen T — i w < log(i) few -\
QJo = QAT Ja
—  [u=r= ol L .
o Bw) = IVl - Alog [ e
2 0
1 2 w —
= S[IVw[[z = A(log [ €” —w)
2 Q
d e 1
1 —(w) = Vw - - Vwe — A — wy dx
uy = Alogu+u—— [ u dt A(w) 0 ' (fgew |Q|) '
€2 Ja
< Alogu—+u = —fewwf§0
Q
—_— maximum principle

Trudinger-Moser-Fontana inequality (94)

T < +o00 = limminu(-,t) =0 ,
T Q I%f Jgpz > —00

E:{UGH1(9)|/QU:O}



2. sub-critical case )\ < 87 Moser’s iteration scheme

TMF inequality (- t)]|oo + |lu(-,t) e < C
d
aJA(w) <0 = |[[Vw|<C, w>-C T = +00 pre-compactness of the orbit
Jensen w<C 3. critical case A= 8m

(Poincare-Wirtinger)

— few =87 —
Q

[w|[gr <C

1
Jorw) = 3| Vo~ 8o ]Q e —m)

1
= §||Vfw|]§ + 87w — 87 log(87)
TMF inequality

——)

_ 1
luC, )llp + [luC, ) lp < Cp, 1< p < o0 —C < S|Vu|;+ 8w <C



pointwise

Jensen w<(C 0 u . .
- Sy (et—l) <0 HltlTr%u(a:,t) = u(z,T)

T < 400 — liminfw = —o0

ttT TMF inequality to UJ/Q

1
—/ |Vw]224-87rlog/ew/2—167rﬁ—0
2 Jq O

Benilan Crandall inequality

1
recal —(C' < §||Vw|]§ + 8w < C

1
ut:Alogu-l—u—@ U
Q
Uy — @zéﬂog/ew/z—c
— Ut = A(—) —|—’U,t 0O
U
—w u EE— liminf [ e%¥/?2 = liminf/u ot 1/2
— bt =€ Ap—i—p—pQ, p:i trr /Q trr Jo ( )
_ o e monotone convergence theorem = fu(-,T)1/2=0
pt:p—pjpzet_l Q

u(+,T) =0 a.e. in (2

[

Ut (&
<

—)

u — et —1
8t =lim [ wu(-,t) = f u(-,T) =0  acontradiction
t1TT Q 0



proof of the pre-compactness of the orbit

show w > —C'

H:/wa E—
Q
dH

dt

assume Jiminfw = —o0
tT+o0

—[|Vwlf5 + H — 87w
< H+8rmw+C

TMF inequality

Eltk ’[‘ +00 35 >0 Benilan-Crandall inequality
bl

SWE(t)_I'CS_k; tk—(5<t<tk

H> el —

oo tk—5/2
Z/ dt/ewt /dt/ewf<+oo
-1 t—0

|e® 'wt||1 / /6 ’wt = /ewwtz
Q

tk—5/2
— |im ||€’w,wt(.7t)||% dt = 0,

ty — 0 < Jty, <t — /2

lim inf H(t) = +oo
k—00 t)—8<t<tr—4/2

oe¥
li — (..t — 0
tim ||
> lim [ ew(,t}) = +oc
lﬂ—)OO Q



U = U(‘, tk)

lim [ eYw(-,t;,) =400 — lim [ wugloguy = +oc
k—oo o k—oo Jo
F(ug) < Flup) — len;@((—A)_luk,uk) = 400
. _ N
subsequence lim TUL = Too € R
k— o0 0
Lemma |ugll1 = 8«
]:(uk) <C — Too € ), up — 871'(53;00
lim <(—A)_1uk,uk> = +00
k— o0

lim [ zup(z)dr =z, € RY
k—o00 0



de" eV 1
— =A A — — 1 )|l =0
o~ AT AT Ty kir?.loH
elliptic estimate (Brezis-Strauss) w(-, t;g) — 87TG('>5Uoo) n Wl’q(Q); 1<g<?2
lim ew (k) — 400 Fatou / e’ = 8m a contradiction
k— oo 9) Q
1 1

N~ —1
Glz,z) or ° dist (x,x")



Diffusion Geometry 3

Convergence of the Normalized Ricci Flow



1. Summary

() compact Riemann surface o0 =0
1 Rd
= — u
ur = Alogu+u |Q| — g =(r—R)g, r= j;}—du R: scalar curvature
Q

ul;—g = uo(x) >

A=8m, Q=257 Hamilton’s normalized Ricci flow
f U = A = / A

stationary state Us = @ uniformization theory

A
u(t) — uy = @ in C'* topology

37 > 0

maximal existence time of the classical solution

Kavallaris-S. 10 0<A<8T — T =400, |[u(t)|oe + |u(t) oo < C  Trudinger-Moser-Fontana
A=28 —_— =
i I'= oo Benilan-Crandall

Kavallaris-S. 15 A=81 —  |Ju®)]oo + [|[u(t) e < C P.L. Lions



variational structure

1
F(u) = / u(logu — 1) dx + 5 / w- A" udr Helmholtz free energy
Q Q
1 1
v=—-A"T"u = —Av=u—— | udx, vdr=0 Poisson equation
2 Ja 0
— AGF i ’ =0

Ut = (u) model (B) equation - dt O U= total mass conservation
d .
£f(u) — (ut’ (5.7:(?1,)) — —||V§.7:(u)||% < () free energy decreasing

pre-compact orbitin  (*>°  topology — 0 # w(uo)  contained in the set of stationary solutions Fy

theory of dynamical systems
yorey Y connected, compact

stationary solutions

6F (u*) = logu* + A~ u* = constant ,f uwdr=\u" =u"(x) >0 —— u,€F)\
Q



stationary problem —

1
—Alogu, = uy — Uy dz, x €, /u* dx = A
12l Jo 0
* Ae” vy = logu ! log u
u = x — x T T~ *
Jo €V dx 5 12| 5

el 1
’ (fgev*dx a) fym v € By

4+—>

1
Ir(v) = §HVU||3 - Alog/ﬁe” dx

ng{UEHl(QH/dea::O}

Trudinger-Moser-Fontana

0< AN<8m E)\Z{O}

in C'*° topology

elliptic theories

(a) \=8m,

0 = 52

(Hamilton)

(b) \=8m, Q=T =R*/aZ x VZ,
Lin-Lucia 06

@IO*‘
»M:}

Remark £\ may be a continuum

velVy, [Vl <1 = / e dy < O
Q



Theorem T =400, [[ult)oo + [[u(t) oo <C ==  Ju,€Fx  u(t)—=u, in C™ topology
in algebraic order

Usx  non-degenerate — in exponential order

— v, =logu, — 1 logu, hon-degenerate critical point of Iy = JIa(v), v eV

2 Jo

— e H*(Q), —Aw:u*winﬂ,/wu*das:() = =0
Q

(96“’ e 1 w
Proof _w = A h) _ in O T e
u=Ee ot W (er’wdac |Q|)ln < (0,T) —) W——&S’(w)
1

E(w) = f ~|Vw|? —e® + iw de, we H (Q)=V

Q 2 €2
Gradient inequality |

- —_— — 1

we €V, 6E(w,) =0 = 0< 3 <o, Jeo >0 U non-degenerate 0 =3

Yw eV, [[w—wv <en = [E(w)—Ew)|P? <C|5EwW)| v~



. 1
elliptic theory Ty (v) = §||V,U||% _ )\log/ e’dr, Vo ={ve H'(Q)]| / v dr =0}

Q Q
SI(0) = 0 & —Av, = A(o— 1)/ do = 0
U* — — U* — T~/ /U* xr —
A Joevsdx Q7 Jq
Q=5 (analytic proof) _ _ Q=7T?=R?*/aZ x VZ, b > il (Lin-Lucia 07)
Chanillo-Kiessling 95, Cheng-Lin 97, Lin 00 a 4
Vv Vv
A . A

8
87 4



2. Gradient Inequality (Lojasiewicz 63, Simon 83)

Lemmal | F:R™ — R realanalytcat x =0

E(0)=0, 6E(0) =0 — 0<39§%

|B(2)|'™" < Cl6E(z)], |2| <1

Proof E(x) = Z Cox®
(04
(e a1 (07"}

a=(ay, ,qn), ¥ =z x5
sufficestoassume FE Z0 = Im > 2

Co =0, Va| <m—1
Co #0, [Fal =

E(z) = Eo(z) + E1(z), Eo(z) = Y  Caz®

la|=m

|Ey(2)] = of|z|™), |E1(z)] = o]z )

|Eo(x)| = r"|Ep(w)| < Cr™, x =rw, r=|z|

Bl = (G

1=

OF
—  pm— 1 0 1/2
{Z 8391 )’}

> cr’™T, Elcl > 0
d 12
= —0E(z) —B@) =27 <0

assume; global in time solution with pre-compact orbit

theory of dynamical systems. LaSalle principle

—  dtp T +oo, x(ty) = Jx., 0E(x,) =0

H = (E(x) — E({IZ*))Q well-defined

lim H(x(t)) =0
Jim H((t))



r = —0F(z)

0<d0<

B(2)|'™" < Cl6E(x)], |2| < 1

Aty T +o0, x(ty) — ., 0E(x,) =0

H = (B(z) - E(x.))’

dH

dt

>

[®.@)
— /
0

Jim H(x(t)) = 0

O(E(x) — E(x.))" " (- 0B(x))

0(B(x) — B(x.))" 0B (2)|?
0(B(x) — E(x.))" 0B ()|

CQ|5§'|, deo > 0 —

|| dt < +o0

3 lim z(t) = x,

tT+ o0

Haraux-Jendoubi 01

i
dt

H < Cd, d(t) :{

0(B(x) — E(x.))" 0B (z)|

c3(E(z) — E(x,))'?
csHo™ 1 Fes > 0

—dpt _ 1
e ", 9_5760

lz(s) —x(t)| < CP(t), s>t

s T 400

)

(1) — x| < CO(2)

t‘loﬁ, 0<6<1/2

_ —1
= C3



application to the NRF .
5 , EIg;UleﬂXl—>U2:([_P)U analytic
e e”
. — A — * * * * *
ot w—i_)\(fﬂe’wdx |Q|) g(wy) = w3, w* = wi +w; € Uy & Us
analytic L
e 1 \ S ={w1 +g(w1) [ w1 € Ur}
_ = —5 _ = 2w
o= —0E(w)  g(w) = /Q SIVult =€+ S da
w e H (Q) =V realized as a self- — 0<d6 < %

adjoint operator in

X:L2(Q) weV, |lw—w|y <deg =

€ (w) — E(™)|'7" < C||6€ (w)]

wy €V, 6E(wy) =0
L = (528(@[}*) — —A\ — e"tU* -/ — |/* linearized operator

Xi=Ker L={veDL)|Lv=0}CV=H(Q)

V*

sup ||w(7 t) — w* || v parabolic regularity

P :V* = X; orthogonal projection dim X =n to<t<to+T
< C([lw(to) —w'[v +  sup  flw(-t) —w[|2)
to<t<to+7T
Lemma?2 | (Chill03,06) w, € dU C V' neighborhood
S={we U‘(I — P)oE(w) = 0} critical manifold —  convergence in algebraic rate

local analytic manifold around v, with dimension n



role of non-degeneracy  w* = logu*

1
—Aloguy, = uy — — | uydex, /u* dr = A
€2 Jo Q
non-degenerate
1 ! 1
Ve = lOg Uy — —— 0g Usx
€] Jo

non-degenerate critical pointof  Jx = Jy\(v), v € V)

== non-degeneracy of the linearized operator
1
¢ € D(B) = H*(Q) NV,

— M=—-A—-u":V=HQ) > V"

V*

¢ev,/ﬂu*¢dx=o = léllv < ClIMé)

—_— implicit function theorem

Jeg >0, wevV, /ewdaf,‘:)\, |w —w*|[v <eo

Q
= [Jw—wly < C|M(w —w")]v-

Lemma 3 u, hon-degenerate —

weVﬂm—va<%m/?w:A
Q
=

€ (w) = E(w™)['™7 < O (w)]

V*

0 —

1
2



