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Mathematical Methods in Cancer Cell Biology

pathway model

→identify factors 

top down modeling

insight from experiments 

→integrated formulae 
→simulation check 
→understand the evens as  a system

beyond the reductionismcomplicated network
cutting individual pathways may cause opposite effects 
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Espejo-Stevens-Velazquez 09 

competitive system of chemotaxis c.f. Jager-Luckhaus 92

full system of chemotaxis
→ (dimension analysis) 
→ single u-equation 

first rigorous proof of blowup and global-in-
time existence of the solution 

cell species in mound-fruiting body 
formation
→

competitive system of chemotaxis

Mathematical results

1. general case 

a. local in time well-posedness 

b. global-in-time existence criterion  

my motivation 

1. tumor microenvironment in cell-tissue 
level 

2. interaction of tumor cell and tumor 
associated macrophage

self-organization 
(blowup)

multi-species cells with 
different features 

2. radially symmetric case  

a. blowup criterion 

b. simultaneous blowup at the origin  

c. component-wisely different blowup mechanism 
(formal) 

→

blowup time discrepancy? 
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Figure 20-17  Molecular Biology of the Cell (© Garl and Science 2008)

cell deformation
ECM degradation

in-travasation

extra-travasation

basement 
membrane

epithelial  cell

stroma

blood vessel

Tumor microenvironment

J. Joyce, and J. Pollard. Nat Rev Cancer 9: 239-252 (2009)
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Tumor associated macrophage in 
invasion and intravasation 

J. Joyce, and J. Pollard. 
Nat Rev Cancer 9: 239-252 (2009)

H. Yamaguchi et al. 
Eur J Cell Biol 85: 213-218 (2006)

competitive species → species selection 

I. Smoluchowski-Poisson equation (6) 

1. variational structure  (1)
2. global-in-time existence (1) 
3. blowup criterion (1) 
4. scaling (1)
5.   results  (2) 

Abstract 

A competitive system of chemotaxis can describe some aspects of tumor microenvironment. In 
this system there is formation of collapse in each component of the blowup solution.  We have 
total mass quantiztion, subcollapse formation, and type II blowup rate.  For radially symmetric 
solution, simultaneous blowup of two components and mass separation with quantization 
(formally) occur. We review the structure using the single equation,  emphasize the essential 
difficulty in multi-component  case, and describe some of the proof   

III. Competing system (10)

1. main results (2) 
2. Trudinger-Moser inequality (1)
3.   mathematical structure (2) 
4. proof of total mass quantization (4)
5. radial case (1)

II. Mathematical methods (2)

1. blowup analysis (1) 
2. partial regularity  (1)  
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1. variational structure

1/18

model (B) equation

I. Smoluchowski-Poisson equation

total mass conservation

free energy decrease

Helmholtz’s free energy

Hardy BMO

entropy Gibbs measure

2/18

2. global-in-time existence
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3. blowup criterion 

3/18

Over mass with concentration implies blowup

Each boundary blowup point takes a half mass

4. scaling 

4/18

4.1 critical dimension 

4.2. critical mass 
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5. mathematical results

5/18
Hyper-parabola .. 
infinitely small parabolic region 

total blowup mechanism is enveloped 
in hyper-parabola 

Parabolic envelope ... 
infinitely wide  
parabolic region 

6/18

Hamiltonian control 

a recursive hierarchy
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1. blowup analysis 
II. Mathematical Methods

7/18

8/18
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II competing system of chemotaxis

1. main results 

9/18

Dirichlet case 

Some conditions missed !

contradiction

10/18
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2. Trudinger-Moser inequality  
(Shafrir-Wolansky 05)

Hierarchical assumptions needed !

11/18

3.  mathematical structure

12/18
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discrepancy

13/18

4.1. formation of collapse

4. proof of total mass quantization 4.2. total mass quantization

14/18
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15/18

scaling limit equation

4. scaling back 

5. Kurokiba-Ogawa’s scaling argument  
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5. radial case

18/18
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