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top down modeling 5) chemical reaction

1) reinforce-consumption A+B—C (k)

u =, vy = —f3 = (mass action)
d[A]

2) production-extinction ar —k[A][B]

Ut au, Ut ,B’U Elt] — —k[A][B]

3) transport
insight from experiments

—identify factors
—integrated formulae
—sjmulation check
—understand the evens as a systen

u=-V-j
j... fllux

4) gradient
j = —d,Vu... diffusion

j = d, V... chemotaxis

complicated network beyond the reductionism

cutting individual pathways may cause opposite effects




Keller-Segel 70

w =V - (di(u,v)Vu) =V - (da(u,v) Vo)

vy = dpAv — kyvw + k_1p + f(v)u

wy = dypAw — kyvw + (k_1 + k2)p
+g(v,w)u

pr = dpAp + kyvw — (k—1 + k2)p

u = u(zx,t) cellular slime molds
v = v(z,t) chemical substances
w = w(z,t) enzymes

p = p(x,t) comlices

1. transport, gradient

(a) diffusion u,v,w,p

(b) chemotaxis v — u

2. production u — (v, w)
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3. chemical reaction v, w,p

(k1) = p (k2)

& (k_y) N W+ A

V+Ww
v = —kijvw + k_1p

Wy = —klvw + (k_l + kg)p
pr = kyow — (k—y + k2)p

Michaelis-Menten reduction (w, p)

1. quasi-static kyvw — (k—1; + k2)p =0
2. mass conservation w +p =c¢

=

uy =V - (di(u,v)Vu) — V - (da(u,v) Vo)
vy = dpyAv — k(v)v + f(v)u

ckiko

k(’U) - (k),1 + kg) + kv

Nanjundiah 73
dy(u,v), k(v), f(v) constant
da(u,v) = ux’'(v)

up = dyAu— V- (uVyx(v))
v = dyAv — b1v + bau

Smoluchowski-Poisson system

Jager-Luckhaus 92

up =V - (Vu—uVv)
1
—Av:u——/uian 0,T
9l o1

ou ov v

E_ua_a_OOnaﬁx(o,T)
v=20

Q

zero-flux boundary condition

Smoluchowski-ODE system
@ =V-(Vg—qVe(v))
vy =¢qin Q x (0,7)

9g  9p(v)

ov ov 3920




Espejo-Stevens-Velazquez 09
competitive system of chemotaxis

8tu1 = dlAul - le . u1Vv
8tu2 = dgAUg - XQV . UQVU
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c.f. Jager-Luckhaus 92

full system of chemotaxis
— (dimension analysis)
— single u-equation

Q c R? bounded domain
o) smooth

||U0||1 LK1= T =Thax = +00
||E|u0||1 > 17 T = Thax < +00

first rigorous proof of blowup and global-in-
time existence of the solution

cell species in mound-fruiting body

formation multi-species cells with
— different features
competitive system of chemotaxis
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Mathematical results (blowup)

1. general case
a. local in time well-posedness

b. global-in-time existence criterion

2. radially symmetric case
a. blowup criterion
b. simultaneous blowup at the origin

c. component-wisely different blowup mechanism
(formal)

my motivation

1. tumor microenvironment in cell-tissue
level

2. interaction of tumor cell and tumor
associated macrophage
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competitive species — species selection

Abstract

A competitive system of chemotaxis can describe some aspects of tumor microenvironment. In
this system there is formation of collapse in each component of the blowup solution. We have
total mass quantiztion, subcollapse formation, and type Il blowup rate. For radially symmetric
solution, simultaneous blowup of two components and mass separation with quantization
(formally) occur. We review the structure using the single equation, emphasize the essential
difficulty in multi-component case, and describe some of the proof

I. Smoluchowski-Poisson equation (6) IIl. Competing system (10)

1. variational structure (1) 1. mainresults (2)

2. global-in-time existence (1) 2. Trudinger-Moser inequality (1)

3. blowup criterion (1) 3. mathematical structure (2)

4. scaling (1) 4. proof of total mass quantization (4)
5. results (2) 5. radial case (1)

1l. Mathematical methods (2)

1. blowup analysis (1)
2. partial regularity (1)




I. Smoluchowski-Poisson equation

Jager-Luckhaus 92

Smoluchowski equation

uy =V - (Vu—uVv) in Q x (0,7)

Ou Ov
a—uE—Oonaﬁx (0,7)

Poisson equation
1 ov
“Av=u—— [ u, —
1Y /Q ov

/sz
Q

[2}9)

=4
v=Gxu= / G(- 2" )u(z')da'
Q

1. variational structure

F(u) = /Qu(logu— 1) — % (G * u,u)

Helmholtz's free energy

0F(u) =logu — G xu

up = Vu - VOF (u)

g&}'(u) =0 model (B) equation
ov P

d _
7 lu()]]1 =0 total mass conservation

d
GF®) =~ [ uvsFuP
dt o
free energy decrease
1/18

2. global-in-time existence

concentration under L' control

C'(Q) 2 M(Q) = collapse formation
Theorem A1l (Nagai-Senba-Yoshida 97
Biler 98, Gajewski-Zacharias 98)

n= 27 ||U0||1 <Ar = Tmax =400
Proof dual Trudinger-Moser inequality
inf {F(u) |u>0, [ul|,=47}>—o0

+ total mass conservation

1. A= [lu(t)]], < 4n
= sup ||u(t)HLlogL < +0o0
t>0

2. parabolic-elliptic regularity
= T = 400, sup |lu(t)||,, < +oo
>0

entropy Gibbs measure

Hardy BMO
[ [ I [ |
M «Lle—Llog L«——F2——» EXP ¢ —L>* 2/18




3. blowup criterion

35 > 0 absolute constant s.t.

xo € ﬁ, 0<RxK1

1 / 2
— |z — x0|” wo(z)dx < n
R? QNB2r(20)

/ uo(z)dx > m.(z0)
QNBr(zo0)

U

T = Tax = o(R?) < 400

m(x)_ 8m, T € Q
T dr, oz € 00

Over mass with concentration implies blowup

Each boundary blowup point takes a half mass

Theorem A2 (Senba-S. 01) «———— symmetrization (weak form)

G(x',z) = G(z,2")

=
4 u(-,t) —/u( t)A
dat Jo, ¥ = q P

1
—|——//pw(x,:z:/)u(x,t)u(x',t)d:z:dx/
2 Jala

_ 8(p
2 —_— =
po(z, ") = Vo(z) - V,G(z,2")
+Vo(z') - Vo G(z,z') € L®(Q x Q)

3/18

4. scaling

u =V - (Vu—uVT *u)
(z,t) e R" x (0,7)
—Al'=9¢

4.1 critical dimension

self-similar trasnformation

wy(@,t) = pPulpz, p?t), p >0

lu(®)lls = [|uu(t)]1 & n=2

4.2, critical mass

F(u) :/n u(logu — 1)7%(F*u,u>

dual Trudinger-Moser inequality
n=2=
inf {F(u) |u>0, ||ul|; =87} > —o0

1 1

I'(z) = — log —
(@) = 5 8 T

u(x) = pu(pz) >0, p >0

=
llupully = [lulls = A
22
Fluy) = <2)\ - E) log i + F(u)

critical mass A\ = 8« 418




5. mathematical results
uy =V - (Vu —uVvo)
—Av:u—i/u in Qx (0,7)
€ Jq
ov

ou v
$—u$:$:00n89x

/sz, Qc R?
Q

0,7)

Theorem B1 [collapse formation]

T =Thax < 400 =

u(z, t)dr — Z m(z0)dz, (dz) + f(z)dz
€S

ast 1T in M(Q),

0<f=f@)el@nCc@\s)

S ={z0 € Q| Iz, tx) — (w0, T)
s.t. u(zk, ty) — +oo}

Theorem B2 [mass quantization]
m(zg) = mu(xo) = {

[y = [luoll,=
28(SNQ) +4(SN Q) < luoll, /(4m)]

To € Q)
o € 08

8,
47,

Theorem B3 [blowup rate]
Vxo € S type 11

ltiTI;l(T = ) [[ul, )l Lo (@nB(ao b(T—1)172))

=400, Vb >0

total blowup mechanism is enveloped
in hyper-parabola

t=T
Parabolic envelope ... [N
infinitely wide
parabolic region
Hyper-parabola ..
infinitely small parabolic region 5/18

pre-scaled
(1) collapse formation

(2) mass quantization

u(z,t)de — Z M (20)0z, (dz) + f(2)dx

ToES
0<f=fa) e LQNC@\S)

rescaled
(1) sub-collapse formation
(2) type II blowup rate

2(y, s + 8")dy — m.(20)do(dy)
C,(—00, 400; Mo(R?))
s’ 1 +oo

2(y,s) = (T — t)u(z,t)
y=(z—x0)/(T—1)"% s=—1log(T - t)
My(R?) = Co(R?)

Co(R?) = {f € C(R?U{oo})| f(o0) =0}

Theorem B4 [blowup in infinite time]

T =Thax = +00
b 1 400, Ju(te) oo — +00

=

).} C {te}, u(z,t +t,)de — p(dz,t)
in C,(—o00, +00; M(Q)

pa(dot) = Y ma(w(t))dage (d)

1<i<N(t)

A=dr = N(t) =1, z(t) € 00
dx

7 27V, R(x)

Hamiltonian control

1
R(z) = |G(z,2') + —log |z — 2’|
n T/=x

x € 012, Robin function

arecursive hierarchy  6/18




Il. Mathematical Methods
1. blowup analysis

Theorem C1 [Gidas-Spruck 81]

Q C R" bounded domain, €2 smooth

+2
I1<p< 55
=
IC>0st. ol <C, Y

—Av=2", v>0 InQCR"”

v=0 on 90N

scaling

l1<p<oo,u>0

1. assume the contrary
3 {vy} solution sequence s.t.
my = v (k) = ||kl = +00

_2
2. scaling g () = p =" vk (e + x1)

3. scaling limit
—Av=1",0<v<v0)=1inR"

or ds > 0,
—Av=v",0<v<v0)=1inz, > —s

v=0onzx, =—s

4. Liouville property

1<p< Z—i’g = A scaling limit

—Av =P
vu(z) = p P Vo(uz)
N _— /N
—Av, =P T — 7/18
2. partial regularity (4§ < +0o0) localization
Br = B(0,R)
harmonic heat flow B(u, R) = %/ V2
Q =R?*/aZ x bZ o1 Jr
u=u(z,t): 0 = 3lIVuollz
Qx[0,T) —» S"~1 C R”
u — Au=u |Vu|2 e-reqularity
lu| = 1in Q x (0,7) Je0 >0
SUD;e(0,7] E(u(-,t), Br) < o
=
u = u(x,t) regular in B/ x [0, 7]
Theorem C2 (Struwe 85) monotonicity formula
Jglobal-in-time H' solution E(u(-,T), Bg)
ﬁnlte number of singularities < E(ug, Bag) + CE T/ R?
in  x [0,400)
8/18
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scaling and monotonicity
1. blowup analysis

(a) scale invariance
(b) control at co of scaled solution
(c) hierarchical argument

(d) classification of the scaling limit
2. partial regularity

(a) e-regularity ... parabolic local theory

(b) monotonicity formula
... trade-off of space and time

Summary (1)
. Quantized blowup mechanism aries in 2D Smoluchowski-Poisson equation

. Fundamental factor is a variational structure which ensures total mass
conservation, free energy decreasing, and weak form

. Scaling property compatible to the variational structure chooses critical
dimension and critical mass

. There are collpase formation, mass quantization, and sub-collapse forma-
tion which results in type II blowup rate at any blowup point

11



Il competing system of chemotaxis

1. main results i1=1,2,---,N

8tui = dlAU,z - Xiv . uin

in Q x (0,7)
8ui ov

diw— — Xitig-| =
v~ XMy 90 0

ui|t:0 = UzO(fL') >0

Q ¢ R? bounded domain, 9Q smooth

T = Thax < +00
=

li oo =

Limg [|u(t)]]o0 = +o00

S={20€Q| 3z, > 20, tx 1T
s.b. u(zg, tg) = +oo} # 0

Theorem 1 [finiteness of blowup points]
1S < 400

Theorem 2 [formation of collapse]
u;(x, t)de —

Z mi(20)dz,(dz) + fi(z)dz in M(Q)
z0€S

{1 T, Vi

m;(xo) >0, Zmi(xo) >0

i=1

0< fi=filz) e L{(Q)NCQ\S)

m. (z0) = 8m, o €N
*\H0) = 47, x9 € 00

Theorem 4 [subcollapse formation]
zi(y, s + " )dy — m;(x0)do(dy)

in C,(—o00, +00, My(R?))

s’ +oo

2i(y,8) = (T — t)u;(z, 1)

y = (v —20)/(T =)'/, 5 = —log(T — 1)

Question (colllapse mass separation)
3k s.t. mi(zg) =0, Vi #k

9/18

Theorem 3 Dirichlet case
[total collapse mass quantization]
Vo €S 1. Wolansky 02

N 9 N N , N

X)) <8 A A = ||y

(Somten) =Sty | [ < BB S ol

i=1 =1
& = di/Xi = Some conditions missed !

T =+

contradiction

2. (Espejo-Stevens-Velazquez 09)

Vi, u; = ui(|z|, t), Bk, A\p > 8m&

=

T > 0, limsup ||ug (-, t)||oo = +00
T

10/18
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2. Trudinger-Moser inequality
(Shafrir-Wolansky 05)

logarithmic HLS inequality

QCcR"”

fo20, [ fdo= [ gar=1
Q Q

I<a<l=

n (x) - log T g(z")dzdx'

QxQ T — |

3/(1—a)flogf+aglogg dx + C,
Q

n=2

]:-@fi(@ui)

N 1
= Z/in(logui —1)dx D) (T u,u)
i=1

N
u = E UG
i=1

linear programming

2
(Z )\i> <8T Y &
ieK i€k

VK C {1,2,--, N}

=

inf{Fg,e, (Giui) | ui >0
||u,||1 = )\,’, 7= 1,2,"-,N} > —00

Hierarchical assumptions needed !

Green function estimate

Theorem D1 [Dirichlet case]

(Z Ai> 2 <8T Y &iki

i€eK 1€EK

VK C {1,2,---,N} > T =+00 144

3. mathematical structure

() ¢ R? bounded domain
0 smooth §=1,2,---,N

Ou;
= =diAu; — x;V -y
5 d;Au; — x;V - u; Vo
ou; » ov B
1 8]/ X'L Za SQ -

1. Total mass conservation

llui ()] = i, Vi

2. free energy decreasing

d
E}_@& (@ul)

N
= —Z/ & iV (dilog u; — xiv)|?
i=1"7%

N
Foe, (Oui) = Z/ &ui(logu; — 1)dx
i=17 %
1 1

~5{(=2) )

3. weak fom

Yo € C?(Q), g—f =0
oQ

d .
E/QZ:XZ' uzsodw—/gzi:ézuzAwd
1
= 5//p¢u(x,t)u(x',t)dxdx'
aJo

pe(z,2') = Vo(z) - Vo G(z,2')
+Vo(z') -V Gz, z')

12/18
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Theorem D2|VK C {1,2,---,N}

2
ieEK 1134
=

T =+

discrepancy

Theorem D3 3z € Q, 3R > 0

<Z Ai(aco)> > m. (o) Z&i)\i(aro)

Ai(z0) = [[wioll 21 (@B (w0, R))

Vi, || — zo[*wiol| L1 (@nB(2o.20)) <K 1
=

T < 400

1. Behavior of the Green’s function,
near the boundary required

2. blowup threshold yet unknown
except for N = 2, u; = u;(|z|,t), Vi

3. still dtotal mass quantization

N 2 N
<Z mi(xo)> = my(xo) Z &m; (o)

i=1
by two types of parabolic envelop;
local mass and local second moment

4. in a competitive system u be an
upper bound for Yu; although careful
analysis needed for their time evolution
as measures

13/18

4. proof of total mass quantization
4.1. formation of collapse

1. free energy + Trudinger-Moser
= e-regularity;

g%hrgsTup (s Ol L1 @B (o, r)) < Fe0

:>1,‘0¢S

2. weak fomulation
= monotonicity formula;
— Oy
eC?*(Q), ==| =0
@ ), 5, o

d _
E/QZ)Q (-, )

3. u; <u, Vi

< Oup(A+2?)

ui(x,t)de — Z m;(20)dz, (dz)
ToES

+fi(z)dz in M(Q), t 1T, Vi

4.2. total mass quantization
1. weak scaling limit

y=(z—z)/(T-1)
s=—log(T—t),t<T

2(y,s) = (T — t)u(z,1)
Vsi 1 400, I{s)} C {si} s.t.

2y, s + si,)dy — I((dy, s)
in C,(—00,+00; My(R?))

with 0-extension and
reflection (for boundary blowup point)

weak solution to the
scaling limit equation

=V (VE= V(T C+ [y/4)
in R? x (—o0, +00)

{= ZX{IQ, (=D &G, =) G

% i 4
(;: individually defined eventually 14/18
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2. parabolic envelope (1)

¢:¢£0,R70<RS]—

d _
& | St ne

=N

< CR?

i=1 i=1

. o mi(mg), xo € Q
mz(xg) o { 2mi(x0), X € o0

TgES
+fi(z)dz, t 1T

Gi(R?,5) < 1hy(o)
=

Ci(Rz’S) = mi(l’o)
—0 < § < 400, Vi

N
(R ) = > x; (o), C= )X G

3. parabolic envelope (2)
¢~ |& — 20[*¢u,r, 0 <R 1

‘%/in:xflui(wt)w‘ <cC
= 0 < (|y|*,{(dy,s)) = I(s) < C

§ca|inq limit gquation
Ce=V-(VC—CV(T*C+ y]?/4))

~ N N
(=D &6, ¢=> 6 =
i=1 =1

dl
7 2 (minx;)I — o(20), Vs € R

15/18

Vg €S

<Z mi(%)) > my (o) Z €imii (o)

i=1

4. scaling back

Ci(dy,s) = e "A;(dy,s)

Yy =e %y, s = "

=

A, =V (VA— AVT % A)

A; = Ai(dy,s) >0 in R?* x (—o0,0)

M(R?) = [Cy(R?) @ R]' envelopes
the total scaling mass

as =V -(Va—aVT xa)

ai(dy,s) > 0in R? x (—00, +00)

ai(RQ, S) = ml(m'o)

N N N

N -1 ~

GZE X; ai,a=§ €iai,a=E a;
=1 =1 =1

5. Kurokiba-Ogawa'’s scaling argument

1) local second moment

Ai(R2, 8) = m,(l‘o) C(S) [
N N N s
A=) it A=) GAL A=) 4
i=1 i=1 i=1
weak translation limit 0<d(s)<1,5>0
Vs T +oo, 3{si} C {sk} —1<¢(s)<0,5>0
Ai(dy, s — s1,) = ai(dy, 5) [ s—1, 0<s<1/4
in C,(—o00, +00; M(R?)) o(s) = 0, s>4 16/18
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o(xg) >0

=
3C, § > 0 s.t.

L {ellyl?) +1,a(dy, ) <

Cle(lyl?) + 1, a(dy, s)) —do(xo)
—00 < 8§ < +00

(c(lyl?) + 1,a(dy,0)) <n
_ do(xo)
C
=
(c(ly?) + 1,a(dy, s)) <0, s> 1

contradiction

(c(lyl?) +1,a(dy,0)) > n

2) scaling invariance of the full orbit
ai(y, s) = af (y, 5) = p2ai(py, p*s)
local second moment criterion
(e(lyl?) + 1, 0" (dy,0)) =

=

{e(n™?yl?) + 1, a(dy, 0)) > n, ¥ >0

0<c(u?ly)+1<1
c(p?lyl?) +1 =0, p T +oo
= (dominated convergence theorem)

0 > n, contradiction

o(xg) <0 = 17/18

2

5. radial case

u; = ui(|z|,t), Vi
=
S = {0}

1. [simultaneous blowup]

Vi, 0 <VRK 1

limsup [|w; (-, )| Lo (B (0)) = +00
T

U2

fi g L7

Uy

2. [mass separation?]

m; = m;(0) < 8x&;, Vi

ma

87és| (M1 +ma)? = 8m(Eymy + Eamy)

my
8m&y ¢
S 1, Y,
&
ma
87‘(’52{_\
my
8m&y

18/18
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Summary (2)

1. In a competitive system of chemotaxis one has finiteness of blowup points,
collapse formation, total mass quantization, and sub-collapse formation

2. First, formation of collapse is proven with e-regularity and weak form

3. Then, total collapse mass is estimated from below using rescaled second
moment applied to the weak scaling limit equation

4. Finally, a global-in-time exsitence criterion of the full orbit implies the
total collapse mass estimate from above. Here scaling back and translation
limit are used

5. It is the second part that is essential for multi-component systems

6. In radially symmetric case there arise a simultaneous blowup and a sug-
gestion to collapse mass separation

Collaboration with Mathematical Modeling and Cell Biology
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Model Simulation Medicine
Path ; Development
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i Control pathway simulation
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