Practical Aspects of Some
Bio-magnetic Inverse Problems

Takashi Suzuki
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aural evoked magneto
encephalogram

Dipole Analysis
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standard theory (direct problem)

Q volume conductor

o > 0 permeability
VxB=pyJ, V-B=0
J=J? —o(x)VV

o(z) = o, €
10, z¢Q
0
i Q-
0, =R*\Q
0 =0
a9

B magnetic field
J total current density
JP(x) primary current

a(x) conductivity (one layer model)

nervus medianus
evoked magneto
encephalogram

visual evoked magneto
encephalogram

distribution theory

B e CN@a), pod € L, (RY)

=

V x B=uyJ,V-B=0inR*\ 00
[nx BT =0, [n-B]f =0o0n a0
=

B € C(R?)

1. compatibility condition
V- (o(x)VV)=V-JP in R*\ 0Q
oV

[a(m)%]i — 0 on 99

2. interface regularity

[V(n-B)]T =0 on 09
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M, CV interface, D ¢ R®

Be HY (D), Je H(rot,Q.)

V x B=J e L*D)?
V-B=0¢€ L*D)
=n-Be H (D)

well-posedness (distributional solution)

JP(z), o(z) = B(z), V(z)
VXxB=upyJ, V-B=0
J=JP —o(x)VV

o, €N
d@:{o,xga

B,V € C*(Qy)
B(co) =0, V(o) =0
JP e CHQ), JP =0in Qy

spherical model

Grynszpan - Geselowitz 73

1. o(x) =0in Q4
=

U =U(x)

B = poVU in Q4

2. Q ball

=

vy = y/lyl
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standard regularity

JP e Cl+6( ) o0, 2+
= B, Ve 02+B(Qi)

layer potential

= Geselowitz equation 67, 70

I'(z) = Newton potential

L
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- [ V(y) —r(s y)dS,, €< o9
B(x) = —po jﬂ JP(y) x VI(z — y)dy
oo fd V(y x VI (= p)ds,

x & o0

3. U(x) =0, & = x/f|z|

=
~ 4
m@=—f e+ t2) at
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standard theory (inverse problem)

q1,-

Inverse problem

“+,qm € 9§ channels Find = € R", o(z) = z, n = 6N

(B-v)(q1), (B -v)(gn) data z € R™ observed data
v unit normal vector

dipole hypothesis, Sarvas 87 N=1lor N=2
N =
)= Y Qudte - ) T

a; € R? position, @ € R* moment

direct mapping

l10:‘r’l’::((3\"176211"':alf.N:QJV)E];‘Fj\’r

n==6orn=12, m= 100

initial guess
parameter perturbation
gof check

wh e

= ((B ’ V)(QI)v"'v (B ) V)(Qm)) eR™

Start

Dipole moving method

1. over-determined problem I Q
2. number of dipoles prescribed

3. local minima

spatial filtering method

A method to reconstruct distributed magnetic sources

1.
2.
3.

Subdivide the solution space into some small regions (voxels)
Place a point source (current dipole) to each voxels

Describe the measurements by linear combination of magnetic fields derived
by each sources

Calculate the orientation and magnitude of each sources

Construct a lead field matrix A.

Biot-Savart formula, etc



Various spatial filters

* Non-adaptive filter
— Weighting positional relationship between sensors and solution space

* Minimum norm filter Moore-Penrose quasi-inverse
*« sSLORETA
normalized equation

B= (b(l), ey b(T)) : Time series measurements data

Q= (qm,. e q(T)) : Time series moment parameters

* Adaptive filter
— Varying weights by time variation of measurements

* Minimum variance filter
« MUSIC filter

Q; : jthrow ol @
A; : jth column of A

MUSIC method
* Multiple Signal Classification (MUSIC)
— An algorithm to provide asymptotically unbiased estimates of locations and
parameters of multiple signal sources

* MUSIC algorithm applied to MSI
1. eigen-decomposition of the covariance matrix of the measurements

_ B: time series measurements matrix
Cov(B) = (1/T)B'B

$ = (¢1,...,9n) : Eigenvectors

A = diag(Aq,..., A\p) @ Diagonal matrix of eigenvalues

2. Select the dimension r of the signal eigen-space

AMZ2 A > Ap R~ Ay

Minimum eigenvalues of R




Source ldentification

A:R" - R™, matrix A = (a;5), (m,n)

Ar =y &
a1121 + 1272 + ... + A1 Tn = N1

a21%1 + a22%2 + ...+ Q2pTy = Yo

Am1T1 + Am2X2 + . . . ATy = Ym

m > n = overdetermined = non-existence

= least square approximation

n > m = underdetermined = non-uniqueness

= selection of the solution

Many unknowns admit many solutions

Dipole analysis

’ a priori information time series

over-determined source number analysis under-determined
prescribed number using signal oscillation clustered elements

least square approximation constant source number
must exclude local minimum

non-prescribed number of dipoles
Markovian time sliced data

parallel optimization

Hausdroff measure
cooperate game

divide sources into elements
clustered elements recover sources



Numerical experiment

256 channels
5 dipoles

digitization of bio-functions — diagnosis, pathology prediction, therapy

‘ Parallel optimization ‘

x € R" — ¢(x) € R™ direct mapping
z € R™ observed data

w(x) = z, x € R" unknown source

m > n under-determined

M= (xR |p(a) = 2}

=

(m — n)-dimensional manifold

Approaching improves
accuracy with the probability
1/2

Iterative sequence having
reached the manifold leaves
there with the probability 1

J(z) = § |o(x) - z|* accuracy
{z¢} iterative sequence

J(zg) 1O

h

Iterative sequence with high-accuracy freezes in under-determined system

because n-dimensional volume of M is zero



melting makes frozen sequence move

Azy = a0 — 2

1
J@) = Hletw) - =P
=

Adp = J(ze) = J(xe)
= (¢'(we) Ay, p(e) — 2) + 0 (| Ay

Az, € Ker(¢'(z))

= |AJy| < 1 “melting”

Azy € {KEI‘CP’(I;})}J— = Rany'(z)"
= |AJy| ~ 1 “approaching”

How? ... singular decomposition of matrix

A0 0
0 A 0
= (QI an) - )\m
0 0 0

Qe 0(n), We0(m)

G1,- .-, Qm : basis of Rany'(x¢)"
@ity dh « basis of Kery!(zy)

— how and where?

freezing zone

' (o) Azg| = J (o) /2

parallel optimization

outside freezing zone ... approaching
inside freezing zone ... melting

Axy € Ker(¢'(x))

= |AJy| < 1 approaching
Azxp € {KET@I(IE)}J— = Rany'(z)"
= |AJy| =2 1 melting

wy
wWa

Wy,



Where?...Binding ~Principal policy of melting in source identification

A C R? finite set
l l
€e>0,AC Ule B(xy,¢€)
fixe>0
| update A to A" as La(g) > La/(¢)
L 4(e) least number of ¢ l
l

update s to 0 < &' < ¢

A C R? set of distributed elements

L 4(e) increases as ¢ | 0

1 |
#(A) = limeyo La(e) Repeat

A concentrates on narrow spots!

’0—d Hausdorff measure‘ «<—*| Co-operative game

Program integrates sub-routines

approaching
\ parallel optimization ..
freezing zone keep accuracy
/ by freezing zone
melting and matrix singular decoposition
binding
covering

biting

underdetermined quantization
biasing

sparking

clustering



Aural evoked current
measured by 128chnnels

nervus medianus time series data analysis
using 32 X 32 channels

1- time sliced
real data analysis

moving, separating, annihilating,
binding dipoles
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1. avoiding local minima

2. automatic source number search

clustering MD method

signal
propagation

reflection
Scattering

data mining
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New Solver ENIDM

Element Number Increasing — Decreasing Method

-increasing number of elements . i
-determine number using instability concerning

GoF

1
moments / | )
-decreasing process to adjust the number | Increasing Process
-high speed/many source identification 1
-robust against noise |

°

256 channels
10 dipole identification GoF

Decreasing Process

*—e N
-basic research of brain activity
-diagnosis of epilepsy
*spinal evoked magnetic field maximum moment criterion
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Spinal cord dysfunction (HEEH&EEREE)

spinal cord oppression by intervertebral disk (HER#x)
signal transmission abnormality ({3 S{&ER %)

paralysis (Jf#E) dyskinesia (GE@HfFEEE)

medication ($%) excision (BIER) form diagnosis

function diagnosis

electric potential

spinal evoked magnetic field

non-invasive measurement
bio-magnetic source identification
high quality time resolution

depolarization neuron cell membrane
NA+ influx

secondary current

depolarization of the adjacent cell

K+ defluxion

repolarization

O Uk wN R

o under CORAR WR21 B

f Cenvical OPLL Myelop: g Evoked Spinal Cord Potentials, Spine(1988)

primary current
... evoked by electric action of spinal cord

J¥

secondary current
.. evoked by the primary current subject
to the conductivity —cr(:z?)VV
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secondary m m
CNHZ)

primary

effects of the secondary current ~ Geselowitz equation
FEVIE) =~ fQV ~IP(YIL(E — y)dy — (a1 — 70) [m Viylwy - VI(E — y)dS, (& € 09)

B(z) = .LLD‘/QV x JP(y)C(x — y)dy + polor — o) [Un V(g x VT (z —y)dS, (x€ R}\90Q)

l dipole x 2=quadrupole
FHEV(E) = ZQ ) Loi-o0) [ Vil nds, (€0
. arl? I (0] y | y
Z Qk‘:_(‘“mf’f) + j—;(m - 0o f V(g) X vydS, (z€ R3\99Q)

standard model of human body
(Japanese adults, male/female)

MRI image adjustment

boundary element method to quadrupole Geselowitz
equations




Slmulatlon check (1)

exact solution

120 channels

20002 vertices 140 /

40000 faces coo oo ooo

EC=0

numerical solution

phantom data - secondary current

quadrupole approaching circular cylinder
face causes magnetic field crush
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vertices 10002
Faces 20000

4 Simulation check (2)
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Summary

1. Mathematical medicine is a new field provided with many targets where
several approaches and formulations are possible

2. Among others brain activity analysis is an important issue. Electro-magnetic
theories may formulate some aspects

3. A mathematical method to clinical medicine is presented, dipole bio-magnetic
data analysis for spinal cord

References
1. EBRE, ERBERBIGESNICETIHBREROER, BARLRAHEERIRIGS, 2011, in press
2. #HAE, RERSIT-ERICH T EME IF0E LA, BARFERL, B, 2007, pp. 68-103

3. T. Kobayashi, S. K. Watanabe, Interface vanishing for solutions to Maxwell and Stokes
Systems, J. Mathematical Fluid Mechanics 8 (2006) 382-397

17



