Smoluchowski-Poisson equations in
statistical physics and cell biology

2012. 11. 06

Takashi Suzuki

Cell Movement ~ Top Down Approach

Keller-Segel 70

w = V- (di(u,v)Vu) = V - (da(u, v) Vo)

vy = dpyAv — kyow + k_1p + f(v)u

wr = dypAw — kyow + (k_1 + k2)p
+g(v, w)u

pr = dpAp + kyvw — (k1 + k2)p

t) cellular slime molds
x,t) chemical substances

= w(z,t) enzymes

p(z,t) comlices

u(z,
u(

ST

1. transport, gradient

(a) diffusion u, v, w,p

(b) chemotaxis v — u

2. production v — (v, w)

Vegetative Amoebae

Culmination 5., 24h

18h

Fruiting Body

Life Cycle
of
Dictyostelium discoideum
-
e 6h
Slug Stage ’

12h
Mound 3

moving clustered cells

Stream Fouhn

aggregating cells

3. chemical reaction v, w,p

V4+Ww fl&:) P (k_2>) W+ A

v = —kivw+ k_1p
wy = —kyvw + (k—1 + ko)p
pr = kyvw — (k_y + ka)p



Michaelis-Menten reduction (w, p) Smoluchowski-Poisson system
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Statistical Mechanics - Thermodynamics

system consistency kinetics ensemble
isolated energy entropy micro-canonical
closed temperature Helmholtz free energy canonical
open pressure Gibbs free energy grand-canonical
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Statistical Physics ~ Bottom Up Approach
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The model
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self-attractive Smoluchowski  w; = V - (Vu — uVv)

— Neumann - Poisson A 1
i —Av=u—— [ u
equation o /o
ou ov ov
) ——y—=—=0
guantized blowup (5% ov ov

mechanism - kinetic level / v

Theorem Al Theorem A2

[formation of collapse] [mass quantization]

u(z, t)de — m(zo) = m.(zo)

m(zo - | 8w, xp e 0
> mian)d(ds) {4 D 000

xpES
+f()dz c.f. threshold 00
Senba-S. 01b £-0.00000
Senba-S. 01 Biler 98 N. Saito 03
Herrero-Veldzquez 96  Gajewski-Zacharias 98 '
Nanjundiah 73 Nagai-Senba-Yoshida 97 ~ . . .
N"agal o Simulations do not
formation of sub-collapse ~ Jdger-Luckhaus 92 Y reach the critical
type Il blowup rate Childress-Percus 81 stage.

guantized blowup mechanism — spectral level (Boltzmann-Poisson equation)

Theorem B1 [Nagasaki-S. 90a] A= [|ull, ! duality .
{(Ak, vi)} solution sequence Q c R? bounded domain 99 smooth
A = A € (0,00), ||vk]lec — 00 A>0 Cor;i;[i‘nt

= 7Av:minﬂ, v =0 on 9N

X =8TN,Nc N

G = G(z,z") Green’s function
Jsub-sequence, 3§ C 2, {5 =N

R(z) = [G(x, ')+ S log |z — 2’|
2

da'=x

Robin function
v — vg locally uniform in Q\ S

vo(x) = 8x Z G(z, o) singular limit
ToES

S ={z},..., 2} blowup set

ViHN‘(ml.‘---,zN):(m{.‘---,m’:\‘.) = 0, 1<4i< N

1
HN(mlﬂ"'amN)Z_ R(-r,g)‘i’ G(r“’n) ] —
2 zz: ; ’ G Senba-S. 00



Q C R?: open set, V € C(Q)
—Av=V(z)e", 0<V(z)<b inQ
e <C
Q
Theorem B2 [Li-Shafrir 94]
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Vi — V loc. unifl. in 2
=
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=R Y)
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1. interior regularity
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2. boundary regularity
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The result

Q ¢ R? bounded domain, 89 smooth

uy =V (Vu—uVv) in Qx(0,7)
ou v

v o
ul,_y = uo(z) >0

—Av=u, v|g,=0

T < 400 = lim [[u(-, )]s = +00
1T

blowup set

S={x0€Q |3z > wo, t, 1T
w(g, ty) — +oot £ 0

Theorem 2 (critical mass)
luo|l = 87, A stationary solution

= T = +o0, limsup ||u(-,t)||ec = +o00
100

Vi T 400, liI£n||u(~7tk)||OO =400

3{t.} C {tx}
u(z,t 4t} )de — 8wdy ) (dx)
in C,(—00,00; M(Q))

t € (—o00,4+00) = x(t) € Q loc. a.c.

d
d—f = 47VR(z), ae. t € R

Remark

domain close to a disc

— no stationary solution with critical mass
— blowup in infinite time

Theorem 1

L 15 < +o0,[S C 0]

2. u(z,t)de — 8w Z 0z, (dx)
EAS
+f(z)dr in M(Q),t 1+ T

0< f=flz) e L{NC(Q\S)
3. Vxp €S,V >0
%I%(T = Ol Ol Lo (Bao,b(T—1)1/2)

= 400
formation of sub-collapse — type Il blowup rate

Corollary
A=Jluglh €81 =T =+

Remark

1. sub-critical mass — compactness of the orbit
(Trudinger-Moser + free energy)

2. critical mass — unique continuation theorem

Corollary

u=u(|z|,t) = u(z,t + s)dz — 8ndy(dx)
51 400 in Ci(—o00, +0o0; M())
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—
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Abstract

We study Smoluchowski-Poisson equations in statistical physics and cell biology,

particularly when Dirichlet boundary condition is provided to the Poisson part. The method
of weak scaling limit reveals peculiar profiles of the solution, formation of collapses, mass
guantization, type Il blowup ate, simultaneous blowup, and mass separation. Exclusion of

the boundary blowup is particularly emphasized
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1. monotonicity formula

1) total mass conservation

u =V - (Vu—uVuv)

du v

— — U =0 Smoluchowski
v v | aq

u>0= [lu( )]l = luolly = A

2) symmetrization
' Ju(z")dx’

v = f G(.,
Poisson

—AU =1, v|y, =0 - action at a distance

G(z,2') = G(z',x) action —reaction law

gﬂEC’%ﬁ),Z—f =0« (def) pe YV
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d
g7 . e(z)u(z, t)dz

= f/‘ V- (Vu—uVv)dz
Q

/ Ap(x) - ul(x, t)dx
Q

1
+- f polz, 2 u(z, t)u(z', t)dedx’
2 0QxQ

weak form
pe(a,a') = Vo(z) V. G(x,2")
+Vp(z') - Vo G(z,2")

llpplleo < Cl[Veller = monotonicity

p formula
G | uel < oAl
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2. formation of collapse
1) weak continuation

g €Y < C() dense
d
5 [ ute] < calvile
Q

A= lul 0l =

0 < p(da,t) € CL([0,T], M())
uw(z,t)dr = p(de,t), 0 <t < T

2) e-regularity

lim lir?épp (s Ol L (@B @o.r)) < F€0
=30 ¢S

1)42) = (parabolic-elliptic regularity)

p(T) =" m(wo)d,, (do) + f(z)dx
TgES
m(xzo) > €0, 0 < f € L'(R), 45 < 400

3. blowup criterion from the weak form
Theorem (Senba-S. 01b)
€N, 0<RxK1
[woll 1 (Bao,my) > 87

|z — @o|*uol| 1 (B (xo,am) < 1

=T < +00

cut-off function

.T(]Eﬁ, U<R<<1,<,0:<P:1:(),R€Y

0<p<l, @z{ . z € Bwo, 11/2)

interior regularity

1
G(z,z') = 2—10g + K(z,2")
T

|z — |
K e @Qx Q) nct* 9 (Qx Q)

z € R*\ B(xo, R)
V| < CR™'@6, V2| < CR™2p?

proof of e-regularity - [Dirichlet case]

localization of the global-in-time existence
criterion of Jager-Luckhaus type

$0€§,0<R<<1

Lemma 1
limsup [|u(-, £)[[L1(@nB(x0,R) < €0
ava
= lim sup/ u(logu — 1) < 400
1T JonB(xo,R/2)

Lemma 2

lim sup/ u(logu — 1) < +00
1T QNB(xo.R)

:>JJO¢8

Gagliardo-Nirenberg inequality
Moser’s iteration scheme

|lvllwre <Clg), 1 < g <2

2/10

20 €Q,0< R, o= |x—20>0u.r

d
—_— O = AN -
dt/;zup /n # i)

1 '
+5 polz, 2 )u®u
2 Jaxa

% < Jgr(0) 4+ a(R™1tY/?)

+CR ™ Iy (t)?

a(s) = O(s* + )
In= [ o = oPul, s n
)

M2
Jp=4Mp — —L 4+ CR 'Ly

27
A{R = / u('7t)§0170,R
Q
:nonotonicity Mg(0) > 8w, I2gr(0) <1
formula = Ir(3t) <0 3110



4. weak solution (Senba-S. 02a)

0 < p(dz,t) € C.([0,T], M(2))
M(Q) = C(Q)" weak solution to

u =V - (Vu—uVv), —Av=u
du v
e
v v | 50
< (def)

= ’U‘aQ:O

() VeeY
t e [0, 7] — {p,u(de,t)) a.c.
L, nldn, 1) = (B, pldr, 1)

1
Jri(p(p, V(t)),t";gl a.e. t

%
Y-{wecm) s
a

-

0 < p(dz,t) € C.([0,T], M(£2))

weak solution

1 (total mass conservation)

[p(5 )|l = (1, pu(d, t)) = A

2 (monotonicity formula) Vo € ¥

‘ d

< O []loo, ) IV

“ (o pldz. 1)

1

positivity + linking of the multi-plicate operator

¥ = IT - EU|2[P-T«::,R
dl
B < Jw(0) + a(r172)

+CR 'Lr(t)Y?*, R0
Proposition 1

Jap € Q, u({xo},0) > 87

<|‘T - $U|2(101"0,R1 ,u(dw, 0)) = O(RQ)a R l— 0

=T=0

po(w,2') = V() - VoG, o)
+Vp(z') Vo Gz, ")

0 < 3w(-t) € L®(0,T; X')
multiplicate operator

X=[{p, +vlpeYveC@x)}]
— L™ (Q x Q)

(2) (linking)

v Olo@aa = mlde, 1) @ p(da’,t)
a.e. t

Remark (positivity)
0<ved < (def)

Vige X, |fl<g
[{(fiv)x x| < (g, v)x a0

c.f. Poupaud 02, Dolbeaut-Schmeiser 09
Luckhaus-Sugiyama-Velazquez 12 4/10

0<v(,t)e L>=(0,T;X")
multiplicate operator

Proposition 2

0 < pg(de, t)e C.([0,T], M())
weak solutions

sup ||[ux (5 0)|lad +| sup |lwg (-, )| 2
k te[0,7]

< 400 = 3 sub-sequence

weakly converging to a weak solution

Remark 2

1. X c L™(8 x Q) separable

2. u = u(x,t) > 0 classical solution
=

p(de,t) = u(z, t)dz

v(-t) = u(t) @u(-,t) € LY(Q x Q)

(-, 8) |2 = A%, A = [Juolx 5/10

10



5. scaling limit ~ scaling invariance
(@, ) = pPu(pe, (°t), p>0

1) backward self-similar transformation
y = (z —x0)/(T — t)/? zy €S
s = —log(T —t)

z2(y,s) = (T — t)u(z,t)

ye (T =) V2Q = {w}) = 0,
—logT < 5 < +o0, [[z(-,8)[[1 = A

zs =V - (Vz — 2V (w+ [y[*/4))

0z 0
B_v_za_y(w+|y|2/4) =0

982,

3) diagonal argument

Vs T 400, sy} C {5k}

2y, s + s}, )dy — 3((dy, s)

in C'.(—o0, +00; My(R?))
Mo(R?) = Co(R?)

Co(R?)

={f € C(R*U{oc}) | f(oc) =0}

g € a0

2) weak form zp € €2

P ECIRY, s> 1
d
—/ Z99=f (Dsp+y-Vo+Ap)z
dS R (R

1 R
+§/ 5w,y ® 2z

O, x0O,

O = Qs x {s}

po(y,y') = Vely) - VyGily, y')
+Ve(y')  VyGisly,y')

Gz, 2')=T(x —2') + K(z,2")
)

(z,2') € @x QU2 x Q)]

1 1
() = — —
(@) = o BTl
s ! ZF o ! i
Gy, ') =0y —y') ypm
+K(e y+zo,e "y + xq) 6/10

0 < {(dy, s) finite measure
C(R?,s) < A= [Jugl|1, Vs
supp ((dy, s) C RZ (if 2o € 0Q)

weak solution to
(o =V (VC—CV(F =+ yl*/4))
in R* x (—o0, +00)

(F * C)(!S) = (F(-_‘y"),C(dy’?s»

n_ | Tly—v), e
F(y’y)_{ E(y,y'), xo€dQ

E(y,y)=T(y—y)-Ty—yl)

test functions
p €W & (def) ¢ € CZ(R?)

991 Z 0 (if 20 € 0
o |ar> 7110

11



0 < {(dy, s)€ C. (=00, +00; My(R?))
C(R2,5) < X = ||ug|1, Vs
supp ((dy, s) C R—i (if g € 092)

(1) Vo e W
s € (—o0,00) = {ip, ((dy, s)) loc. a.c.

2 . clay.5)

= {Ap+ g -V, ((dy, s))
1
+§(,Og,fC(3))£’gr a.e. s

0= EIK:]C(':'S) e
IK(-, 8)|ler € A% ae. s

multi-plicate operator

E=[{pl+v|peWye Z}]
— L>*(R* x R?)

6. parabolic envelope To ES

1) total mass|]0 < R <1

d T
% / u('vt)on,R < C)\R_Qs / di
Q t

|<901:0‘R7u('5 t)d:E) - (Sowogfi'.anu(dxa T)>|
< O\T —t)/R?

seR,b>0fixed, k> 1
sh+s=—log(T —t), R=0bT—t)"?

|<(i‘90.b1 Z('ﬂ s+ 5;;)(1@')

_<(‘D:,,-U,.x,e*‘=‘+=‘ic3f’2’ pu(dz, T))| < CA/bz
k— o0
p(T) = > m(wg)bn, (de) + f(z)de

roES

po (W) = Voly) - VyF(y,y')
Vo) - Vy Fy.y)

F(y,y")
_{ P(yfy!)v xUEQ
Ply—v')—T(y—w.), xo€d

Z = Cy(R? x R?)3[(Ch(R?)eR) @ R]
D[R @ (Co(R?) D R)]

Co(R* x R?) .. continuous functions on
(R?U {oo}) x (R? U {o0})
vanishing at [(R? U {co}) x {oc}]

Ul{oo} x (R? U {o0})]

(2) (linking)
K(-,8)|,= ¢dy,s) @ ¢(dy', s) a.e.s

2) second moment:

d
G | X Per

x o ] &0, rg € €2
- ngo([.l’:), xg € 002

<

=

<\y|2,C(dy,s)> <0, —0<s< 4
e =T

Parabolic envelope .. Infinitely
wide parabolic region

pre-scaled collapse mass = total mass
of the weak scaling limit

(o, C(dy, 8)) — m(zo)| < Ca/b?, b1 +oc

m(zg) = ((R?,s), —00 < s < +00

uniformly bounded total second
moment of the limit measure 8/10
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7. boundary blowup exclusion 1 1
— I'(y) = glOg H
xo € O, supp ((dy, s) C Rfr -
0 < ¢ =((dy,s) (2) (linking)
€ O4(—00, +00; Mo(R?)) K(-,8)|,= C(dy,s) @ ((dy', s) a.e.s

¢(R?,s) = m(xp) parabolic envelope 1 1) measure part

0
(1) ¢ e CRRY), 52| =0 e = or = lyl*r: Yr(y) = V(y/R)
., RS Y = %02
[{e, C(dy, $))]i222 y y Iyl
= Ap+ = -V 7{ d; )8
1/51 T TR IS S
Zkp0 ,
TolPe Ks)e,e|ds I(s) = (Jyl%, C(dy, 9)) < €

parabolic envelope 11

0<K(ss), IKCs)er <A

82

po(w,y') =Vely) - VyFly,y') lim {Am + = - Ver, ((dy,s))

Rt+oo
+Ve(y')  Vy F(y,y') "

Flyy')=Ty—vy)-T(y—u.)

2) multi-plicate part p (y, ) =T+ 1T+ IIT

= (dominated convergence theorem)

= 4(52 - sl)m(mg) + f 1(s)ds
s1 9/10

;
I=vyr(W)Vyl* VyF(y,y') +or(W)VIY -V Fluy') | =0
|| <C soom(y)Mﬂv ar(y") ¥l Y €L PR
= : R R T
2 y
IT=(ly]* = [¥'*)VUr(y) - Vo F(y. y')
HI = |y'(VYr(y) — vry))  Vy Fly,y) y
H=lll= ’
T+ |I11] < y
4R
€ (p0sr(@)(L+ lol) + 20 sn )1+ /) BanenEy
ll |l ], )P ) RIS
0 I A R ) I 8 I U L 2R
Ui+ ) e RS
...... ,
5 2R 4R o
1 C(d <C
< +‘y| C( y,S)) — % _ m(mo)—l-f(s) a.e s

positivity — linking — dominated

convergence theorem =
_ lim I(s) =
RI'T!-II-nDO[ <pgo g £ ds =0 Rt+o0o

400, a contradiction

10/10
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1. Senba-S. 01

2. Senba-S. 02a

3. Kurokiba-Ogawa 03

4.S.05

5. Senba 07
Naito-S. 08

6.S. 08

7. Senba-S. 11

8. Espejo-Stevens-S. 12

classical analysis

weak formulation
monotonicity formula

weak solution

scaling invariance

backward self-similar transformation
scaling limit

parabolic envelope (1)

scaling invariance of the scaling limit
a local second moment

parabolic envelope (2)

scaling back

translation limit

quantization without blowup threshold

formation of collapse

weak solution generation
instant blowup for over mass
concentrated initial data

non-existence of over mass
entire solution without
concentration

collapse mass quantization

type Il blowup rate
formation of sub-collapse

limit equation simplification

concentration-cancelation
simplification

simultaneous blowup
mass separation for systems

1. Nagai-Senba-Yoshida 97, Biler 98, Gajewski-Zacharias 98 global-in-time existence
2. Biler-Hilhorst-Nadieja 94, Nagai 95, Nagai 01, Senba-S. 02b blowup in finite time

Multi-Component Systems

DD model (hetero-separative,
homo-aggregative type)

Kurokiba-Ogawa 03

aggregative)

Espejo-Stevens-S. 12

competitive system of chemotaxis (hetero-homo-

Espejo-Stevens-Velazquez 09  simultaneous blowup

collapse mass separation

Espejo-Stevens-Velazquez 10

ury = dAuy — xV - u Vo

ugr = dAus + xV - uaVou
—Av =u; —uy in R? x (0,7T)
Uil,_og = wio(x) > 0,1 =1,2

chemotaxis

diffusion
U
t \ chemtaxis
diffusion %emotaxis

other cells chemotaxis

production  chemical

v
cancer cell //

o chemotaxis

o 1
Uit :diAU«i fxiv-uin TAU—U* @ Qu
0

%_Xua_v _ v

" ov v g aT/aﬂ_
Uil = wio(x) = 0 N
i=1,2,---,N fnvzﬂ,uzzui

i=1

€ v @) P
e Mg owss (D umerote  QYP recre
LS msc  ~<TB> Fibroblas AN e
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Competitive System N=2&=di/xi [collapse mass]
[blowup threshold| my = m.(zo) u;(x, t)de —
A Ai = [[uiollx Z mi(20)0a, (d) +fi(w)de
: s [P0E8
drgs| (M +A2)? =4m(Gdn + &) (m1 + ma)? = m.(Emy + Eama)
concentration s
T = oo\ T < 400
T i
-< =<2 !
555 = sy

unknown except for radial case
(blowup)

. Tht
p simultaneous 2 my; =0, my = 8¢
J
4més concenfration 87 ,{

[mass separation for radial case]

=T L+
<
T =4 é -9 .
4 - 2 <— Il
ant; M L& N s
cross chemotaxis sytstem o
('?tul = d]AUl - X]_V - MIV’UQ mims
= m,(§ymy + §ama)
BW,Q = d.QAUz —_ ng . ’U!.QV’Ul
6161 ng ’Hfb*él
dl - T XaUu1—+— =0 )
ov ov an no mass separation but always
Ous dvy simultaneous collapse formation
dy—— —xouz——| =0 o
v v ey
a0 .
M £
wil,—y = uio(x) > 0, f v dz =0
Q Extracellular
1 v; ) matrix
—Avy =u; — — [ vi, 5—| =0,i=1,2
1| Jo N |yq
Macrophages Carcinoma cells J. Joyce and J. Pollard.
Nat Rev Cancer 9: 239-252
(2009)
Podosomes l Invadopodia
Cell migration and matrix remodeling
- ” l " > H. Yamaguchi et al. Eur J Cell Protease degradation and
Tumor invasion and intravasation Biol 85: 213-218 (2006) tumour cell intravasation
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Lotka-Volterra system urr = diAug + (u2 — ug)ug

duy uge = daAug + (u3z — u1)ug
= (ug — uz)wy

dt uge = dzAug + (u1 — u2)ug
dUQ Ou;
- (us — uz)uz Painleve IV - =0,7=123
du W |oq
3 — —
dt (u1 u2)u3 monotonicity formula d
1
&1 25 09 _ _
e C*(Q), — =0,d=| d
g =logu;, E=| & i () o |pa dz
&3 p
= = — a-ugp:/d~uAnp
df . 1 2 2
i H(¢)xa scaling  uf(z,t) = pruj(pz, p°t), pp >0
6? 1 Theorem
H(&) = e; ya=| 1 n<2=T=+40c0,sup|u(,t)]e <+
es3 1 +>0
30 c R? Jordan curve
d d i iste(u(- =
il £= prih H(&) =0 order 2, elliptic rer;c distc (u(,1),0) =0
exclusion of blowup in both finite and infinite time
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