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boundary condition for the
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guantized blowup mechanism — spectral level (Boltzmann-Poisson equation)

Theorem B1 [Nagasaki-S. 90a]
{(Ak,vg)} solution sequence

A = Ao € (0,00), [[Ug]|oo = 0
=

A =8rN,NeN

Jsub-sequence, S C 2, S =N

v — vg locally uniform in @\ S

vo(x) Z G(z, z0) singular limit
ToES

S ={x7,...,x%} blowup set

ViH Ny ooyt o) = 0, 1S <N

)

i i<j
Hamiltonian

Q c R%: open set, V € C(Q)
—Av=V(z)e?, 0<V(z)<b

e’ <C
Q

in

Theorem B2 [Li-Shafrir 94]
{(Vi,vg)} solution sequence
Vi = V' loc. unif. in

=

3 sub-sequence with the alternatives;

1. {vx}: loc. unif. bdd in Q2

2. 385 CQ, 48 < +o0

v — —oo loc. unif. in Q\ S

S ={ro € Q| Iz = zg 8.t

vi(zr) = +oo}

Vi(z)e" do — Z m(20)04, (dx)
ZoES

in M(Q), m(:z:o)

3. vp — —oo loc. unif. in Q

duality
«——> v

A= [lulls u

¢ R? bounded domain 89 smooth
A > 0 constant

v

Joe

—Av =

in Q, v=00n 900

Hy(xy,...,2n) = %ZR(TJ) + ZG(:]?,‘_,.I,‘J')

G = G(z,2") Green’s function

R(x) =

1 B
G(z,2') + — log|z — 2|
2T
Robin function ‘

Effect of topology

Jost
$.5, Lin 1989, Nagasaki-S. 1990, Oing

Li-Wang 1999

local theory (short range interaction)

.\l/.
Long-range interaction
(boundary condition or Green’s

function of the Poisson part)
prohibits the collision of collapses

nonlinear spectral mechanics -
Senba-S. 00 (Neumann case)
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Green’s function — potential of long range interaction due to the action at a distance

e
_AG('7$/) = 04/, G('7xl)|8§2 =0

fundamental solution

1
I'(z) = —log 1
27

]

G=G(z,2") e C*T(QAxQ\ D)
D={(x,z)[z€Q}, 0<0<1
1. interior regularity

G(z,2")=T(zx —2') + K(z,2)
Ke Pl @x Q) nc?(Qx Q)

2. boundary regularity

o € 052

X : QN B(xo,2R) — R, X(z0) =0
conformal diffeo. into

R’i ={(X1,X2) e R? | X2 > 0}

G(z,2') = E(z,z') + K(z,2")
K ¢ 02+9,1 N 01,2+9
(N B(xzg, R) x QN B(xg, R))

E(z,z') =T(X - X" HI(X - X7)
X, = (X1,-X3), X = (X1, X>)

oec2@), 22

=0f=|p, € L®(Q x Q)

slg (symmetrized localized Green’s
function)

)
o |pq

The result

Q ¢ R? bounded domain, 9S2 smooth

up =V (Vu—uVv) in Qx(0,T)
ou dv
o U
dv v |50

ul,_g = uo(z) >0

—Av=u, v|yy=0

T i -t =
< o0 = [l u(- 1)l = +o0

blowup set

S:{.’II() Gﬁ‘aIk—)ﬂj(), tr TT
w(zg, ty) — +oo} £ 0

po(z,2") = Vo(x) - V,G(z,2') + Ve(z') - Vo Gz, 2")

Theorem 1

1 18 < +o0,[5C 9

2. u(z,t)de — 8w Z 0z, (dx)
ToES

+f(x)dr in M(Q), t 1T

0< f=fz)c L{QNCQ\S)
3. Vxg €S, Vb>0

limn (7" — 1) [u. D)l = 3t or—022)
— 400

formation of sub-collapse — type Il blowup rate

Corollary
A= |ulli <87 =T =+o00
Remark

1. sub-critical mass — compact orbit
2. critical mass — 3 blowup in infinite time



Theorem 2 (critical mass)
||uolls = 87, A stationary solution

= (T = +o0)

Vi, T oo 3{t}} C {ti}
u(z,t 4 13, )dr — 810y (dr)
in C,(—00,00; M(Q))

t € (—00,400) — z(t) € Q loc. a.c.

Z—f =47VR(z), ae. t e R

Remark

domain close to a disc

— no stationary solution with critical mass
— blowup in infinite time

li )l = +
tTTéo””( M o0

Corollary
u=u(|z|,t) = u(z,t+ s)dz — 8ndp(dx)
51 400 in C,(—00, +00; M(Q))

Sire-Chavanis 02, Kavallaris-Souplet 09

IQ(-,1) = 8rlly ~ V2, £ 1 400

Q) = /B D

Conjecture
(non-radial case)

collapse born on the
boundary in infinite time
—

shifts to a local maximum
of the Robin function
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1. monotonicity formula

1) total mass conservation

ut =V (Vu—uVv)
v 81/ Smoluchowski

uz0= II'u(-,t)H-L = [luollr = A

2) symmetrization

v = [ G(-, 2z )u(z')d
Poisson
—AT.‘ =u, v - action at a distance
G(z,2') = G(x',x) action —reaction law
d
o e C2(@), 50| =0 (def) pe Y
v
2. formation of collapse
1) weak continuation
¢ €Y < C(Q) dense
d
2 [ e < calvsle
Q
A= Jlu )l =
0 < p(da,t) € Cu([0,T], M(Q))

uw(z, t)de = p(de,t),0<t < T

2) e-regularity

lRiixa.lin;lé}lp ||u('at)HL‘(QﬂB(Io,H)) < Jeo

=>I(]$EIS

1)+2) = parabolic-elliptic regularity

p(T) =" m(w0)ds, (dx) + f(z)dz
€S

m(zo) > g0, 0 < f € LY(), 48 < +o0

d

p w(r)u(z, t)ds

Q

V- (Vu—uVv)dr
O

[Acp(a:) ~u(z, t)de
Ja

1
f polz, 2" )u(z, t)u(a', t)dede’
Qx0

+ —_
weak form

2

pol@,a’) = V() - V,G(x,2")

+VQO(I,) . V;CIG(I,.’L‘") slg

[pollee < CVellcr = monotonicity

d formula
dt/w < OO+ )|V

1/17

proof of e-regularity - [Dirichlet case]

localization of the global-in-time existence
criterion of Jager-Luckhaus type

onﬁ,O<R<<l

Lemma 1

lim sup |lu(-, )| 1 (@nB(z0, k) < €0
0T

= lim sup/ u(logu — 1) < +oo
QN B(xo,R/2)

T
Lemma 2
lim sup/ u(logu — 1) < +00

1T JONB(xo,R)

=>x0€S

Gagliardo-Nirenberg inequality
Moser’s iteration scheme

[v]|wia < Clg), 1< q<2

2/17



3. blowup criterion from the weak form
Theorem (Senba-S. 01b)

0 €N, 0<RK1
lwoll L1 (B (w0, R)) > 87

|z — @o|*uol| L1 (B(zo.ar) < 1

=T < 400

cut-off function

o Eﬁ, 0< R« 1,89:99:1:(]‘1? ey
, x € B(zy, R/2)
< p < = :
0se=ly { 0, €R*\B(x,R)
Vgl < CR™'G/0, |V2g| < CR72p3

1

interior regularity

1
G(.’,U,.’]Z'l) = % log m

K c 0?1 @ x Q) n ot x Q)

4. weak solution (Senba-S. 02a)

0 < p(dz,t) € C.([0,T], M(2))
M(Q) = C(Q)" weak solution to

w =V - (Vu—uVv), —Av=u
du v
bl
v | 50
< (def)

= v[yo =0

(1) VpeY
t€[0,T] — {p,u(de,t)) a.c.

e, uda, 1)) = (Mg, p(da, 1)

d
1
+§ {po V(D)) x.xr ace. t

+ K (z,z")

A
v={vecc@| 3

- 0}
(219

20 €Q0< RL, ¢ =z — 20*0ao.r

d
—_— O = A’ . -
dtLup [Q - u(-1t)

1 ,
+5 po(T, 2" )u @ u
2 QxQ

dI
(Tf < Jp(0) + a(R™1t"/?)

+CR Lo (t)"?

a(s) = C(s* +s)

In = [ |z —zol’u(-,t)¢ue.r
Q

M2
Jr=4Mp — Q—R +CR Iy
vie

MRZ/U('at)S%n,R
Q

:nonotonicity MRg(0) > 8w, I2r(0) <1
formula = Ir(3t) <0 317
py(z,2') = V() V,G(z,2')

+V(z') - Vo Glz,z') g

0 <3w(-,t) e L™0,T; X")

multiplicate operator
X=[{p,+v|peY,veC@xM}]
— L>®(Q x Q)

(2) (linking)

(s, t)|C(ﬁxﬁ) = p(dz,t) @ ,u-(da:’, t)

a.e. t

Remark 1 (positivity)
0<ved < (def)

Vige X, |fl<g
(fiv)xx| < (g, v)x

c.f. Poupaud 02, Dolbeaut-Schmeiser 09
Luckhaus-Sugiyama-Velazquez 12 4/17



0 < p(dz,t) € C*([()’T]aM(ﬁ))

weak solution
1 (total mass conservation)

(o)l ae = (L, pld, 1)) = A
2 (monotonicity formula) Vg € V'

d
5 ot )] < COF Il )T

0< (- t) € L=(0,T; X")

multiplicate operator

Proposition 2

weak solutions

O]
sup vk (1)l 2

sup |[[pe(50)]|ac +
k te[0,7]

positivity + linking of the multi-plicate operator
¢ = |& — zo*0a,r

% < Jr(0) + a(R™1t1/?)
+CR ' Lr(H)Y?, R0
Proposition 1

dzg € 2, u({xo},0) > 87

(|o = @0|*@ag,r, p(dz,0)) = o(R*), R L0
=T=0

4. scaling limit

l‘UGS

1) backward self-similar transformation

y = (¢ —20)/(T - 1)"*
s=—log(T —1t)
2(y.s) = (T — thu(a, )

y € (T —1)"2(Q = {zo}) = Qs
—logT < s < +oo, [|2(,8)[[1 = A

2e =V (Vz — 2V (w + |y*/4))

0z 0 9 .
EW *zaj(% + [yl|=/4) . =0

w(-,8) = [g G-z, s)dy’

< 400 = 3 sub-sequence

weakly converging to a weak solution

Remark 2

1. & C L*™(Q x Q) separable

2. uw=u(xz,t) > 0 classical solution
=

p(dx,t) = u(z, t)dz

v(t) =ul(,t) @u(-,t) € L'(Q x Q)

lv(, )]l = A%, A = [luolx 5/17

2) weak form, zy €
peCIRY, s> 1

d
—/ w:/ (Osp+y - Ve + Ap)z
ds 0. o,

L1
2

/ Py, y')z ® 2

O x0;

O, =0, x {s}

05 y') =|Vely) - V,Galy, ')
+Voly')  VyGu(y, y')

Gz, 2)=T(x —2')+ K(z,2)
(z,2') € (0 x Q)U

I'(z) = i !

2m m

log

’ S
G(y.y') ATy — )| y

+K(e "y + 20, ey + o)

6/17



3) weak form, zy € 992

X = X,, : @N B(zo, 2R) - R2.
X(xg) = 0, conformal diffeo. into

0y

v =V

IR 2
ORY

€ C}(RY),

P =po¥,, s> 1
Yi(y) = e** X (e %y + )

i 0% =
ds o.

f (0.8 + - VB /2 + AD*)z

1

+—f O (y,y,8)z2 @ 2z
2 Jo,xo,

Liouville formula
pre-scaled variables

4) zero-extension, diagonal argument

Vsg T 400, sy} C {5k}

2y, s + s}, )dy — 3((dy, s)
in C'.(—o0, +00; My(R?))

Mo(R?) = Cy(R?)
Co(R?)
= {f € C(R*U{o0}) | f(o0) = 0}

O (1,9, 5) = VO (y) - V,Galy, ')
+VO (i) -V Ga(y,y)

GeC™QxQ\ D)
|1O¢: (- -, 8)|loc = 0, s T 400

¥
O
(__8@5 (', " 8) =0
R s> 1
R2."."
X
o Q

Gs(y.y') = Es(y, 1)
+K(e *y+ mo,e "y + x0)

E.(y,y)
=[r(v, - ¥)) - T(v, - Y.)

7117

0 < {(dy, s) finite measure
C(R?,s) < A= [Jugl|1, Vs
supp ((dy, s) C RZ (if 2o € 0Q)

weak solution to
(o =V (VC—CV(F =+ yl*/4))
in R* x (—o0, +00)

(F * C)(!S) = (F(-_‘y"),C(dy’?s»

n_ | Tly—v), e
F(y’y)_{ E(y,y'), xo€dQ

E(y,y)=T(y—y)-Ty—yl)

test functions
p €W & (def) ¢ € CZ(R?)

991 Z 0 (if 20 € 0
o |ar> 8117



0 < {(dy, s)€ C. (=00, +00; My(R?))
C(R2,5) < X = ||ug|1, Vs
supp ((dy, s) C R—i (if g € 092)

(1) Vo e W
s € (—o0,00) = {ip, ((dy, s)) loc. a.c.

d

¢y, )

= (Ap+ g -V, ((dy. s))
Fo A K)o ne. s

0= EIK:]C(':'S) e
IK(-, 8)|ler € A% ae. s

multi-plicate operator

E=[{pl+v|peWye Z}]
— L>*(R* x R?)

5. parabolic envelope To ES

1) total mass|]0 < R <1

d T
% / u('vt)on,R < C)\R_Qs / di
Q t

|<901:0‘R7u('5 t)d:E) - (Sowogfi'.anu(dxa T)>|
< O\T —t)/R?

seR,b>0fixed, k> 1
sh+s=—log(T —t), R=0bT—t)"?

|<(i‘90.b1 Z('ﬂ s+ 5;;)(1@')

_<(‘D:,,-U,.x,e*‘=‘+=‘ic3f’2’ pu(dz, T))| < CA/bz
k— o0
p(T) = > m(wg)bn, (de) + f(z)de

roES

po (W) = Voly) - VyF(y,y')

+Vo(y') - VyFy.y') slg

F(y,y")

_{ P(yfy!)v xUEQ
Ply—v')—T(y—w.), xo€d

Z = Cy(R? x R?)3[(Ch(R?)eR) @ R]
D[R @ (Co(R?) D R)]

Co(R* x R?) .. continuous functions on
(R?U {oo}) x (R? U {o0})
vanishing at [(R? U {co}) x {oc}]

Ul{oo} x (R? U {o0})]

(2) (linking)

]C(': 3)|Z= C((h ? S) ® C(dyru S) a.e.s 9/17

2) second moment:

d
G | X Per

x o ] &0, rg € €2
- ngo([.l’:), xg € 002

<

=
{ly|*,¢(dy, s)) < C, —00 < 5 < +00

1IN t="1T

Parabolic envelope .. Infinitely
wide parabolic region

pre-scaled collapse mass = total mass
of the weak scaling limit

(o, C(dy, 8)) — m(zo)| < Ca/b?, b1 +oc

m(zg) = ((R?,s), —00 < s < +00

uniformly bounded total second
moment of the limit measure 10/17
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6. boundary blowup exclusion (2) (linking)

o € 08, supp C(d-yjs) C Ri ]C('as)|z: ¢(dy ’5) @ C(dyr,s) ae.s
0 < ¢ = ¢(dy,s) € C.(—00,+00; My(R?))
(R )S) = m(xq) 1) measure part

¢ = |y|*vr, Yr(y) = ¢(y/R)

]
() ¢ €W 9 GHR, 72| =0 = gos(ly)
* 2

(N e 8o = avn + 42 - vu(2) +ay(Y)

* y y
= [fae+§ vecwn) vV =2y + L - v

1+ |y ¢(dy,s)) < C

e K)e ] (Lol <y, 2))

= (dominated convergence theorem)

0<K(,s), [KCs)le <22 mo

| JAV = d
Py, y') = Ve(y) -V, Fy.y) R%ﬂo/ { *°+ Ve, ((dy. ))
+Voly') - Vy Py, y') slg = 4(s2 — s1)m(x0) + [ I(s)d
T ©

Fly,y)=T—-v9)-T(y—v.) 1(s) = (", <y, 5)) 117
2) multi-plicate part 'O\Ltyl‘z (y, y’) —0|=

Py, y') = Ve(y) - VyF(y, ) I'=(¢r(y) —dr(y)VIY* - VyFy,y)
+Vo(y') - Vy Fy,y)

=T+ 1T+ 111, 0= |yl*vr ly| <2R =

T ly =y 1
, [ < [V oo - I -2 |'7r|y_y,|
+Ur(y VY ? - Vy Fly,y) —||V1f)||>o~,00 1r(y) - E

1= (o = WEITn0) TF ) 1 < (an)l2 + a2

Iy |2 (Veor(y) — Ver(y')) - Vo F(y,y') v,y € R’

y
=0 1y 1|
0 < wo,ar(y )—+30 )L <c
PR R
[ — 0
2R Yy, y' as R T +oc
y 12/17
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\[I| + |[111| < CHg(y,y'), v,y € R?

0< HR(y’ y’) -
(¢o,8r()(1+|yl) + vosr(y )1 +[y])
T N

"R TR R R

< C+ P+

lim Hp(y,y') =0, Yy,y € R?
Am Hr(y.y) Yy

11=111=0

7. interior blowup control

1. estimate from below

weEN=F=T(y—1y)
1

Aol) = o

dI m(zg)?
e _MAToT) g
75 | 4m(zoe) = — |+ 1(s)

9
4m(xg) < m(QLO) = m(xg) > 87
T

2. scaling back

((dy,s) = e " A(dy', s")

y; — ef._«:/‘zy? & = g%

A=V - (VA—-AVI % A)

A= A(dy,s) >0, (y,s) € R? x (—0,0)
A(R?, s) = m(xo)

weak solution with uniformly bounded (A*)
multi-plicate operator

1. positivity — linking

2. dominated convergence theorem

(L+1y1?, ¢(dy,s)) < C

89

. 0 / _
RI‘T!-IFTIOO . <locp(yﬂy )"C(* S)>£!$I dS - 0

3) .
J(SQ)ff(s.)zj dm (o) + I(s) ds

81

I(s) = (ly*,{(dy, s)) < C
a _ dm(xg) + I(s) a.e. s
ds
=

lim I(s) = +o0, a contradiction
fit4o0 13/17

3. translation limit

Vs T 400, i} C {si}
Aldy,s — s),) — a(dy, s)
in C.(—oc, +00; M(R?))

a(RZ, s) = (1,a(dy, s))
= lim (1, A(dy,s — 5,)) = m(a0)

M(R?) = [Cy(R?) @ R]" envelopes

the total scaling mass

as =V (Va—aVT xa)
a(dy,s) >0, (y,5) € R* x (00, +00)

a(R?,5) = m(zp)

scaling argument valid to the weak solution
without the total second moment
convergence 14/17
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0 <a=aldy,s)
€ C.(—o0, +oo; M(R?))

a(R?,s) = m(xo)

0<3IK=K(,s), [[KCs)]er < A2
K(-.8)|, =a(dy,s) @ a(dy’,s) ae. s

Voe WaR
s € (—o0, +00) —+ (@, a(dy, s)) loc. a.c.

%(tp,a(dy, s)) = (A, aldy, s))

1
+§<,02,, K(s))ee ae. s

%wym +1,a(dy, 5))

= (" (lyP)lyl* + 4¢'(ly1)

=T8I0 (), oy, ) ~ (K)o

J= J(ya yf)
_ @yl = <Ay PNl = 1v'P)
drly —y'|?

| 7| < Ci(wos(y) + vos(y))
Ale(yl) + 1)+ (e(y'») + 1)}

y 3-parts in the
e )
J=0 yy’ plane
4 I
4
y

4. local second moment
Ogc’(t)fl,tZO
flfc(t)SO,tZO

t—1, 0<t<1/4
C(t):{o, t>4 /

c(lyl?)

N\

Llellyl?) + 1, a(dy, )
= (4 (P + 4 (ol?)

Ik y12), ady, ) — (K (s)e.e

J=J(y,y")
_ @yl — <Ay PNl — ')

2
dnly —y'| 15/17

0<d(t)<1,t>0
—1<e(t)<0,t>0

-1, 0<t<1/4
C(t)_{o, t>4

c(ly?)

U

4 (1)t < Cy(c(t) + 1)

(el + 1, afdy, )
< O3<C(‘y|2) + 1: a(dyv 5))

= ) 1y2), aay, )

d0)=1=

C(t) + 1+ C’(t) Z 35 >0 16/17
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m(zg) > 87

- lellyP?) + 1,a(dy,5)
< CulellyP?) + 1,a(dy, )
+5de0){4——ﬂ%gﬂl}

.

(e(yl*) +1, a(dy,0)) > n >0
n = dm(xp) {% - 4} /Cy

a(R?,5) = RlTiELI'IOO a(Bg, s) = m(xo)

total mass of Radon
measure on locally
compact space

parabolic
envelope

1. Senba-S. 01

2. Senba-S. 02a

3. Kurokiba-Ogawa 03

R'..)

weak formulation
monotonicity formula

weak solution

scaling invariance

5. scaling invariance

a(y,s) = au(y, s) = p’alpy, p*s)

{c(ly]*) + 1,a"(dy,0)) > 0, p >0
=
{e(p™?|y|*) + 1, a(dy,0)) > n

0< ey +1<1
vy e R?, c(p?[y*) +1 =0, p 1 +oo
= (dominated convergence theorem)

0 > n, contradiction, m(zq) < 8x

(concentration — cancellation)

6. formation of sub-collapse
dl
m(zg) = 81 = o= I(s), I(s) < C

I(s) = (Jy|*, {(dy, 5)) = 0
((dy, s) = 8mdo(dy) 17117

formation of collapse

weak solution generation
instant blowup for over mass
concentrated initial data

non-existence of over mass
entire solution without
concentration

backward self-similar transformation

scaling invariance of the scaling limit

4.S.05
scaling limit
parabolic envelope (1)
a local second moment
5. Senba 07 parabolic envelope (2)
Naito-S. 08
6.S. 08 scaling back
7. Senba-S. 11 translation limit

8. Espejo-Stevens-S. 12

chemotaxis system

quantization without blowup threshold

collapse mass quantization

type Il blowup rate
formation of sub-collapse

limit equation simplification

concentration-cancelation
simplification

simultaneous blowup
mass separation for systems

mathematics of self-attractive Smoluchowski-Poisson equation
1. Nagai-Senba-Yoshida 97, Biler 98, Gajewski-Zacharias 98 global-in-time existence
2. Biler-Hilhorst-Nadieja 94, Nagai 95, Nagai 01, Senba-S. 02b blowup in finite time
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critical mass - Neumann case

up =V - (Vu — uVv)

Conjecture

Mass quantization of the blowup
in infinite time:

1
AT g le T = 00, limgg oo [[u(- 1) 0 = o0
Ou ov dv 0 f o =
—_——u— = — =0, v =
v avlan avlaq Q A € 47N

Ohtsuka-Senba-S. 07

Hu0||1 =47 = Tiyax = t00
ty T 400, lim |lu(ty)|l, = +o0
k—ro00

=

{1} C {te}, ulz, t + t))de — 4wy da

t € (—o0,+00) > z(t) € 00

dz
i 2
g TV R(x)

Hamiltonian controls multiple collapse
motion formed in infinite time

collapse formed in infinite time at a local  key pint of the proof for the Dirichlet case

maximum point of R on the boundary

e-regularity

and then to that of a local minimum

Other Multi-Component Systems

DD model (hetero-separative,
homo-aggregative type)
Kurokiba-Ogawa 03
Espejo-Stevens-Velazquez 10

ury = dAuy — xV - u Vo

Uz = dAuUs + XV - ua Vo
—Av=1u; —us in R? x (0,7)
Uil,_og = wio(x) > 0,i=1,2

chemotaxis diffusion

g
U \
\ chemtaxis

diffusion %emotaxis

other cells chemotaxis
U %

production  chemical

v
cancer cell //

o chemotaxis

competitive system of chemotaxis (hetero-homo-
aggregative)

Espejo-Stevens-Velazquez 09  simultaneous blowup
Espejo-Stevens-S. 12 collapse mass separation

_ 1
wp = diAug — x:V - u; Vo —Av=u— @ Qu
0

Oui G Zg v
Y ov v g vl =
Uil;_g = uio(z) = 0

i=1,2,--,N

1 Endothelial f Normal epithelial
® o € v @) — = ™

D cel )

@ Macophage  Ngg, MDSC Q@ vrerone  ARYP Fericyte /@ .

%e; Neswophl TS msc  <TB>> brcblast wen N Bl
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Competitive System N=2&=di/xi [collapse mass]
[blowup threshold| my = m.(zo) u;(x, t)de —
A Ai = [[uiollx Z mi(20)0a, (d) +fi(w)de
: s [P0E8
drgs| (M +A2)? =4m(Gdn + &) (m1 + ma)? = m.(Emy + Eama)
concentration e
T = oo\ T < 400
T i
-< =<2 !
555 = sy

unknown except for radial case
(blowup)

. Tht
p simultaneous 2 my; =0, my = 8¢
J
4més concenfration 87 ,{

[mass separation for radial case]

=T L+
<
T =4 é -9 .
4 - 2 <— Il
ant; M L& N s
cross chemotaxis sytstem o
('?tul = d]AUl - X]_V - MIV’UQ mims
= m,(§ymy + §ama)
BW,Q = d.QAUz —_ ng . ’U!.QV’Ul
6161 ng ’Hfb*él
dl - T XaUu1—+— =0 )
ov ov an no mass separation but always
Ous dvy simultaneous collapse formation
dy—— —xouz——| =0 o
v v ey
a0 .
M £
wil,—y = uio(x) > 0, f v dz =0
Q Extracellular
1 v; ) matrix
—Avy =u; — — [ vi, 5—| =0,i=1,2
1| Jo N |yq
Macrophages Carcinoma cells J. Joyce and J. Pollard.
Nat Rev Cancer 9: 239-252
(2009)
Podosomes l Invadopodia
Cell migration and matrix remodeling
- ” l " > H. Yamaguchi et al. Eur J Cell Protease degradation and
Tumor invasion and intravasation Biol 85: 213-218 (2006) tumour cell intravasation
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Summary

Dirichlet boundary condition is used for the Poisson part in a model of statistical mechanics
concerning the movement of self-interacting particles.

Here we studied Sire-Chavanis’ model on self-gravitating Brownian patrticles in two-space
dimension.

There is still a quantized blowup mechanism without collision because of the long-range
interaction described by the Green'’s function of the Poisson part.

We have the formation of collapses with quantized mass and type Il blowup rates as a
result of the formation of sub-collapses, besides the exclusion of the boundary blowup.

A new argument guarantees the blowup threshold without the Trudinger-Moser inequality,
that is, the use of two different weak limit equations, the scaling and translation.

Exclusion of boundary blowup, however, is available only to the competitive and cross

chemotactic cases, for multi-component systems involved by the Dirichlet boundary
condition in the Poisson part.
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